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Abstract

We extend Lamzouri’s Hilbert-space distinct-zero certificate to every integer multiplicity threshold.
An unconditional strict-support pair formula, proved directly with the complex zeros retained, then
gives distinct-zero proportions for every fixed number field. The arithmetic parameter is the
permutation rank, equivalently the double-coset count for the action on its embeddings. In degrees
two, three, and four the degree-only lower bounds are respectively 0.4449187130, 0.3057123676, and
0.2334036149. For fixed abelian fields the factorwise argument also gives 0.6725007036 of zeros on
the critical line, counting multiplicity. No assertion of product simplicity is inferred from this latter
result. A projection argument retaining the geometry of the height window gives an additional
explicit, strictly positive improvement of the distinct bounds, exceeding 10−15 in the quadratic case.

Keywords. Dedekind zeta function; distinct zeros; pair correlation; multiplicity; Hilbert-space method;
Chebotarev theorem.

1 Introduction

1.1 Overview and motivation

The zeros of a Dedekind zeta function encode arithmetic information about a number field, but
their multiplicities introduce a difficulty that is already visible in the simplest extensions of Q. For
a quadratic field one has ζK(s) = ζ(s)L(s, χK), where χK is the nonprincipal primitive quadratic
character associated with K. A common nontrivial zero of the two factors is necessarily a multiple zero
of the product. More generally, the factorization of a Dedekind zeta function reflects the representation
theory of its normal closure. Consequently, a statement about simple zeros of individual factors does
not automatically become a statement about simple zeros of the Dedekind zeta function.
This paper asks how much distinctness can be proved without first assuming that the zeros lie on the
critical line. Throughout, the field K/Q is fixed, n = [K : Q], and T tends to infinity. All three counts
below concern nontrivial zeros ρ = β + iγ with 0 < β < 1 and 0 < γ ≤ T . We distinguish the total
count NK(T ), with analytic multiplicity, from the count DK(T ) of distinct complex zero locations
and from the count NK,0(T ) on β = 1/2, with multiplicity. A simple zero has analytic multiplicity
one. Every percentage in this introduction is normalized by NK(T ), unless a different zeta function is
specified. These statistics answer different questions: GRH would locate all nontrivial zeros on the
line, but would not by itself make them simple. In particular, none of our distinct-zero percentages is
asserted to be a simple-critical-line percentage.
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Our starting point is Lamzouri’s Hilbert-space argument [1], which converts unconditional pair-
correlation estimates into zero-count bounds. Its central advantage is that a global quadratic energy
remains nonnegative even when individual kernel evaluations at complex zero differences have no
positivity property. For Dedekind zeta functions the natural energy scale grows with the degree, so
varying the multiplicity threshold improves the resulting distinct-zero bound. We develop an integer-
threshold version, prove the required fixed-field analytic input, and retain additional information about
the length of the zero window to obtain, for n ≥ 2, a strictly positive geometric refinement.

1.2 Past work and related literature

There are two complementary traditions behind zero-proportion results. The mollifier method obtains
information from mean values of a zeta or L-function and its derivatives. Levinson’s work [2] and
Conrey’s refinement [3] are foundational examples for ζ; the long-mollifier work of Pratt, Robles,
Zaharescu and Zeindler [4] develops this direction further. Distinctness can also be extracted from
derivative-zero information, as in Farmer [5] and Ki–Lee [6]. These results supply useful unconditional
benchmarks, but they do not remove the need to control multiplicity in a product of different L-functions.
The second tradition starts from Montgomery’s pair-correlation theorem [7]. Under RH, positivity on
real zero differences turns its short-support formula into a simple-zero proportion. The Montgomery–
Taylor optimization, recorded in Montgomery [8], improves the underlying test function. Chirre,
Gonçalves and de Laat [9] use semidefinite programming to obtain stronger RH-dependent bounds.
The relevance of these works here is the quadratic-energy viewpoint, not a license to use their positivity
arguments away from the critical line.
Aryan [10] and Baluyot, Goldston, Suriajaya and Turnage-Butterbaugh [11] established forms of the
analytic pair-correlation calculation that keep the actual complex zeros. The later paper [12, Sections
2–3] corrects the pointwise error term in [11], while explicitly preserving its integrated applications,
including Lemma 5. Our fixed-field error estimates are proved directly in Section 4. The remaining
obstacle is algebraic: an entire kernel cannot generally be treated as termwise nonnegative on all such
differences. The 2026 work of Alpöge and Furman [14], whose authors credit Claude with discovering
and writing the argument and report verifying it, uses a finite compression of Weil’s Hermitian form,
together with rank and inertia estimates, to overcome this obstacle. Lamzouri [1] gives a different proof
based on a finite conjugation-invariant multiset in a Hilbert space. Both recover the same optimised
constants, approximately 67.25007% for simple critical-line zeros of ζ and 83.62504% for distinct zeros.
Our finite argument extends the latter Hilbert-space mechanism to every integer multiplicity threshold.
For Dedekind zeta functions, Conrey, Ghosh and Gonek [15, 16] studied simple zeros in quadratic
extensions. They obtained an unconditional power-sized lower count, and a simple-zero proportion 1/54
assuming RH for ζ; the latter improves to 1/27 assuming GRH for the quadratic ζK [16, Theorem 1 and
the following Remark]. Wu and Zhao [17] subsequently improved the unconditional lower count in the
quadratic setting. Such counting results and a fixed positive percentage are different conclusions. De
Laat, Rolen, Tripp and Wagner [18] prove a pair-correlation theorem for fixed abelian extensions under
GRH and obtain explicit distinct-zero bounds by semidefinite programming. Their stated quadratic
bound is 45.85%; our unconditional quadratic scalar bound, 44.4918713 . . .%, is numerically smaller.
Moreover, their moment estimates imply stronger cubic and quartic consequences than their printed
distinct-zero corollaries. Section 8 makes these comparisons with the hypotheses and denominators
kept fixed.
The earlier Dedekind literature is not confined to abelian fields. Alsharif [19, Theorem 1.7 and Corollary
1.8, pp. 9–10] gives, under GRH, a pair formula for Galois fields of degree n and the distinct-zero
bound 3/(3n + 1). The seven-author project Pair correlation for Dedekind zeta functions [21] has
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public theorem statements in Tripp’s 2022 dissertation [20, Chapter VI, pp. 114–117], where they are
attributed to Alsharif, Gibson, de Laat, Milinovich, Rolen, Tripp and Wagner, with the date 2020.
Under GRH, their Theorems VI.2.1–VI.2.2 give a pair-correlation upper bound and squared-multiplicity
estimates for arbitrary number fields; Corollary VI.2.3 gives a positive distinct-zero proportion for every
degree. Thus neither treating nonabelian fields nor obtaining an arbitrary-field positive proportion
under GRH is new here. Alsharif’s proof also identifies earlier analytic inputs from Murty–Perelli
[22] and a Galois prime-coefficient calculation from Milinovich–Turnage-Butterbaugh [23]. Section 8.2
compares the original statements, their normalizations, and their implications in detail.
The factorwise Dirichlet theory is relevant but must be used with care. Garunkštis and Paliulionytė
[24] obtain a Dirichlet analogue of the unconditional pair-correlation framework, with applications to
simplicity under additional hypotheses; Alpöge–Furman [14, Theorem B] also give the fixed primitive
Dirichlet extension of their 2026 result. An abelian Dedekind zeta function is a product of fixed
primitive Dirichlet factors. Their critical-line multiplicities add exactly, but their simple zeros can
coincide. Family-averaged large-sieve results, such as Chandee, Lee, Liu and Radziwiłł [25] under GRH,
concern a different limiting regime and are not substituted for fixed-field estimates in this paper. The
work of Hu, Kaneko, Martin and Schildkraut [26], including its use of Stark’s local Artin-holomorphy
theorem [27], further illustrates why representation-theoretically forced multiplicities must be respected.
Finally, the variational constant used below is not new. Das, Ismoilov and Ramos [28, Theorem 5
and Corollary 9] place the generalised Montgomery–Taylor optimization in a broader Fourier-analytic
framework. We give a direct proof of the needed specialization and use it with a complex-zero certificate.
The analytic arithmetic inputs are likewise classical: a fixed-extension effective Chebotarev theorem
[29, 30] identifies the prime-coefficient second moment, and the Montgomery–Vaughan mean-value
inequality [31] controls the Dirichlet-polynomial error. Neither input requires global Artin holomorphy
in the application made here.

1.3 What is novel: principal contributions claimed here

The principal contributions claimed in this paper are the unconditional arbitrary-field analytic theorem,
its rank-sensitive distinct-zero consequence, and, for n ≥ 2, its geometric refinement. These are claims
about the statements and combinations proved in this paper, not claims to have originated their
Hilbert-space, explicit-formula, or variational ingredients. The comparisons below specify the relevant
earlier results; the following subsection identifies what is derived from them.

1. An unconditional fixed-field Dedekind pair formula. We prove the strict-support pair
formula directly for the actual complex zeros of ζK , for every fixed number field K. Let M be the
normal closure of K/Q, G = Gal(M/Q), and H = Gal(M/K). Its arithmetic parameter is

r = |H\G/H|,

the number of H-orbits on G/H, or equivalently the permutation rank of the action of G on the
embeddings of K into M . Thus 1 ≤ r ≤ n, and r = n when K/Q is Galois. Write P (g) = # FixG/H(g)
for the permutation character. The coefficient follows from Chebotarev and the character identity
|G|−1∑

g∈G P (g)2 = r. The character identity and Chebotarev input are classical; the claimed
contribution is their implementation in the complex-zero formula with the fixed-field error estimates of
Lemma 4. For a precise comparison, De Laat, Rolen, Tripp and Wagner [18, Theorem 1.1] assume
GRH and an abelian extension in their pair-correlation theorem itself. Alsharif [19, Theorem 1.7]
already gives the Galois case under GRH, and the seven-author theorem in [20, Theorem VI.2.1]
states an upper bound for arbitrary fields under GRH. The Dedekind application of Das, Ismoilov
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and Ramos [28, Corollary 9] likewise assumes GRH and is concerned with averages of the form factor.
The distinction from these public statements is the unconditional complex-zero formula with its exact
general permutation-rank coefficient, not the degree range or a larger Fourier support obtained by
changing scale. The pair formula retains the real parts of the zeros. In its counting applications, the
Hilbert certificate replaces the termwise positivity that GRH would provide; it is not an input to the
analytic pair formula itself. No abelian hypothesis or global Artin-holomorphy conjecture is used. The
price is that the field is fixed: our error terms are not uniform in the degree or discriminant. The
complex-zero analytic framework is inherited from [10, 11, 12]; we do not present retaining the real
parts of the zeros as a new idea.

2. Unconditional rank-sensitive distinct-zero proportions. The trigonometric variational
constant itself is known from generalized Montgomery–Taylor theory [28]; we do not claim it as new.
Our claimed contribution, Theorem 1, is to combine that optimizer with the all-threshold complex-zero
certificate and the fixed-field arithmetic coefficient. If n = [K : Q], this gives

lim inf
T→∞

DK(T )
NK(T ) ≥ bn,r := 2n+ 1− Cn,r

n(n+ 1) , Cn,r = r

2n +
√
r

2 cot
(√

r/2
n

)
.

The scalar constant Cn,r is strictly increasing in r at fixed n, as follows from the variational formula
in Section 5. Thus r ≤ n gives a degree-only lower bound bn,n; a field with r < n has a strictly
stronger bound. For r = n, the bounds in degrees two, three and four are respectively 44.4918713 . . .%,
30.5712367 . . .%, and 23.3403614 . . .%.
For comparison, the 2019 paper [18, Corollary 1.3] prints, under GRH and for abelian fields, 45.85%,
27.94%, and 11.27% in these degrees. Its stronger squared-multiplicity estimates, when inserted into the
elementary integer inequality (53), imply 44.6233333 . . .%, 30.6400000 . . .%, and 23.3825000 . . .% under
GRH; the additional quadratic simple-zero input from [16] raises the first figure to 45.85790123 . . .%.
The same squared-multiplicity estimates are stated for arbitrary fields in [20, Theorem VI.2.2], so these
GRH comparisons are not restricted to abelian fields. In particular, the reciprocal bounds stated in [20,
Corollary VI.2.3] evaluate in degrees three and four to 30.0914780 . . .% and 23.1294090 . . .%, rather
than the smaller figures printed in [18]. Our degree-only theorem improves both sets of printed cubic and
quartic corollaries while removing GRH, but it is not numerically stronger than their integer-moment
consequences under GRH.
There is also a direct unconditional quadratic comparison. Since L(s, χK) is entire, the quadratic
factorization gives DK(T ) ≥ Dζ(T ), even at common zeros of the two factors. Together with NK(T ) ∼
2Nζ(T ), this shows that Lamzouri’s 83.62503518 . . .% distinct-zero theorem for ζ already implies
41.81251759 . . .% for a fixed quadratic Dedekind zeta function. Our scalar bound improves this
inherited consequence by 2.67935371 . . . percentage points. This comparison is a consequence of the
cited Riemann-zeta result, not a claim about the complete history of unconditional Dedekind bounds.

3. A strict improvement beyond the optimized scalar moment. For n ≥ 2, Theorem 13
gives a strict improvement over bn,r. The scalar bound uses only total multiplicity, the distinct count,
and one aggregate kernel energy. The normalized zero window contains additional usable information.
For the optimized cosine kernel and any fixed diameter bound, the sum of the three squared kernel
values between three real locations has a positive lower bound, uniform over their locations; the bound
depends on the kernel and the diameter. Projecting away the span generated by nonreal conjugate pairs
preserves this three-point information up to a controlled loss, after which interval packing produces

lim inf
T→∞

DK(T )
NK(T ) ≥ bn,r + εn,r, εn,r > 0.
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The additional contribution claimed in Theorem 13 is this combination of projection, the three-point
kernel gap, and packing at the actual zero-height density. In contrast to the aggregate Hilbert-space
and rank–inertia estimates in [1, 14], it uses the locations of the real points in the height window
and the nonreal defect ∆n ≥ NC , defined below. The explicit increment is extremely small—more
than 10−15 in the fraction DK/NK in the quadratic case—so its importance is structural rather than
numerical. The exact model in Section 8 shows sharpness for a specified flat kernel, even with its full
factor-labelled second-moment matrix. It is not an equality example for the optimized cosine kernel
and does not exclude improvements from other kernels or additional moment information.

1.4 What is derived: inherited techniques and corollaries

1. The threshold certificate extends an existing mechanism. Lamzouri’s [1, Proposition 2.1]
Hilbert-space representation, conjugate-pair decomposition, nested subspaces, and quadratic tangent
inequalities are the starting point of Lemma 3. We extend the multiplicity levels as follows. Let Z be a
finite nonempty multiset of complex numbers, invariant under conjugation with multiplicities. Take a
real even compactly supported η ∈ L2(R) with

∫
R η(u)2 du = 1, and define

Kη(z) =
∫
R
η(u)2e−2πizu du, E =

∑
z,w∈Z

Kη(z − w)2,

where the double sum includes multiplicities and the square is an ordinary square, not an absolute
square. Let N be total multiplicity, D the number of distinct locations, S the number of simple real
locations, and NC the total multiplicity of nonreal locations. Then, for every integer k ≥ 1,

D ≥ (2k + 1)N − E
k(k + 1) + k − 1

k + 1S, ∆k := E − (2k + 1)N + k(k + 1)D ≥ NC .

At k = 1, the displayed distinctness bound is Lamzouri’s D ≥ (3N − E)/2; his separate S ≥ 2N − E
inequality is also retained. The rank–trace proof in [14, Lemma 3.2 and Section 7.2(c)] provides a
closely related quadratic-tangent and integrality mechanism. Thus the extension lies in the all-integer
formulation and the explicitly retained correction and defect terms, not in a new Hilbert-space filtration
principle. These statements still require an operator argument: one cannot apply (m−k)(m−k−1) ≥ 0
termwise to complex kernel evaluations. Moreover, the elementary rank–trace estimate already gives
D ≥ N2/E for the representing operator, whose trace is N , rank is at most D, and squared Hilbert–
Schmidt norm is E. Since 1 ≤ D ≤ N , this also gives E/N ≥ 1. Choosing k = bE/Nc sharpens this
positive bound when E/N is nonintegral and matches it when E/N is integral. Thus integer thresholds
are not what first makes a positive distinct-zero proportion possible.

2. The optimizer, weight removal, and arithmetic inputs are inherited. The constant
Cn,r is the reciprocal of the reproducing-kernel value in [28, Theorem 5] with c1 = n, c2 = r/n, and
∆ = 1. Its hypothesis holds because (c2/c1)∆2 = r/n2 ≤ 1 < 5/3; the cosine optimization belongs to
generalized Montgomery–Taylor theory [8, 28]. Section 5 supplies a direct proof for use here, not a new
extremal constant. The differential correction removing the rational pair weight follows [1, Section 3].
The Frobenius fixed-point description, character orthogonality, fixed-extension Chebotarev estimates
[29, 30], and Montgomery–Vaughan mean-value inequality [31] are likewise established inputs, not
separate novelty claims. In the Galois case, the prime-coefficient second moment already occurs in
[19, Lemma 5.1], which invokes [23, Lemma 5.2]. Alsharif’s explicit-formula input [19, Proposition 4.1]
is attributed to [22, equation (30)]. These precedents are distinct from our fixed-field control of the
complex-zero errors.
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3. The endpoint corollary is a quantitative fixed-field adaptation. Corollary 12 allows
a real even f ∈ C2

c (R) supported in [−1, 1]. After division of the pair sum by NK(T ), its error is
OK(‖f‖C2/ log T ), where ‖f‖C2 :=

∑2
j=0 ‖f (j)‖∞. For the Riemann zeta function, [11, Lemma 5]

already admits endpoint support for real even integrable tests that are Lipschitz at zero; this application
remains valid after the correction in [12, Section 2]. Accordingly, the contribution here is the all-field
implementation and stated quantitative estimate, not the endpoint principle itself. The proof uses the
boundary conditions f(±1) = f ′(±1) = 0 and the resulting quadratic vanishing and does not assert
this error bound for the nonsmooth optimizer.

4. The abelian critical-line percentage is a derived corollary. For a fixed abelian field, the
primitive Dirichlet theorem in [14, Theorems A–B], applied factor by factor, gives

lim inf
T→∞

NK,0(T )
NK(T ) ≥ c0 := 3

2 −
1√
2

cot(1/
√

2) = 0.6725007036 . . . ,

with multiplicity. This is a factorwise consequence, not an independent new zero-proportion theorem;
the argument is summarized below. Nor does it imply that this proportion of zeros is simple in the
Dedekind product, because zeros of different factors may coincide. The principal advance of the paper
is instead the unconditional distinct-zero theorem for arbitrary fixed fields and its geometric refinement.
No GRH, conjectural pair correlation, or global Artin-holomorphy assumption is made in these lower
bounds, and no uniformity as the field varies is claimed.

Scope of the priority comparison. The GRH-dependent numerical consequences of [19, 18, 20, 16]
and the unconditional quadratic consequence of [1] displayed above are derived comparisons, not
additional independent theorems of this paper. The comparison with [19, 20] is based on Alsharif’s full
thesis and the public statements of the seven-author results in Tripp’s dissertation. Those statements
establish the GRH-dependent precedents described above; neither source contains the unconditional
arbitrary-field theorem or the complex-zero geometric refinement asserted here. Chapter VI of [20]
is a summary of results, not a full proof of the seven-author project. The project remains listed as
in preparation in [21] as accessed September 7, 2026. Our priority comparison is therefore with its
publicly documented statements, not with any unavailable later version. The remaining uncertainty
concerns possible later versions, not whether arbitrary-field GRH results had already been stated. This
bounded comparison does not certify originality across the entire literature or replace independent
verification of our proofs.

1.5 Overview of the proof strategy

1. A multiplicity-sensitive Hilbert certificate. We use the normalization

zρ = i(ρ− 1/2) log T/(2π), 0 < γ ≤ T.

The functional equation together with conjugation of ζK gives the involution ρ 7→ 1− ρ̄, which preserves
the height window and multiplicity. Since z1−ρ̄ = zρ, the resulting multiset is conjugation-invariant;
critical-line zeros correspond exactly to real points. Use Kη and E as defined above. A real Hilbert-
space representation makes E the squared Hilbert–Schmidt norm of a symmetric finite-rank operator,
although individual summands need not be real or nonnegative. Nested subspaces organised by
multiplicity yield, for every integer k ≥ 1,

D ≥ (2k + 1)N − E
k(k + 1) .
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The proof also retains ∆k ≥ NC , counting every nonreal point with its multiplicity. This extra
information is needed later; a scalar rank–trace bound alone would lose it.

2. An unconditional arithmetic evaluation. We retain the real parts of the zeros in a rational-
kernel explicit formula, justified directly by contour integration, and in the norm identity. Local zero
counts control the two ends of the sharp window 0 < γ ≤ T . At a rational prime p unramified inM , the
coefficient of p−s in −ζ ′K/ζK(s) is P (Frobp) log p. Chebotarev and character orthogonality identify the
corresponding second-moment coefficient as r = |H\G/H|. This is a statement about a permutation
character; it does not require holomorphy of its separate Artin factors. For the zero-proportion
theorems, the resulting pair formula is used only for fixed smooth tests supported strictly inside (−1, 1)
at the log T scale. The globally smooth endpoint corollary is separate.

3. Weight removal and optimization. Now choose η ∈ C∞c ((−1/2, 1/2)) with the same reality,
evenness, and normalization. Put p = η2 and q = p ∗ p. The differential correction q − q′′/(4 log2 T )
removes the rational weight exactly, as shown in (43). Although its coefficient depends on T , the
pair formula is applied separately to the two fixed tests q and q′′. The unweighted energy satisfies
E/NK(T ) = Jn,r(p) + o(1), where

Jn,r(p) = n

∫ 1/2

−1/2
p(x)2 dx+ r

n

∫ 1/2

−1/2

∫ 1/2

−1/2
|x− y|p(x)p(y) dx dy.

Among real L2([−1/2, 1/2]) densities of integral one, its unique minimiser is the positive cosine density
displayed in Section 5. Its value is Cn,r, with n < Cn,r < n + r/(3n) ≤ n + 1/3. Choosing k = n
gives the main scalar bound. Smooth cutoffs approximate the optimiser: each cutoff is fixed before
T →∞, and only then is the cutoff removed. Thus neither an endpoint pair theorem nor uniformity
for a moving test function is assumed.

4. A strict gain from the zero-window geometry. Here n ≥ 2. The real coordinates of the
normalised zeros lie in [−H0, 0), where H0 = T log T/(2π) and H0/NK(T )→ 1/n. For the cosine kernel,
an explicit trigonometric identity forces a positive total squared correlation among every three real
locations within a fixed diameter. Its uniform approximation by the smooth cutoff kernels preserves
a positive three-point gap. For each fixed cutoff, we project away the real span of the vectors gz, hz
associated with nonreal conjugate pairs in Lemma 3. The total loss in the squared norms of the real
vectors, weighted by their multiplicities, satisfies L ≤

√
NCE − NC by (49). Disjoint triples have

interaction graphs of degree two, which controls the accumulated projection loss. Packing these triples
into the height window and combining with the earlier nonreal defect reduces the remaining estimate
to a lower bound from minx≥0 max{x, a − B

√
x} > 0, where x represents NC/N and a,B > 0 are

specified in Theorem 13. First T →∞ at each fixed cutoff, and then the cutoff is removed. This gives
εn,r > 0 without treating complex cross terms as positive or applying the pair formula to a nonsmooth
kernel.

5. A separate abelian critical-line argument. For an abelian field, write ζK =
∏
χ∈XK L(s, χ)

with n primitive Dirichlet factors, including the factor ζ. They are holomorphic in the open critical strip,
so their critical-line multiplicities add exactly, including at common zeros. Each fixed factor satisfies
the simple-critical-line bound c0 of [14, Theorems A–B]; its multiplicity-weighted critical-line count is at
least its simple count. Summing over these finitely many factors gives the stated multiplicity-weighted
fraction. Section 6 also explains the degree-one adaptation of the pair formula and Lamzouri’s certificate.
No bound on common zeros is used, and no simple-product conclusion follows.
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1.6 Organization of the paper

Section 2 states the results and fixes the counting conventions. Section 3 proves the integer-threshold
Hilbert certificate and its refinement. Section 4 establishes the unconditional fixed-field pair formula,
including the arithmetic coefficient and boundary estimates. Section 5 removes the rational weight
and proves the scalar extremal formula. Section 6 treats abelian critical-line zeros and explains
the limitations imposed by product multiplicity. Section 7 proves the strict geometric improvement.
Section 8 compares unconditional and GRH-dependent bounds, gives an exact finite sharpness model,
and describes the remaining simplicity limitations.

2 Statements and scope

Let K/Q be a fixed number field of degree n = [K : Q] ≥ 1. For T > 0, let ZK(T ) be the finite set of
distinct zeros ρ = β + iγ of ζK with 0 < β < 1 and 0 < γ ≤ T , and put mρ = ordρ ζK ≥ 1. All four
counting functions below use this same height window:

NK(T ) =
∑

ρ∈ZK(T )
mρ, DK(T ) = |ZK(T )|,

NK,0(T ) =
∑

ρ∈ZK(T )
Re ρ=1/2

mρ, N simple
K (T ) = |{ρ ∈ ZK(T ) : mρ = 1}|.

Thus DK(T ) counts complex locations, not just distinct ordinates; NK,0(T ) includes multiplicity,
whereas N simple

K (T ) counts simple zeros anywhere in the strip. Real zeros (γ = 0) are excluded from
all four counts. In particular, N simple

K (T ) ≤ DK(T ) ≤ NK(T ) and NK,0(T ) ≤ NK(T ). The estimates
for DK(T ) below concern distinct locations in the whole strip, not a count restricted to simple or
critical-line zeros.
Fix an embedding of K in its normal closure M over Q, and set G = Gal(M/Q) and H = Gal(M/K).
Then [G : H] = n. Define

r = |H\G/H|, Cn,r = r

2n +
√
r

2 cot
( 1
n

√
r

2

)
.

The coset space G/H identifies with the embeddings of K into M . Its H-orbits are the double
cosets, so 1 ≤ r ≤ n; if n > 1, the fixed coset H and its nonempty complement give r ≥ 2. For a
Galois extension K/Q, one has M = K, H = {1}, and r = n. The cotangent is well-defined because
0 <

√
r/2/n ≤ 1/

√
2 < π/2. All limits keep K fixed; no uniformity in the degree or discriminant

is asserted. The normalization NK(T ) = nT log T/(2π) + OK(T ), proved in (27), ensures that the
denominators below are positive for all sufficiently large T .

Theorem 1. For every fixed number field K/Q as above, without assuming GRH or the Artin
holomorphy conjecture, one has

lim inf
T→∞

DK(T )
NK(T ) ≥ bn,r := 2n+ 1− Cn,r

n(n+ 1) . (1)

In particular,
lim inf
T→∞

DK(T )
NK(T ) ≥

1
n
− r

3n2(n+ 1) ≥
3n+ 2

3n(n+ 1) . (2)

The optimized bound (1) is strictly larger than the first bound in (2). For n ≥ 2, Theorem 13 further
increases (1) by an explicit εn,r > 0.
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Derivation from the results proved below. Section 5 applies the exact weight-removal identity (43) and
Lemma 4 to fixed smooth cutoffs pj = η2

j of the positive cosine minimizer. Their limiting normalized
energies are Cj = Jn,r(pj) in the notation of that section, with Cj → Cn,r. The zero transformation
zρ = i(ρ− 1/2) log T/(2π) preserves multiplicity and sends ρ 7→ 1− ρ̄ to complex conjugation. Hence
Lemma 3, with k = n, gives for each fixed j

lim inf
T→∞

DK(T )
NK(T ) ≥

2n+ 1− Cj
n(n+ 1) .

Letting j →∞ proves (1); this passage requires no pair formula for a nonsmooth endpoint test. The
strict variational certificate (44) and comparison with the uniform density give n < Cn,r < n+ r/(3n).
Substitution proves the first bound in (2), with strict improvement for (1); r ≤ n gives the second.
The further increment, for n ≥ 2, is proved in Theorem 13.

For fixed n, the constant Cn,r is strictly increasing in r. Indeed, for r′ < r′′, evaluating Jn,r′ and Jn,r′′
at the positive minimizer for r′′ shows that Jn,r′′ − Jn,r′ is (r′′ − r′)/n times a strictly positive distance
integral, while Jn,r′ ≥ Cn,r′ . Consequently bn,r ≥ bn,n, strictly when r < n. Table 1 uses r = n and
therefore applies to every fixed field of the displayed degree. Each decimal with an ellipsis lists initial
digits of the exact constant, not a rounded value or an estimate for a finite height T .

Table 1: Degree-only specializations of (1); the strict geometric increment from Theorem 13 is not
included.

Degree Degree-only distinct fraction Percentage

2 0.44491871304792468 . . . 44.4918713 . . .%
3 0.30571236760745205 . . . 30.5712367 . . .%
4 0.23340361496350142 . . . 23.3403614 . . .%
5 0.18892628222294294 . . . 18.8926282 . . .%
6 0.15875238102308097 . . . 15.8752381 . . .%

Rank-sensitive examples. Every non-Galois cubic field has normal-closure group S3 in its natural
action on three embeddings: the only transitive subgroups of S3 are C3 and S3, and the former gives a
Galois cubic field. In the non-Galois case the point stabilizer has two orbits, of sizes one and two. Thus
r = 2 and (1) gives the stronger fraction b3,2 = 0.31488413586578248 . . .. For a quartic field whose
normal-closure group acts doubly transitively on the four embeddings, the point stabilizer is transitive
on the other three embeddings. Again r = 2, giving b4,2 = 0.24168413176770299 . . .. At degree one,
K = Q and n = r = 1; the bound is b1,1 = (3− C1,1)/2, recovering Lamzouri’s distinct-zero constant
[1, Theorem 1.1]. The geometric increment asserted above is restricted to n ≥ 2.

Corollary 2. For every fixed finite abelian extension K/Q, unconditionally,

lim inf
T→∞

NK,0(T )
NK(T ) ≥ c0 := 3

2 −
1√
2

cot(1/
√

2) = 0.67250070367941164 . . . .

This does not claim that these zeros are simple in ζK .

Proof. The primitive Dirichlet factorization is ζK(s) =
∏
χ∈XK L(s, χ), with |XK | = n; the trivial

primitive character contributes ζ(s). All factors are holomorphic in the open critical strip. Their local
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zero multiplicities therefore add, including at common zeros, so

NK,0(T ) =
∑
χ∈XK

Nχ,0(T ), NK(T ) =
∑
χ∈XK

Nχ(T ),

where the factor counts use the same conventions and height window. For any ε > 0, the fixed primitive
Dirichlet result [14, Theorems A–B] gives Nχ,0(T ) ≥ (c0 − ε)Nχ(T ) for all sufficiently large T , since
the multiplicity-weighted critical-line count is at least the simple-critical-line count. There are only
finitely many factors, so one common threshold for T suffices. Sum these inequalities and then let
ε ↓ 0. Section 6 also gives the degree-one adaptation of the pair-formula argument. Neither derivation
assumes that different factors have disjoint zero sets.

The trigonometric optimization constant is known in generalized Montgomery–Taylor theory: it is
the reciprocal reproducing-kernel value in [28, Theorem 5], with c1 = n, c2 = r/n, and ∆ = 1.
The theorem’s parameter restriction holds because r/n2 ≤ 1 < 5/3. Corollary 2 is a factorwise
consequence of the primitive Dirichlet theorem, not an independent zero-proportion theorem. The
extensions developed here are the integer-threshold complex-zero certificate, its unconditional Dedekind
application, and the projection-and-triples refinement that uses the height window for n ≥ 2, with
the qualifications on priority in Section 1. The GRH-dependent numerical comparisons are made in
Section 8; no claim of numerical superiority over their stronger consequences is made.

3 The integer-threshold Hilbert certificate

Let η ∈ L2(R) be real, even, and compactly supported, with
∫
R η(u)2 du = 1. For compactly supported

f ∈ L1(R), use the entire Fourier transform

f̂(z) =
∫
R
f(u)e−2πizu du (z ∈ C), Kη(z) = η̂2(z).

Compact support makes this extension entire. In particular, Kη is even, is real on R, and satisfies
Kη(0) = 1. Let Z be a finite nonempty multiset with support Ω ⊂ C and positive integer multiplicities
mz. Assume that Z is invariant under complex conjugation: z̄ ∈ Ω and mz̄ = mz for every z ∈ Ω.
Define

N =
∑
z∈Ω

mz, D = |Ω|, S = |{x ∈ Ω ∩ R : mx = 1}|, NC =
∑

z∈Ω\R
mz,

and
E =

∑
z,w∈Ω

mzmwKη(z − w)2.

This is an ordered double sum with multiplicities. The square is an ordinary square, not an absolute
square; individual summands need not be real. The proof below shows that the total E is real and
positive. No assertion about zeta functions or an asymptotic limit is needed in this finite lemma.

Lemma 3. For every integer k ≥ 1,

D ≥ (2k + 1)N − E
k(k + 1) . (3)

In fact,
D ≥ (2k + 1)N − E

k(k + 1) + k − 1
k + 1S. (4)

Moreover, the threshold defect satisfies

∆k := E − (2k + 1)N + k(k + 1)D ≥ NC . (5)

10



Proof. The real tensor and its energy. Use Lamzouri’s functions [1, Proposition 2.1]

fz(u) = η(u)e−2πizu, gz = (fz + fz̄)/2, hz = (fz − fz̄)/(2i).

Compact support ensures that these functions belong to L2(R;C) for every fixed z ∈ C. We take its
inner product to be linear in the first variable:

〈Φ,Ψ〉 =
∫
R

Φ(u)Ψ(u) du, 〈fz, fw〉 = Kη(z − w̄).

The conjugate-linear isometric involution JΦ(u) = Φ(−u) has the closed real fixed space H0 = {Φ :
JΦ = Φ}, with real scalars. Changing u to −u shows that the inner product of two elements of H0 is
real, so this is a real Hilbert space. Since Jfz = fz̄, the vectors fx for real x, and all gz, hz, belong to
H0. Furthermore,

‖fx‖2 = 1, ‖gz‖2 − ‖hz‖2 = Re〈fz, fz̄〉 = 1.

For a, b ∈ H0, identify the real tensor a ⊗ b with the operator v 7→ 〈v, b〉a. Let P contain one
representative from each nonreal conjugate pair. Define the real symmetric finite-rank operator

F =
∑

x∈Ω∩R
mxfx ⊗ fx + 2

∑
z∈P

mz(gz ⊗ gz − hz ⊗ hz).

In the complexified tensor product, fz = gz + ihz gives F =
∑
z∈Ωmzfz ⊗ fz. Here tensor products are

complex bilinear; this is not a sum of positive Hermitian rank-one operators. The tensor inner product
satisfies 〈a ⊗ b, c ⊗ d〉 = 〈a, c〉〈b, d〉. Consequently its norm, which agrees with the Hilbert–Schmidt
norm of the real operator, satisfies

‖F‖ ∗HS2 =
∑
∗z, w ∈ ΩmzmwKη(z − w̄)2

=
∑
z,w∈Ω

mzmwKη(z − w)2 = E.

The second equality reindexes w 7→ w̄ and uses equality of the two multiplicities. The real decomposition
also gives

trF =
∑

x∈Ω∩R
mx + 2

∑
z∈P

mz(‖gz‖2 − ‖hz‖2) = N.

In particular F 6= 0 and E > 0, because N > 0.
The three-block bound and the nonreal defect. Partition real locations into mx ≤ k and mx ≥ k + 1;
denote their counts by rL, rH and masses by ML,MH . Let c count nonreal conjugate pairs and put
MC =

∑
z∈P mz. Thus N = ML +MH + 2MC , D = rL + rH + 2c, and NC = 2MC . Take

U = spanR(fx : x ∈ Ω ∩ R, mx ≥ k + 1; gz : z ∈ P),
V = U + spanR(fx : x ∈ Ω ∩ R, mx ≤ k), W = V + spanR(hz : z ∈ P).

The range of F is contained in W , and F vanishes on W⊥. Choose an orthonormal basis (ψj)dimW
j=1

adapted to U ⊆ V ⊆ W , omitting dependent spanning vectors during real Gram–Schmidt. Put
αj = 〈Fψj , ψj〉 = 〈F,ψj ⊗ ψj〉 ∈ R. The tensors ψj ⊗ ψj are orthonormal. Bessel’s inequality and the
trace identity give

E = ‖F‖ ∗HS2 ≥
∑
j

α2
j ,

∑
j

αj = N. (6)

Let A,B,C be the traces over U , V 	 U , W 	 V . If QB projects orthogonally onto the middle block,
then

B =
∑
∗x∈Ω∩R
mx≤kmx‖QBfx‖2 − 2

∑
z∈P

mz‖QBhz‖2 ≤ML.

11



Indeed, QB annihilates every high-multiplicity real vector and every gz, while ‖QBfx‖ ≤ ‖fx‖ = 1.
For a basis vector in the last block, αj = −2

∑
z∈P mz〈hz, ψj〉2 ≤ 0. Also dU := dimU ≤ rH + c and

dB := dim(V 	 U) ≤ rL. Apply a2 ≥ 2(k + 1)a − (k + 1)2 on the first block, a2 ≥ 2ka − k2 on the
second, and a2 ≥ 2(k + 1)a on the last, where the latter uses a ≤ 0. Summing gives

E ≥ 2(k + 1)A− (k + 1)2dU + 2kB − k2dB + 2(k + 1)C
= 2(k + 1)N − (k + 1)2dU − k2dB − 2B
≥ 2(k + 1)N − (k + 1)2(rH + c)− k2rL − 2ML.

Subtracting (2k + 1)N − k(k + 1)D therefore gives

∆k ≥ [MH − (k + 1)rH ] + [krL −ML] + 2MC + (k2 − 1)c.

Both brackets are nonnegative by the multiplicity ranges, and k2 − 1 ≥ 0. The right-hand side is
therefore at least NC , proving both (3) and (5).
The multiplicity flag and the simple-real refinement. Let rm count real locations of multiplicity m ≥ 1,
so S = r1. Starting with Uk+1 = U , define, in descending order,

Um = Um+1 + spanR(fx : x ∈ Ω ∩ R, mx = m), Bm = Um 	 Um+1 (m = k, . . . , 1).

Then U1 = V . Write Am for the trace of F on Bm and dm = dimBm ≤ rm. For 1 ≤ j ≤ k, the
orthogonal direct sum of the blocks with m ≤ j is U1 	 Uj+1. Its projection Qj annihilates every real
vector of multiplicity greater than j and every gz. Thus

Lj :=
j∑

m=1
Am =

∑
x∈Ω∩R
mx≤j

mx‖Qjfx‖2 − 2
∑
z∈P

mz‖Qjhz‖2 ≤
j∑

m=1
mrm.

The individual Am need not be nonnegative; only these cumulative upper bounds are used. The finite
summation identity

k∑
m=1

(k + 1−m)Am =
k∑
j=1

Lj ≤
k∑

m=1
(k + 1−m)mrm

now controls their weighted sum. Apply a2 ≥ 2ma−m2 on Bm, retaining the previous inequalities on
U and W 	 V . Bessel’s inequality in this finer adapted basis gives

E ≥ 2(k + 1)N − (k + 1)2dU −
k∑

m=1
m2dm − 2

k∑
m=1

(k + 1−m)Am

≥ 2(k + 1)N − (k + 1)2(rH + c)−
k∑

m=1

(
2(k + 1)m−m2)rm.

Subtracting (2k + 1)N − k(k + 1)D gives the explicit remainder

∆k ≥
k∑

m=1
(k −m)(k + 1−m)rm +

∑
m≥k+1

(m− k − 1)rm

+ 2MC + (k2 − 1)c ≥ k(k − 1)S +NC .

Every term in the remainder is nonnegative; the coefficient of r1 = S is k(k − 1). Dividing its S
contribution by k(k + 1) proves (4). All arguments remain valid when blocks are empty or spanning
vectors are dependent: dimensions can only decrease, and empty traces and sums are zero.
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Choice of threshold and comparison with rank–trace. The case k = 1 in (3) recovers Lamzouri’s
distinct-element inequality. Since dimW ≤ D ≤ N , (6) and Cauchy–Schwarz give

N2 ≤ (dimW )
∑
j

α2
j ≤ DE.

Thus D ≥ N2/E and E/N ≥ N/D ≥ 1. If E/N ≤ C for a real constant C, necessarily C ≥ 1. The
basic bound (3), with E replaced by CN , becomes D/N ≥ Bk(C), where

Bk(C) = 2k + 1− C
k(k + 1) , Bk+1(C)−Bk(C) = 2(C − k − 1)

k(k + 1)(k + 2) .

The sign of this difference shows that k = bCc is a maximizer over integers k ≥ 1. It is unique for
nonintegral C; at an integer C = m ≥ 2 the two maximizers are m− 1 and m. For C = 1 the unique
admissible maximizer is k = 1. On k ≤ C ≤ k + 1, comparison with the rank–trace consequence
D/N ≥ 1/C gives

Bk(C)− 1
C

= (C − k)(k + 1− C)
Ck(k + 1) ≥ 0.

The improvement is strict for nonintegral C and vanishes at integers when an optimal threshold is
used. This optimization concerns the basic bound (3); optimizing a bound that also retains S or NC

can depend on those additional data.

Why integer multiplicities matter. The lemma does not extend to arbitrary positive real weights.
For a single real location with weight m = k+ 1/2, normalization gives N = m, D = 1, and E = m2, so

E − (2k + 1)N + k(k + 1)D = (m− k)(m− k − 1) = −1
4 .

This would contradict (3). Positive integer multiplicities, as supplied by zero orders, are essential.

4 An unconditional pair formula for every fixed field

We give six quantitative propositions and the analytic preliminaries on which they depend. Throughout
this section the number field K is fixed, n = [K : Q], dK = | discK|, and (r1, r2) is its signature, so
n = r1 + 2r2. Constants denoted by OK are independent of all the displayed real variables in their
stated ranges. They need not be uniform in the field. Unless a height restriction is displayed, a sum
over ρ = β+ iγ runs over all nontrivial zeros of ζK , including real zeros. Every zero sum counts analytic
multiplicity, and every pair sum is over ordered pairs, including the diagonal. Thus NK(T ) counts
0 < γ ≤ T , with multiplicity, not both signs of the ordinate. For compactly supported integrable f ,
our Fourier convention and its entire extension are

f̂(z) =
∫
R
f(u)e−2πiuz du, z ∈ C, W (z) = 4

4− z2 .

Compact support justifies differentiation under the Fourier integral at every complex argument.
The function W is meromorphic, but its poles at ±2 are never reached by a zero difference, since
|Re(ρ− ρ′)| < 1.

Lemma 4 (Quantitative strict-support pair formula). Let 0 < b < 1 and let f ∈ C2
c (R) be real and

even, with supp f ⊂ [−b, b]. Put L = log T and

Rb(T ) = L−1 + T b−1L2 + T (b−1)/2L−1/2 + T−1/2.
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As T →∞, without GRH or Artin holomorphy,

∑
0<γ,γ′≤T

f̂

(
i(ρ− ρ′) L2π

)
W (ρ− ρ′)

= NK(T )
(
nf(0) + r

n

∫ 1

−1
|u|f(u) du+OK,b,f (Rb(T ))

)
, (7)

where r = |H\G/H| as in Section 2. For each fixed b < 1, the displayed error is also OK,b,f (1/ log T ).
The zeros in the sum are their actual complex locations. The formula holds for arbitrary real T
sufficiently large, including heights that are zero ordinates.

The proof of this lemma is completed in Proposition 11. The restriction b < 1 is used explicitly in
that integration of the sharp-window error. Corollary 12 subsequently extends the formula to globally
C2 endpoint tests by a different, boundary-vanishing estimate. No nonsmooth endpoint assertion is
needed.

4.1 Completed zeta function and an unconditional local zero count

Write
ZK(s) = ζ ′K

ζK
(s), −ZK(s) =

∑
m≥2

AK(m)m−s (Re s > 1).

The Euler product gives 0 ≤ AK(m) ≤ nΛ(m); its full local calculation is given in Proposition 6 below.
Set

ΓR(s) = π−s/2Γ(s/2), ΓC(s) = 2(2π)−sΓ(s),

ξK(s) = s(s− 1)ds/2K ΓR(s)r1ΓC(s)r2ζK(s).

The classical unconditional facts used here are that ξK is entire of order one, is nonzero at 0 and 1, has
precisely the nontrivial zeros of ζK , all in 0 < Re s < 1, and satisfies

ξK(s) = ξK(1− s), ξK(s̄) = ξK(s).

See [13, Section 2.1, equations (2.1)–(2.2)] and [18, Section 2.1] for these completed-function facts and
the trivial-zero multiplicities. The gamma duplication formula identifies the gamma factors in [13] with
the ones above; a constant normalization of ξK does not affect its logarithmic derivative. Only these
unconditional completed-function facts are imported: in particular, we do not use the GRH-dependent
pair formula in [18]. The local zero estimate below is proved before the global normalization, so the
two estimates do not depend circularly on one another.

Lemma 5 (Local zero count). For every real t,

UK(t) :=
∑
ρ

2− β
(2− β)2 + (t− γ)2 = n

2 log(|t|+ 2) +OK(1), (8)

#{ρ : |γ − t| ≤ 1} �K log(|t|+ 2), (9)∑
ρ

1
1 + (t− γ)2 �K log(|t|+ 2). (10)

The series in these statements converge absolutely.
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Proof. Order one and Jensen’s formula give #{ρ : |ρ| ≤ R} = OK(R5/4), and consequently
∑
ρ |ρ|−2 <

∞. Hadamard factorization therefore gives

ξ′K
ξK

(s) = bK +
∑
ρ

( 1
s− ρ

+ 1
ρ

)
,

with normally convergent combined terms off the zeros. Since 0 < β < 1, the real parts of the two
sums separately converge absolutely at any fixed s off the zeros. Hence

Re ξ
′
K

ξK
(σ + it) = cK +

∑
ρ

σ − β
(σ − β)2 + (t− γ)2 , cK = Re bK +

∑
ρ

Re(1/ρ).

In fact cK = 0. The functional equation makes the logarithmic derivatives at 2 and −1 negatives.
Reindexing the sum at −1 by ρ 7→ 1 − ρ̄ makes it the negative of the sum at 2. Adding the two
displayed identities gives 2cK = 0.
At s = 2 + it, logarithmic differentiation of the completion now gives

UK(t) = Re
(1
s

+ 1
s− 1 + 1

2 log dK −
r1
2 log π − r2 log(2π)

+ r1
2 ψ(s/2) + r2ψ(s) + ZK(s)

)
, ψ = Γ′/Γ.

Here |ZK(2 + it)| ≤ n
∑
m Λ(m)m−2 uniformly in t. Stirling’s estimate for ψ on these fixed vertical

lines, together with continuity for bounded t, proves (8). All summands are positive. If |γ − t| ≤ 1,
each is at least 1/5, because 1 < 2− β < 2. This proves (9). Finally, for a ∈ (1, 2),

a

a2 + y2 ≥
1

4 + y2 ≥
1

4(1 + y2) .

Summation and (8) prove (10).

4.2 The arithmetic second moment

Proposition 6 (Permutation-rank coefficient). Uniformly for y ≥ 2,

BK(y) :=
∑
m≤y

AK(m)2 = ry log y +OK(y). (11)

For every rational prime p, including ramified primes, and every j ≥ 1,

AK(pj) = log p
∑
p|p
fp|j

fp, 0 ≤ AK(m) ≤ nΛ(m). (12)

Here fp is the residue degree. All coefficients outside prime powers vanish.

Proof. The local Euler factor at p is
∏

p|p(1− p−fps)−1. Its negative logarithmic derivative is∑
p|p

fp log p
∑
k≥1

p−kfps.

This proves the exact coefficient formula. Since
∑

p|p epfp = n and ep ≥ 1, it also proves the bound in
(12) without a ramification restriction.
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Let M be the normal closure, G = Gal(M/Q), H = Gal(M/K), and Ω = G/H. Write P (g) =
# FixΩ(g). At a prime unramified in M , the cycle lengths of Frobenius on Ω are the residue degrees of
the primes of K above p. Consequently

AK(p) = P (Frob ∗p) log p.

Burnside’s lemma, applied to the diagonal action on Ω2, gives

1
|G|

∑
∗g ∈ GP (g)2 = #(G\Ω2) = #(H\G/H) = r. (13)

The second equality follows by moving the first coordinate to H; its stabilizer is H, acting on the
second coordinate by left multiplication.
For a conjugacy class C ⊂ G, let πC(y) count the rational primes at most y, unramified in M , with
Frobenius in C. The fixed-extension consequence of effective Chebotarev [29, Theorem 1.1] (or [30,
Theorem 1.1]) is

πC(y) = |C|
|G|

Li(y) +OK
(
ye−cK

√
log y

)
(14)

for some cK > 0. The finitely many classes permit one choice of constants. Any exceptional term has
the form OK(Li(yβ0)) with fixed β0 < 1; it is absorbed in (14), since yβ0−1ecK

√
log y is bounded for fixed

K. Any lower threshold on y in the cited effective theorem is absorbed by enlarging the fixed-field
constant. If M = Q, use the ordinary prime number theorem in the same form.
Partial summation with the weight log2 v gives

∑
p≤y

Frobp∈C

log2 p = πC(y) log2 y − 2
∫ y

2
πC(v) log v

v
dv

= |C|
|G|

∫ y

2
log v dv +OK(y)

= |C|
|G|

y log y +OK(y).

The lower-endpoint constant is harmless. For the error, the boundary term is OK(y log2 y e−cK
√

log y) =
OK(y), and the integral is bounded by a constant times

∫ y
2 log v e−cK

√
log v dv = OK(y). Multiply by

the class value P (C)2, sum over C, and use (13). This evaluates the first powers of unramified primes
with leading coefficient r.
For each of the finitely many primes ramified in M ,

∑
pj≤y

AK(pj)2 ≤ n2(log p)2
⌊ log y

log p

⌋
= OK(log y).

The total contribution of higher prime powers is bounded by

n2 ∑
2≤j≤log2 y

∑
p≤y1/j

(log p)2 �K y1/2 log3(2y) = OK(y).

These estimates prove (11).
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A tensor-product interpretation. There is also an arithmetic check using the finite etale algebra

K ⊗Q K '
∏

HgH∈H\G/H
K g(K) =

∏
HgH

MH∩gHg−1
.

Indeed, if K = Q(θ), factor the separable minimal polynomial of θ over K and apply the Chinese
remainder theorem. Its irreducible factors correspond to the H-orbits on G/H; the associated map is
a⊗ b 7→ a g(b). Its embeddings into M are identified with the ordered pairs of embeddings of K, so
the embedding character of this algebra is P 2. If AE denotes the sum of the logarithmic-derivative
coefficients of its field factors, then at every prime unramified in M ,

AE(p) log p = AK(p)2.

For completeness, the fixed-field prime ideal theorem gives
∑
m≤y AE(m) = ry+OK(ye−c

√
log y) for some

c > 0, with any fixed exceptional zero absorbed as above. The terms with m = pj , j ≥ 2, contribute
OK(y1/2 log2(2y)). Removing them and the finitely many ramified primes, and then applying partial
summation with weight log p, gives the same leading term ry log y +OK(y) for

∑
p≤y AE(p) log p. The

coefficient identity is asserted only at unramified primes; the preceding error estimate handles the
omitted primes. For example, for a non-Galois cubic field, G ' S3 and H is a point stabilizer of order
two. Its two orbits on G/H have sizes one and two; the corresponding intersections are H and the
trivial group. Hence K ⊗Q K ' K ×M and r = 2.

4.3 An exact resolvent formula

Define the fixed constant

qK = 1
2 log dK −

r1
2 log π − r2 log(2π), ψ = Γ′/Γ.

Proposition 7 (Resolvent and uniform residual). For x ≥ 1 and t ∈ R, put

Hx(t) = 2
∑
ρ

xρ−1/2−it

1− (ρ− 1/2− it)2 , Px(t) =
∑
m≥2

AK(m)
m1/2+it min(m/x, x/m),

(15)

GK(t) = 2qK + r1
2 {ψ(−1/4 + it/2) + ψ(3/4− it/2)}

+ r2{ψ(−1/2 + it) + ψ(3/2− it)}+ ZK(3/2− it), (16)
Bx(t) = x−1GK(t).

All nontrivial zeros, including real zeros, occur in Hx. There is an exact identity

Hx(t) = −Px(t) +Bx(t) +Rx(t), (17)

where, with b0 = r1 + r2 − 1 and bj = r2 + r112|j for j ≥ 1,

Rx(t) = 2x1/2−it

(1/2 + it)(3/2− it) + 2
∑
j≥0

bjx
−j−1/2−it

(j − 1/2 + it)(j + 3/2 + it) . (18)

The zero, prime, and trivial-zero series converge absolutely and locally uniformly on [1,∞) × R.
Uniformly on this domain,

GK(t) = n log(|t|+ 2) +OK(1), (19)

Rx(t)�K
x1/2

1 + t2
+ x−1/2

|t|+ 2 ,
∫
R
|Rx(t)|2 dt�K x. (20)
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Proof. We use a rational Mellin kernel, whose quadratic decay permits direct contour integration. Here∫
(d) denotes the upward-oriented integral on Rew = d, and powers of positive real numbers use their
real logarithms. For d > 1 and y > 0,

1
2πi

∫
(d)

2yw

1− w2 dw =
{
y−1 − y, y > 1,
0, 0 < y ≤ 1.

(21)

To verify this, shift the line left for y ≥ 1: the residues at w = 1,−1 are −y, y−1. On Rew = −R,
R > 2, the absolute integral is O(y−R/R), including when y = 1. For y < 1, shift right; there are no
residues and the new integral is O(yR/R). For each fixed shifted line, the horizontal integrals vanish
because the rational factor decays quadratically. This proves (21) with its value at y = 1.
Consider the absolutely convergent integral

Ix(t) = 1
2πi

∫
(2)
−ZK(z) 2xz−1/2−it

1− (z − 1/2− it)2 dz. (22)

The Dirichlet series on this line is absolutely convergent, so Fubini and (21), with w = z− 1/2− it, give

Ix(t) =
∑
m<x

AK(m)m−1/2−it(m/x− x/m). (23)

The term m = x is exactly zero; thus no half-weight convention enters.
Justification of the contour shift. First fix an integer M ≥ 1 and shift to Re z = −M − 1/2. Here are
bounds for both types of added contour. Order one, already used above, gives Nrad(R) := #{ρ : |ρ| ≤
R} = OK(R5/4). In each large interval [Y, 2Y ], remove intervals of radius cKY −1/4 around γ and −γ
for all zeros with |ρ| ≤ 5Y . Their total length is less than Y for sufficiently small fixed cK > 0. Choose
a remaining height U . Both U and −U are then at distance at least cKY −1/4 from every zero ordinate:
zeros outside the removed set have |γ| ≥

√
25Y 2 − 1 > 4Y , whereas U ≤ 2Y . For Y sufficiently large

in terms of M , all points z = σ ± iU , −M − 1/2 ≤ σ ≤ 2, satisfy |z| ≤ 3Y . Partial summation of
Nrad(R) = OK(R5/4) gives

∑
|ρ|≤5Y |ρ|−1 = OK(1 + Y 1/4); the absence of a zero at 0 handles its lower

endpoint. In the Hadamard logarithmic derivative the zeros with |ρ| ≤ 5Y therefore contribute at most

OK

Y 1/4Nrad(5Y ) +
∑
|ρ|≤5Y

|ρ|−1

 = OK(Y 3/2).

For |ρ| > 5Y and sufficiently large Y (depending on M),∣∣∣∣ 1
z − ρ

+ 1
ρ

∣∣∣∣� Y

|ρ|2
,

∑
|ρ|>5Y

|ρ|−2 = OK(Y −3/4).

Thus ξ′K/ξK(z) = OK,M (Y 3/2) on these horizontal segments. Subtracting the rational and gamma
logarithmic derivatives, which are OK,M (log Y ) there, gives the same bound for ZK(z). The kernel in
(22) is Ot(Y −2) on those segments; their integrals are therefore OK,M,x,t(Y −1/2) and tend to zero.
For the left vertical line we need a bound uniform in M . Logarithmic differentiation of the completed
functional equation gives

−ZK(s) = ZK(1− s) + 2qK + r1
2 {ψ(s/2) + ψ((1− s)/2)}

+ r2{ψ(s) + ψ(1− s)}. (24)
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There are no rational terms in this identity: the contributions of s(s− 1) cancel because(1
s

+ 1
s− 1

)
+
( 1

1− s + 1
−s

)
= 0.

At s = −M − 1/2 + iu, the first term on the right is bounded by its absolutely convergent Dirichlet
series. The reflection identity ψ(z) = ψ(1 − z) − π cot(πz) moves every negative-real-part gamma
argument to a right half-plane. The cotangents are bounded uniformly: the real parts of s and s/2 are
half-integers and quarter-integers bounded away from integers. Stirling’s estimate then gives

|ZK(−M − 1/2 + iu)| �K log(M + |u|+ 2).

On that line, putting v = u− t,

|1− (z − 1/2− it)2| =
√

(M + 2)2 + v2
√
M2 + v2 ≥M2 + v2.

Consequently the absolute left integral is at most

CKx
−M−1

∫
R

log(M + |u|+ 2)
M2 + (u− t)2 du�K x−M−1 log(M + |t|+ 2)

M
,

by substituting u = t+Mv. It tends to zero as M →∞, even when x = 1. The limits are taken first
in the horizontal height at fixed M,x, t, and then in M .
Residues and prime coefficients. The poles crossed, with their residues in (22), are

z residue
ρ −2mρx

ρ−1/2−it/(1− (ρ− 1/2− it)2)
1 2x1/2−it/((1/2 + it)(3/2− it))
−j 2bjx−j−1/2−it/((j − 1/2 + it)(j + 3/2 + it))

3/2 + it xZK(3/2 + it)
−1/2 + it −x−1ZK(−1/2 + it).

In the first row each distinct zero is represented once with its multiplicity mρ; equivalently the sum
defining Hx repeats it mρ times. The last two poles come from the rational kernel and do not coincide
with zeros or poles of ζK . A row at −j is absent when bj = 0. For j ≥ 1, the functional equation and
the Euler product give ξK(−j) = ξK(1 + j) 6= 0. Thus the trivial order of vanishing at −j equals the
total pole order of the gamma factors, namely bj = r2 + r112|j . At 0, ξK(0) 6= 0, the gamma factors
have total pole order r1 + r2, and s(s− 1) has a simple zero; this gives b0 = r1 + r2 − 1.
Both zero-residue sums converge absolutely: the nontrivial tail has a constant multiple of

∑
ρ(1+ |ρ|2)−1

as a majorant, and the trivial tail is OK(
∑
j≥1 j

−2). The residue theorem and the preceding contour
bounds give

Ix(t) = −Hx(t) +Rx(t) + xZK(3/2 + it)− x−1ZK(−1/2 + it).

For m < x, the coefficient in −Ix + xZK(3/2 + it) is

AK(m)m−1/2−it(x/m−m/x− x/m) = −AK(m)m−1/2−it(m/x).

For m > x it is −AK(m)m−1/2−it(x/m); at m = x only the logarithmic derivative contributes, with
coefficient −AK(m)m−1/2−it. Therefore

−Ix(t) + xZK(3/2 + it) = −Px(t).

19



Equation (24) at s = −1/2 + it identifies −ZK(−1/2 + it) = GK(t) exactly. This proves (17).
Uniform estimates and convergence. The term ZK(3/2− it) in (16) is bounded by

∑
mAK(m)m−3/2.

For large |t|, Stirling gives

ψ(−1/4 + it/2) + ψ(3/4− it/2) = 2 log(|t|/2) +O(|t|−1),
ψ(−1/2 + it) + ψ(3/2− it) = 2 log |t|+O(|t|−1).

The imaginary parts of the logarithms cancel to this accuracy. For bounded t, all arguments stay away
from gamma poles. These facts prove (19), with a possibly complex bounded error. Furthermore,

|(1/2 + it)(3/2− it)| ≥ 1
2(1 + t2),

|(j − 1/2 + it)(j + 3/2 + it)| ≥ 1
4((j + 1)2 + t2) (j ≥ 0).

Since bj ≤ n and x−j ≤ 1,

|Rx(t)| �K

√
x

1 + t2
+ x−1/2 ∑

k≥1

1
k2 + t2

�K

√
x

1 + t2
+ x−1/2

|t|+ 2 .

Squaring and integrating gives
∫
R |Rx|2 �K x+ x−1 �K x. On compact x, t ranges, the zero, prime,

and trivial-zero tails have summable majorants proportional to (1 +γ2)−1, AK(m)m−3/2, and (j+ 1)−2,
respectively. This proves local uniform convergence, including at x = 1. The contour proof itself
already covers that endpoint.

There is an independent endpoint check. Taking the difference of the Hadamard logarithmic derivatives
at 3/2 + it and −1/2 + it gives

H1(t) = ξ′K
ξK

(3/2 + it)− ξ′K
ξK

(−1/2 + it) = 2 Re ξ
′
K

ξK
(3/2 + it).

The combined reciprocal series is absolutely convergent, and the last equality follows from the functional
equation and conjugation. No differentiation in x at the endpoint is used.
The bounded term ZK(3/2 − it) in (16) is essential for the stated pointwise residual. For example,
absolute convergence gives

lim
T→∞

1
T

∫ T

0
|ZK(3/2− it)|2 dt =

∑
m≥2

AK(m)2

m3 > 0.

This follows by termwise integration of an absolutely summable double series. In particular that term
cannot be placed in an OK((|t|+ 2)−1) remainder. It is included in GK throughout.

4.4 Plancherel and the sharp height window

Proposition 8 (Exact kernel and localization). For T ≥ 3 and x > 0, define

AT = {ρ : 0 < γ ≤ T}, FK(x, T ) =
∑

ρ,ρ′∈AT

xρ−ρ
′
W (ρ− ρ′).

Here AT is a multiset, so |AT | = NK(T ). For every x > 0, define the finite sum

Hx,T (t) = 2
∑
ρ∈AT

xρ−1/2−it

1− (ρ− 1/2− it)2 .
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Then
FK(x, T ) = 1

2π

∫
R
|Hx,T (t)|2 dt ≥ 0. (25)

Uniformly for x ≥ 1 and T ≥ 3,

FK(x, T ) = 1
2π

∫ T

0
|Hx(t)|2 dt+OK(x log3(T + 2)). (26)

The same local estimates also give the normalization

NK(T ) = n

2πT log T +OK(T ). (27)

No condition that T avoid a zero ordinate is imposed.

Proof. The finite-window identity. For δ ∈ (−1/2, 1/2) and γ ∈ R put kδ,γ(t) = [1 + (t− γ + iδ)2]−1.
Its Fourier transform is exactly

k̂δ,γ(v) = πe−2π|v|e−2πδve−2πiγv. (28)

Indeed, in the Fourier integral set w = t− γ+ iδ. The exponential becomes e−2πiwve−2πiγve−2πδv. Shift
the line Imw = δ to the real axis; it crosses no pole at w = ±i, and the short vertical integrals tend to
zero by quadratic denominator decay. The remaining transform of (1 + w2)−1 is πe−2π|v|, by residues.
This also verifies the sign of the factor involving δ.
For ρ = β+ iγ set δρ = β− 1/2. Remove the common factor of absolute value one before applying (28):

eit log xHx,T (t) = 2
∑
ρ∈AT

xρ−1/2kδρ,γ(t).

This is a finite sum of L1 ∩ L2 functions. Plancherel gives, with aρ,ρ′ = ρ+ ρ̄′ − 1,∫
R
|Hx,T (t)|2 dt = 4π2 ∑

ρ,ρ′∈AT

xaρ,ρ′
∫
R
e−4π|v|e−2πaρ,ρ′v dv.

Because |Re aρ,ρ′ | < 1, each integral converges absolutely, and∫
R
e−4π|v|e−2πav dv = 1

2π(2 + a) + 1
2π(2− a) = W (a)

2π .

The involution Jρ = 1− ρ̄ preserves both ordinate and multiplicity. Replacing ρ′ by Jρ′ converts aρ,ρ′
to ρ−ρ′, without changing AT . This proves (25), including its constant 1/(2π). Positivity is a property
of the whole pair sum, not of its individual complex summands. The same argument underlies [11,
Lemma 3]; the calculation above includes the complex shifts and the exact positive-height window.
Bounds for both infinite tails. Let BT be the multiset of excluded nontrivial zeros, including all real
zeros, and define

SA(t) =
∑
ρ∈AT

1
1 + (t− γ)2 , SB(t) =

∑
ρ∈BT

1
1 + (t− γ)2 , ` = log(T + 2).

We shall use

SA(t)�K ` (0 ≤ t ≤ T ),

SB(t)�K `

( 1
1 + t

+ 1
1 + T − t

)
(0 ≤ t ≤ T ),

SA(t)�K
`

1 + dist(t, [0, T ]) (t /∈ [0, T ]). (29)
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For a ≥ 0 and J ≥ 2, integral comparison gives∑
j≥0

1
1 + (a+ j)2 �

1
1 + a

,
∑
j>J

log(j + 3)
j2 � log(J + 3)

J
. (30)

The first line of (29) follows from (10). For the second, partition excluded ordinates into (−j − 1,−j]
and (T + j, T + j + 1], j ≥ 0. Lemma 5 bounds their contributions by

CK
∑
j≥0

log(j + 3)
1 + (t+ j)2 , CK

∑
j≥0

log(T + j + 3)
1 + (T − t+ j)2 ,

respectively. Take J = dT + 3e. Up to J the logarithms are O(`), so the first estimate in (30) applies.
Beyond J the denominator is at least j2 and both logarithms are O(log(j + 3)). The second estimate
bounds this tail by OK(`/(T + 1)), which is bounded by either required endpoint majorant. This
justifies the treatment of zeros at arbitrarily large heights.
For t < 0, partition the inside ordinates into (j, j + 1] ∩ (0, T ]; for t > T , use (T − j − 1, T − j] ∩ (0, T ].
Each interval has OK(`) zeros. Writing d = dist(t, [0, T ]), its kernel denominator is at least 1 + (d+ j)2.
Summing and using (30) proves the third line of (29).
For real y and |δ| < 1/2,

|1 + (y + iδ)2| ≥ 1 + y2 − δ2 ≥ 3
4(1 + y2).

Consequently, for x ≥ 1,

|Hx,T (t)| ≤ 8
3
√
xSA(t), |Hx(t)−Hx,T (t)| ≤ 8

3
√
xSB(t).

The three integrated estimates needed to compare squared norms are∫ T

0
SASB �K `3,

∫ T

0
S2
B �K `2,

∫
R\[0,T ]

S2
A �K `2. (31)

For the first, integrate the endpoint factors (1 + t)−1 and (1 + T − t)−1 in (29). For the other two,
their squares have bounded integrals. If Hx,B = Hx −Hx,T , then the exact difference of norms is∫

R
|Hx,T |2 −

∫ T

0
|Hx|2 =

∫
R\[0,T ]

|Hx,T |2

−
∫ T

0
{2 Re(Hx,THx,B) + |Hx,B|2}.

Taking absolute values and applying (31) gives OK(x`3), which proves (26). The intervals used above
include a zero at T in AT and a real zero in BT ; no boundary zero is omitted.
Normalization by integrating the same kernel. For a zero ρ put aρ = 2− β ∈ (1, 2) and

hρ(t) = aρ
a2
ρ + (t− γ)2 ,

∫
R
hρ(t) dt = π.

If 0 < γ ≤ T , direct integration of each tail gives

0 ≤ π −
∫ T

0
hρ(t) dt�

1
1 + γ

+ 1
1 + T − γ

.

Unit-interval summation using Lemma 5 shows that the sum of these losses over AT is bounded by

CK`
∑

0≤j≤T+1
(1 + j)−1 = OK(`2).
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For excluded zeros, the bound hρ(t) ≤ 2[1 + (t− γ)2]−1 gives

∑
ρ∈BT

∫ T

0
hρ(t) dt ≤ 2

∫ T

0
SB(t) dt�K `2.

All terms here are nonnegative, so Tonelli’s theorem justifies each interchange. We obtain the useful
identity ∫ T

0
UK(t) dt = πNK(T ) +OK(`2). (32)

Integrating (8) gives
∫ T

0 UK = (n/2)T log T + OK(T ). This proves (27) directly. In particular the
normalization has been derived for the positive-height count used here, with the real zeros accounted
for in the excluded mass.

4.5 The three mean-square estimates

For the remainder of this section, 〈U, V 〉2 =
∫ T

0 U(t)V (t) dt and ‖U‖22 = 〈U,U〉2.

Proposition 9 (Mean-square inputs). Uniformly for x ≥ 1 and T ≥ 3, writing L = log T ,

‖Px‖22 = Tr log x+OK(T + x log(2x)), (33)
‖Bx‖ ∗ 22 = n2Tx−2L2 +OK(Tx−2L), (34)
‖Rx‖22 �K x. (35)

In particular, for 1 ≤ x ≤ T and u = log(2x),

|〈Px, Bx〉2| �K TL
√
u/x,

|〈Px, Rx〉2| �K

√
Txu,

|〈Bx, Rx〉2| �K

√
T/xL. (36)

Proof. Write

ax(m) = AK(m)m−1/2 min(m/x, x/m), D(x) =
∑
m

ax(m)2, V (x) =
∑
m

max(m)2.

We first evaluate the two coefficient sums. With BK(1) = 0, extend (11) to v ≥ 1 by enlarging its
constant on [1, 2]. Stieltjes partial summation gives

D(x) = x−2
(
xBK(x)−

∫ x

1
BK(v) dv

)
+ x2

(
−x−3BK(x) + 3

∫ ∞
x

BK(v)v−4 dv

)
.

The first sum uses m ≤ x and the second m > x, so these formulas hold at prime-power endpoints as
well. Inserting (11) in each bracket proves

x−2∑m ≤ xmAK(m)2 = r
2 log x+OK(1),

x2∑ ∗m > xAK(m)2m−3 = r
2 log x+OK(1),

D(x) = r log x+OK(1). (37)
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For instance,
∫ x

1 v log v dv = (x2/2) log x− x2/4 + 1/4, and
∫∞
x v−3 log v dv = (log x)/(2x2) + 1/(4x2).

The OK(v) remainder contributes OK(1) to both terms.
For the error moment,

V (x) = x−2 ∑
m≤x

m2AK(m)2 + x2 ∑
m>x

AK(m)2m−2,

∑
m>x

AK(m)2m−2 = −x−2BK(x) + 2
∫ ∞
x

BK(v)v−3 dv �K
log(2x)
x

.

The first part of V (x) is at most BK(x)�K x log(2x). It follows that

V (x)�K x log(2x) <∞. (38)

Over 1 ≤ x ≤ 2, the same estimates follow by boundedness; thus all stated coefficient estimates are
uniform for x ≥ 1.
Montgomery–Vaughan’s mean-value theorem [31, Corollary 3, equation (1.11), p. 75] states

∫ T

0

∣∣∣∣∣∑
m

amm
−it
∣∣∣∣∣
2

dt = T
∑
m

|am|2 +O

(∑
m

m|am|2
)
,

with absolute implied constant when the final sum is finite. For an explicit limiting justification
here, apply the finite version to Px,M (t) =

∑
m≤M ax(m)m−it. For each fixed x, T , the tails beyond

M > x are bounded uniformly in t by nx
∑
m>M (logm)m−3/2 → 0. Thus Px,M → Px in L2(0, T ). The

nonnegative coefficient sums converge to D(x) and V (x), and the theorem’s constant is independent of
M . Passing to the limit and using (37)–(38) proves (33).
To treat the background, write GK(t) = n log(t + 2) + eK(t) for t ≥ 0, where |eK(t)| ≤ CK by (19).
Even though eK need not be real,∣∣|GK(t)|2 − n2 log2(t+ 2)

∣∣ ≤ 2nCK log(t+ 2) + C2
K .

The antiderivative y(log2 y − 2 log y + 2) gives∫ T

0
log2(t+ 2) dt = TL2 +O(TL),

∫ T

0
log(t+ 2) dt� TL.

Multiplication by x−2 proves (34). Equation (35) follows from (20). If 1 ≤ x ≤ T , these estimates
imply

‖Px‖2 �K

√
Tu, ‖Bx‖2 �K

√
T L/x, ‖Rx‖2 �K

√
x.

Cauchy–Schwarz gives all three inequalities in (36).

4.6 A uniform form-factor estimate

Proposition 10 (Complete error budget). Let T ≥ 3, L = log T , and u = log(2x). Uniformly for
1 ≤ x ≤ T ,

2πFK(x, T ) = n2Tx−2L2 + rT log x+OK(E(x, T )), (39)
E(x, T ) = Tx−2L+ T + xu+ TL

√
u/x

+
√
Txu+

√
T/xL+ x+ xL3. (40)
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Proof. Expand the exact identity (17) in L2(0, T ):

‖Hx‖22 = ‖Px‖22 + ‖Bx‖22 + ‖Rx‖22 − 2 Re〈Px, Bx〉2
− 2 Re〈Px, Rx〉2 + 2 Re〈Bx, Rx〉2.

The two main terms come from (33) and (34). Their errors give T + xu+ Tx−2L. The residual norm
gives x, and (36) gives the three square-root terms. Finally, (26) contributes xL3, since log(T + 2) � L
for T ≥ 3. These are exactly all the terms in (40).

4.7 Quantitative Fourier synthesis

Proposition 11 (Integration at fixed strict support). For 0 < b < 1 and f as in Lemma 4, let SK,f (T )
denote the pair sum on the left of (7), and put QK(T ) = nT log T/(2π). Then

SK,f (T )
QK(T ) = nf(0) + r

n

∫ 1

−1
|a|f(a) da+OK,b,f (Rb(T )). (41)

Replacing QK(T ) by NK(T ) gives (7) and hence proves Lemma 4.

Proof. The zero sum over AT is finite. Therefore the Fourier convention and xz = exp(z log x) give
exactly

SK,f (T ) =
∫ b

−b
f(a)FK(T a, T ) da.

Exchanging the two zero variables, and using W (−z) = W (z), gives FK(x−1, T ) = FK(x, T ). Since f
is even,

SK,f (T ) = 2
∫ b

0
f(a)FK(T a, T ) da. (42)

This identity applies to the complex Fourier arguments without any assumption on β beyond the
critical strip.
Now insert (39) with x = T a = eaL and divide by QK(T ). The contribution of the first main term is

2nL
∫ b

0
f(a)e−2aL da = nf(0) +OK,f (L−1).

For detail, extend f by zero as already prescribed outside [−b, b], set v = 2La, and use |f(v/(2L))−
f(0)| ≤ ‖f ′‖∞v/(2L) in the integral against e−v dv on [0,∞). This also includes its tail beyond 2bL.
The second main term contributes exactly

2r
n

∫ b

0
af(a) da = r

n

∫ 1

−1
|a|f(a) da.

For clarity, the following table lists an upper bound for the integral of each error term in (40), after
substitution and division by TL. Multiplication by 2|f(a)|/n is absorbed in the implied constant.
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Original error term Integrated normalized bound

Tx−2L O(L−1)
T Ob(L−1)
xu Ob(T b−1)
TL
√
u/x O(L−1)√

Txu Ob(T (b−1)/2L−1/2)√
T/xL Ob(T−1/2)

x Ob(T b−1/L)
xL3 Ob(T b−1L2)

Here u = log 2 + aL. For the fourth row we retain the dependence of
√
u on a, using the exact change

of variables ∫ b

0
e−aL

√
log 2 + aLda = 1

L

∫ bL

0
e−v

√
log 2 + v dv � L−1.

For the other rows use
∫ b
0 e
−2aL da ≤ 1/(2L), log 2 + aL �b L, and the upper bounds at a = b

for the increasing exponential factors. The fifth row follows, for example, from
√
Txu/(TL) =

T (a−1)/2√log 2 + aL/L. Adding the rows proves (41).
For each fixed b < 1, all terms in Rb(T ) are Ob(L−1). This follows directly from boundedness of
L3e−(1−b)L, L1/2e−(1−b)L/2, and Le−L/2 for L ≥ log 3. Finally (27) gives, for sufficiently large T
depending on K,

QK(T )
NK(T ) = 1 +OK(L−1).

Multiplying (41) by this ratio changes its error by OK,b,f (L−1), which is already included. This proves
(7).

Dependence on the test function and order of limits. More precisely, the strict-support error
is bounded by CK,b(‖f‖∞ + ‖f ′‖∞)Rb(T ), with a lower threshold for T depending only on K. The
stated C2

c class is convenient for the later applications. In particular, at fixed b < 1 they are uniform
on bounded subsets in the C1 norm. The field and test function are fixed before taking T →∞. When
smooth cutoffs approach endpoint support in Section 5, each cutoff is treated first at its own strict
support. That argument does not require uniformity as b ↑ 1. The following corollary uses stronger
control of the test at the boundary to reach b = 1.

4.8 A smooth endpoint extension

Corollary 12 (Globally smooth endpoint tests). Let f ∈ C2
c (R) be real and even, with supp f ⊂ [−1, 1],

and put Mj = ‖f (j)‖∞ for j = 0, 1, 2. For the same finite complex-zero pair sum SK,f (T ),

SK,f (T )
NK(T ) = nf(0) + r

n

∫ 1

−1
|a|f(a) da+OK

(
M0 +M1 +M2

log T

)
.

The error constant and lower threshold for T depend only on the fixed field. Thus the formula is uniform
on bounded C2 subsets of this endpoint class. No GRH is assumed.

Proof. The pointwise estimate in Proposition 10 already holds on the closed range 1 ≤ x ≤ T . What
changes is how its error is integrated. Global C2 regularity of the zero extension implies f(1) = f ′(1) = 0.
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Taylor’s integral formula gives

|f(a)| ≤ M2
2 (1− a)2 (0 ≤ a ≤ 1).

Consequently, for every c > 0,∫ 1

0
|f(a)|e−cL(1−a) da ≤ M2

2

∫ ∞
0

y2e−cLy dy = M2
c3L3 .

Substitute x = T a and u = log 2 + aL in (40), multiply by |f(a)|, and integrate over 0 ≤ a ≤ 1. After
division by TL, the eight bounds are

Original error term Weighted integrated normalized bound

Tx−2L O(M0/L)
T O(M0/L)
xu O(M2/L

3)
TL
√
u/x O(M0/L)√

Txu O(M2/L
7/2)√

T/xL O(M0/(
√
T L))

x O(M2/L
4)

xL3 O(M2/L)

For the third, fifth, seventh, and eighth rows, use the displayed boundary estimate with c = 1 or 1/2
and u� L. For the fourth row use s = aL and∫ 1

0
|f(a)|

√
log 2 + aL e−aL da ≤ M0

L

∫ ∞
0

√
log 2 + s e−s ds.

The first, second, and sixth rows follow by direct integration.
The finite Fourier identity (42) holds with upper endpoint 1. Its prime main term is unchanged. Since
f ′(0) = 0, Taylor’s theorem at zero, using the global zero extension, gives the slightly sharper spike
estimate

2nL
∫ 1

0
f(a)e−2La da = nf(0) +OK(M2/L

2).

All eight errors are OK((M0 +M2)/L). Finally, QK(T )/NK(T ) = 1 +OK(1/L) changes the main term
by OK(M0/L) and multiplies the existing error by a bounded factor. This proves the assertion and its
stated uniformity, without requiring any bound on M2 in terms of M0.

This endpoint extension depends on quadratic boundary vanishing; it does not cover the nonsmooth
optimizer used in Section 5. For a smooth positive density p on [−1/2, 1/2] with p(1/2) > 0, extended
by zero, its convolution satisfies

(p ∗ p)(1− ε) = p(1/2)2ε+Op(ε2) (ε ↓ 0).

Indeed, the convolution integral at this point is
∫ ε

0 p(1/2− v)p(1/2− ε+ v) dv; Taylor expansion on
the interval gives the displayed estimate and the one-sided derivative (p ∗ p)′(1−) = −p(1/2)2. It is
therefore not globally C1 at that endpoint, and its second distributional derivative has endpoint atoms.
The later optimization continues to use fixed smooth cutoffs followed by a separate cutoff limit. No
support beyond [−1, 1], or energy asymptotic for the nonsmooth endpoint profile, is asserted here.
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5 Weight removal and the exact scalar optimum

We first convert the weighted pair formula into the energy required by Lemma 3, then minimize its
limiting scalar functional. Finally, fixed smooth cutoffs transfer that minimum to the zero counts.
Throughout, K is fixed, n ≥ 1 and 1 ≤ r ≤ n have the meanings in Section 2, T ≥ 3, L = log T , and
I = [−1/2, 1/2].

5.1 Exact weight removal and the limiting energy

Let η ∈ C∞c ((−1/2, 1/2)) be real and even, normalized by
∫
I η(x)2 dx = 1. Extend it by zero to R, and

set
p = η2, q = p ∗ p, (p ∗ p)(u) =

∫
R
p(v)p(u− v) dv.

Choose a with 0 < a < 1/2 and supp p ⊂ [−a, a]. Thus q and q′′ are fixed, real, even C∞c functions
supported in [−2a, 2a] ⊂ (−1, 1); both satisfy Lemma 4. With z = i(ρ−ρ′)L/(2π), Fourier differentiation
gives exactly (

q̂(z)− q̂′′(z)
4L2

)
W (ρ− ρ′) = p̂(z)2. (43)

Indeed, compact support gives q̂ = (p̂)2 at every complex argument. Integration by parts twice, with
no boundary terms, gives q̂′′(z) = −4π2z2q̂(z), and π2z2/L2 = −(ρ− ρ′)2/4. The multiplier on the left
therefore cancels W exactly, also on the diagonal ρ = ρ′. This is Lamzouri’s differential weight-removal
device [1, Section 3, proof of Lemma 3.2].
Using the distinct zero set and multiplicities of Section 2, define the unweighted energy by

EK(η, T ) =
∑

ρ,ρ′∈ZK(T )
mρmρ′ p̂

(
i(ρ− ρ′) L2π

)2
.

The square is an ordinary square, not an absolute square. The sum is over ordered pairs, including the
diagonal. If SK,g(T ) denotes the weighted pair sum from Section 4, then (43) yields the finite-sum
identity

EK(η, T ) = SK,q(T )− SK,q′′(T )
4L2 .

Apply Lemma 4 separately to the two fixed tests. In particular SK,q′′(T )/NK(T ) = OK,η(1), so its
contribution above is OK,η(L−2). No uniformity in a moving test is required. Evenness of p gives

q(0) =
∫
I
p(x)2 dx,

∫ 1

−1
|u|q(u) du =

∫∫
I2
|x+ y|p(x)p(y) dx dy =

∫∫
I2
|x− y|p(x)p(y) dx dy.

The first double integral follows from Fubini and the second from y 7→ −y. Consequently, for each fixed
η,

EK(η, T )
NK(T ) = Jn,r(p) + o(1), Jn,r(p) = n

∫
I
p2 + r

n

∫∫
I2
|x− y|p(x)p(y) dx dy,

as T →∞. In fact Section 4 gives an OK,η(L−1) error here. Positivity of the total energy will follow
from its identification with Lemma 3 below; no pointwise positivity of the complex summands is being
used.
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5.2 The scalar minimizer and a strict variational certificate

For this variational step, extend Jn,r to the real affine space

A = {p ∈ L2(I;R) :
∫
I
p(x) dx = 1}.

The double integral is absolutely convergent because |x− y| ≤ 1 on I2 and L2(I) ⊂ L1(I). Members of
A need not be even or nonnegative; this enlargement is only for the minimization, not an assertion
that the pair formula applies to every member. Put

ω =
√

2r
n

, p∗(x) = ω cos(ωx)
2 sin(ω/2) , x ∈ I.

Since 0 < ω/2 ≤ 1/
√

2 < π/2, the density p∗ is positive on the closed interval and is smooth and even
there. Direct integration gives

∫
I p∗ = 1. Define its potential using

Ep(x) = np(x) + r

n

∫
I
|x− y|p(y) dy.

The identity ∂2
x|x − y| = 2δy, or differentiation of the two integrals on either side of y = x, gives

E ′′p∗ = np′′∗ + (2r/n)p∗ = 0 in the interior of I. Thus Ep∗ is affine, and evenness makes it constant.
Continuity extends that constant to the endpoints. Since

∫
I yp∗(y) dy = 0, evaluation at x = 1/2 gives

Ep∗(1/2) = np∗(1/2) + r

2n = r

2n +
√
r

2 cot
( 1
n

√
r

2

)
= Cn,r.

Multiplication by p∗ and integration show Jn,r(p∗) = Cn,r.
Let h ∈ L2(I;R) with

∫
I h = 0, and set

H(x) =
∫ x

−1/2
h(y) dy, Uh(x) =

∫
I
|x− y|h(y) dy.

Then H ∈ H1
0 (I): it is absolutely continuous, has weak derivative h ∈ L2, and vanishes at both

endpoints. Differentiating Uh gives U ′h(x) = 2H(x) almost everywhere. Hence integration by parts,
whose boundary term vanishes because H does, gives∫∫

I2
|x− y|h(x)h(y) dx dy =

∫
I
H ′(x)Uh(x) dx = −2

∫
I
H(x)2 dx.

The linear term in Jn,r(p∗ + h) is 2
∫
I Ep∗(x)h(x) dx = 0. The Dirichlet Poincaré inequality on the

interval of length one is
∫
I H

2 ≤ π−2 ∫
I |H ′|2. For example, expansion in the orthonormal sine basis√

2 sin(mπ(x+ 1/2)), m ≥ 1, gives ‖H ′‖22 =
∑
m≥1(mπ)2a2

m ≥ π2∑
m≥1 a

2
m = π2‖H‖22, where am are

the expansion coefficients. Combining these facts yields

Jn,r(p∗ + h)− Cn,r = n

∫
I
h2 − 2r

n

∫
I
H2 ≥

(
n− 2r

nπ2

)∫
I
h2. (44)

Since r ≤ n, the coefficient is at least n − 2/π2 > 0. Thus p∗ is the unique minimizer on A, up to
equality almost everywhere, even among signed, not necessarily even functions.
This verifies a known generalized Montgomery–Taylor constant, not a new extremal value. Specifically,
Theorem 5 of [28], with c1 = n, c2 = r/n and ∆ = 1, gives Cn,r = Kν(0, 0)−1. Here Kν is the
reproducing kernel of their weighted Paley–Wiener space for the measure dν = nδ0 + (r/n)|u| du
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supported in [−1, 1]. The parameter condition holds because (c2/c1)∆2 = r/n2 ≤ 1 < 5/3. The
minimum proved here is for Jn,r on A, not for every larger Fourier-test class or every refinement of the
finite certificate.
For later use, Cauchy–Schwarz gives

∫
I p

2
∗ ≥ 1, and the distance integral of the positive density p∗ is

strictly positive. Thus Cn,r > n. The uniform density p = 1 on I satisfies∫∫
I2
|x− y| dx dy = 2

∫ 1/2

−1/2

∫ x

−1/2
(x− y) dy dx = 1

3 , Jn,r(1) = n+ r

3n.

It differs from p∗ because ω > 0, so (44) gives

n < Cn,r < n+ r

3n ≤ n+ 1
3 .

In particular bCn,rc = n. By the threshold comparison in Section 3, k = n is the unique maximizing
integer for the basic bound (2k + 1− Cn,r)/[k(k + 1)]. This does not assert that the same k optimizes
bounds containing additional simple-zero or nonreal-zero information.

5.3 Smooth cutoffs and the distinct-zero consequence

The zero extension of p∗ is not a smooth compactly supported test, so we do not apply Lemma 4 to it
or to its endpoint convolution. For integers j ≥ 5, choose real even χj ∈ C∞c ((−1/2 + 1/j, 1/2− 1/j))
such that 0 ≤ χj ≤ 1 and χj = 1 on |x| ≤ 1/2− 2/j. Define

cj =
∫
I
χ2
jp∗, ηj =

χj
√
p∗√
cj

, pj = η2
j =

χ2
jp∗

cj
,

with zero extensions outside I. Positivity and smoothness of p∗ give cj > 0 and real even ηj ∈
C∞c ((−1/2, 1/2)) with

∫
I η

2
j = 1. Dominated convergence gives cj → 1 and pj → p∗ in both L1(I) and

L2(I).
For the distance form D(p) =

∫∫
I2 |x− y|p(x)p(y) dx dy, the bound

|D(p)−D(v)| ≤ ‖p− v‖ ∗ L1(I)(‖p‖ ∗ L1(I) + ‖v‖L1(I))

follows by expanding the difference and using |x − y| ≤ 1. Together with L2 convergence, it proves
Cj := Jn,r(pj)→ Jn,r(p∗) = Cn,r.
For each sufficiently large T , map the zero multiset into C by

zρ = i(ρ− 1/2) L2π .

This map is injective, preserves multiplicities, and satisfies z1−ρ̄ = zρ. Reflection preserves the window
0 < γ ≤ T , so the transformed multiset satisfies the hypotheses of Lemma 3. Its N and D are exactly
NK(T ) and DK(T ), and its energy, with Kηj = p̂j , is exactly EK(ηj , T ). For the fixed integer k = n,
that lemma gives

DK(T )
NK(T ) ≥

2n+ 1− EK(ηj , T )/NK(T )
n(n+ 1) .

For every fixed j, the energy limit proved above therefore yields

lim inf
T→∞

DK(T )
NK(T ) ≥

2n+ 1− Cj
n(n+ 1) .
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Only now let j →∞. The left side is independent of j, so this proves (1). No estimate uniform in the
cutoff index is used, and k = n need not be optimal for each individual Cj . Taking a cutoff family of
the uniform density in the same way gives

2n+ 1− (n+ r/(3n))
n(n+ 1) = 1

n
− r

3n2(n+ 1) ≥
3n+ 2

3n(n+ 1) ,

which proves (2). The strict comparison with Jn,r(1) proves the asserted strict improvement in
Theorem 1; its geometric increment is proved separately in Section 7.
Finally, the dependence on rank can be checked without differentiating the cotangent. For fixed n and
1 ≤ r′ < r′′ ≤ n, let pr′′ be the positive minimizer for Jn,r′′ . Then

Cn,r′′ = Jn,r′(pr′′) + r′′ − r′

n
D(pr′′) > Cn,r′ ,

because D(pr′′) > 0 and Jn,r′(pr′′) ≥ Cn,r′ . Hence bn,r decreases strictly with r, and the specialization
r = n gives the degree-only bounds in Table 1. These are bounds for distinct complex zero locations;
this argument does not replace DK by a count of simple or critical-line zeros.

6 Abelian critical-line zeros and the simplicity distinction

This section separates three assertions: the known simple-critical-line bound for each fixed primitive
Dirichlet factor, its multiplicity-weighted consequence for an abelian Dedekind zeta function, and a
Galois obstruction to transferring simplicity to the product. All fields and characters are fixed before
T →∞.

6.1 The fixed primitive Dirichlet argument

For a primitive Dirichlet character χ, let Zχ(T ) be the distinct zeros of L(s, χ) with 0 < Re ρ < 1 and
0 < Im ρ ≤ T , and let mχ,ρ be their analytic multiplicities. Define

Nχ(T ) =
∑

ρ∈Zχ(T )
mχ,ρ, Nχ,0(T ) =

∑
ρ∈Zχ(T )
Re ρ=1/2

mχ,ρ,

Sχ(T ) =
∣∣{ρ ∈ Zχ(T ) : Re ρ = 1/2, mχ,ρ = 1}

∣∣.
In particular Sχ(T ) ≤ Nχ,0(T ). Real zeros are excluded from these counts. The factorwise result

lim inf
T→∞

Sχ(T )
Nχ(T ) ≥ 2− C1,1 = c0

is already contained in [14, Theorems A–B], including the positive-height window used here. We explain
its separate derivation from Lamzouri’s certificate and the analytic argument of Section 4. This is not
a direct substitution into Lemma 4, whose statement concerns Dedekind zeta functions.
The unique principal primitive character has conductor one and gives ζ(s), already covered. Henceforth
in this subsection let χ be nonprincipal, of conductor Qχ, and write χ(−1) = (−1)ε with ε ∈ {0, 1}. Set

Zχ(s) = L′(s, χ)
L(s, χ) , Λχ(s) = (Qχ/π)(s+ε)/2Γ((s+ ε)/2)L(s, χ).
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We use the classical analytic properties of primitive Dirichlet L-functions: Λχ is entire of order one,
has precisely the nontrivial zeros in 0 < Re s < 1, and is nonzero at 0 and 1. The functional equation
and conjugation identity are

Λχ(s) = wχΛχ̄(1− s) = wχΛχ(1− s̄), |wχ| = 1.

For the Euler product, functional equation and nonvanishing at 1, see the NIST Digital Library of
Mathematical Functions, Section 25.15, especially equations (25.15.2), (25.15.5) and (25.15.9). The
nonvanishing of the completion at 0 follows from that at 1 and the functional equation. For a nonreal
χ, neither Λχ(s̄) = Λχ(s) nor symmetry of its zeros about the real axis is assumed.

Local counts and the correct reflection. Put Aχ = Λ′χ/Λχ. Differentiating the last functional
equation gives

Aχ(s) = −Aχ(1− s̄).

Thus ρ 7→ 1− ρ̄ preserves the zeros of this same factor, their multiplicities, and their imaginary parts.
The Hadamard argument in Lemma 5 uses only this symmetry of real parts, not a real-valued Dirichlet
series. Indeed its real-part constant vanishes by adding the formulas at s = 2 and s = −1. Consequently

Uχ(t) :=
∑
ρ

2− Re ρ
(2− Re ρ)2 + (t− Im ρ)2 = ReAχ(2 + it)

= 1
2 log(|t|+ 2) +Oχ(1),

∑
ρ

1
1 + (t− Im ρ)2 �χ log(|t|+ 2).

Here and in the unrestricted sums below, all nontrivial zeros of L(s, χ) are counted with multiplicity,
including real zeros. Absolute convergence follows as in that lemma from order one and the critical
strip. The last equality uses |Zχ(2 + it)| ≤

∑
m Λ(m)m−2 and Stirling’s estimate. Integrating this

Lorentz kernel over 0 ≤ t ≤ T , with the same boundary-mass estimate as in (32), gives∫ T

0
Uχ(t) dt = πNχ(T ) +Oχ(log2(T + 2)), Nχ(T ) = T log T

2π +Oχ(T ).

This is a positive-height normalization; it does not follow by halving a two-sided count for a nonreal
character.

Exact resolvent and arithmetic input. Logarithmic differentiation before reflection gives

−Zχ(s) = Zχ̄(1− s) + log(Qχ/π) + 1
2ψ((s+ ε)/2) + 1

2ψ((1− s+ ε)/2), ψ = Γ′/Γ.

In particular Gχ(t) := −Zχ(−1/2 + it) is the exact background

Gχ(t) = Zχ̄(3/2− it) + log(Qχ/π)

+ 1
2ψ
(
ε− 1/2 + it

2

)
+ 1

2ψ
(
ε+ 3/2− it

2

)
= log(|t|+ 2) +Oχ(1).

The bounded error may be complex. The reflected logarithmic derivative is Zχ̄, not Zχ. The two gamma
arguments stay away from poles, including for bounded t; Stirling gives the displayed asymptotic for
large |t|.
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For x ≥ 1 and t ∈ R define, with real logarithms for positive bases,

Hχ,x(t) = 2
∑
ρ

xρ−1/2−it

1− (ρ− 1/2− it)2 ,

Pχ,x(t) =
∑
m≥2

Λ(m)χ(m)m−1/2−it min(m/x, x/m).

The rational Mellin calculation of Proposition 7 then gives the exact identity

Hχ,x(t) = −Pχ,x(t) + x−1Gχ(t) +Rχ,x(t),

Rχ,x(t) = 2
∑
j≥0

bχ,jx
−j−1/2−it

(j − 1/2 + it)(j + 3/2 + it) , bχ,j = 1j≡ε (mod 2).

There is no pole-at-one residue. The trivial zeros at −ε − 2j, j ≥ 0, are simple: the completion is
nonzero there and the corresponding gamma pole is simple. In particular an even nonprincipal character
has a simple trivial zero at 0. The contour limits are justified by the same order-one bounds on the
horizontal sides and by Zχ(−M − 1/2 + iu)�χ log(M + |u|+ 2) on the left sides, where M ≥ 1 is an
integer; digamma reflection is valid for both parities, whose shifted arguments are quarter-integers away
from poles. All three series converge absolutely and locally uniformly, also at x = 1. The denominator
estimate used to prove (20) gives the stronger bounds

Rχ,x(t)�χ
x−1/2

|t|+ 2 ,
∫
R
|Rχ,x(t)|2 dt�χ x

−1 ≤ x.

For y ≥ 2, the arithmetic diagonal uses modulus squares:∑
m≤y
|Λ(m)χ(m)|2 = y log y +Oχ(y),

by the prime number theorem and partial summation; higher prime powers contribute O(√y log3(2y)) =
O(y). Removing all powers of the finitely many primes dividing Qχ costs Oχ(log(2y)). Positivity
of the original coefficients is unnecessary: |Λ(m)χ(m)| ≤ Λ(m) supplies every absolute bound, and
Montgomery–Vaughan [31, Corollary 3] applies to complex coefficients through their modulus squares.
Thus, for x ≥ 1 and T ≥ 3, with norms on [0, T ],

‖Pχ,x‖ ∗ 22 = T log x+O ∗ χ(T + x log(2x)),
‖x−1Gχ‖ ∗ 22 = Tx−2(log T )2 +O ∗ χ(Tx−2 log T ).

Fixed-test synthesis and the finite certificate. Let Hχ,x,T be the finite sum defining Hχ,x

restricted to 0 < Im ρ ≤ T , now defined for every x > 0, and put

Fχ(x, T ) =
∑

ρ,ρ′∈Zχ(T )
mχ,ρmχ,ρ′x

ρ−ρ′W (ρ− ρ′).

The internal reflection preserves this window, so the finite Plancherel calculation of Proposition 8
gives Fχ(x, T ) = (2π)−1 ∫

R |Hχ,x,T (t)|2dt. Its localization uses the Lorentz bound above and gives an
Oχ(x log3(T + 2)) error. The two mean squares, the residual bound and Cauchy–Schwarz give every
term of (40) with n = r = 1 and a constant depending on χ. Exchanging the two zero variables gives
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Fχ(x−1, T ) = Fχ(x, T ) without invoking symmetry about the real axis. The fixed-support integration
of Proposition 11 therefore proves, for fixed 0 < b < 1 and real even f ∈ C2

c (R) supported in [−b, b],

∑
ρ,ρ′∈Zχ(T )

mχ,ρmχ,ρ′ f̂

(
i(ρ− ρ′) log T

2π

)
W (ρ− ρ′)

= Nχ(T )
(
f(0) +

∫ 1

−1
|u|f(u) du+Oχ,b,f (1/ log T )

)
.

All pairs are ordered, including the diagonal. The height T may be a zero ordinate. No conductor-aspect
uniformity is claimed.
Apply this formula separately to qj = pj ∗ pj and q′′j , where pj = η2

j is a fixed smooth cutoff from
Section 5 with n = r = 1. Weight removal gives the ordinary-square energy Eχ(ηj , T ), defined as EK
there with the zero set and multiplicities of L(s, χ), and

Eχ(ηj , T )/Nχ(T ) = J1,1(pj) + oχ,j(1).

The map ρ 7→ i(ρ−1/2) log T/(2π) is injective, preserves multiplicities, and sends the internal reflection
to complex conjugation. Its real simple points are exactly the zeros counted by Sχ(T ). Lamzouri’s
inequality [1, Proposition 2.1] consequently gives Sχ(T ) ≥ 2Nχ(T )− Eχ(ηj , T ). First take lim infT→∞
with j fixed, then let j →∞ to obtain lim inf Sχ/Nχ ≥ 2−C1,1 = c0. This recovers the cited primitive
Dirichlet result; it does not constitute a new factorwise percentage.

6.2 What the abelian factorization preserves

For abelian K/Q, class field theory gives the exact factorization

ζK(s) =
∏

χ∈XK

L(s, χ), |XK | = n.

Here XK denotes the primitive Dirichlet characters associated to the characters of Gal(K/Q), including
the trivial character of conductor one. Each factor is taken with its own primitive conductor; there are
no omitted Euler factors at ramified primes. See [18, Section 1] for the abelian factorization and [26,
Lemma 2.2 and Corollary 2.3] for the Artin-factor formalism. All factors are holomorphic in the open
critical strip. At every point there, their nonnegative orders add, including at common zeros. Hence

NK,0(T ) =
∑
χ∈XK

Nχ,0(T ), NK(T ) =
∑
χ∈XK

Nχ(T ).

For any δ > 0, each fixed factor satisfies Nχ,0(T ) ≥ Sχ(T ) ≥ (c0 − δ)Nχ(T ) for all sufficiently
large T . There are only finitely many factors, so a single threshold works for all of them. Sum,
divide by NK(T ), and let δ ↓ 0 to prove Corollary 2. Equivalently, the fixed-factor asymptotics
Nχ(T ) = T log T/(2π) +OK(T ) show that the finitely many individual errors remain o(NK(T )) after
summation.
These are multiplicity identities, not identities for simple or distinct zero counts. Locally, two
holomorphic factors with expansions a(s− ρ) +O((s− ρ)2) and b(s− ρ) +O((s− ρ)2), ab 6= 0, have a
product with a double zero. This illustrates the obstruction; it does not assert a common zero for a
particular pair of Dirichlet factors. No common-zero estimate is used in the proof.
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6.3 Limits on transferring simplicity to the product

For K 6= Q, the scalar minimum satisfies Cn,r > n ≥ 2. Consequently the energy estimate from
Section 5 combined with S ≥ 2N −E yields only the negative limiting lower bound 2−Cn,r, and hence
no positive simple-critical proportion. This describes that specific certificate and scalar test class, not
the true statistic or every possible refinement.
There is also a structural upper bound for simplicity anywhere in the strip. Suppose K/Q is Galois
with group G. Write Gab = G/[G,G], where [G,G] is the commutator subgroup, and let Ĝ denote the
irreducible complex characters of G. Then

lim sup
T→∞

N simple
K (T )
NK(T ) ≤ |G

ab|
|G|

= 1
|[G,G]| . (45)

Indeed, fix a simple nontrivial zero ρ of ζK . Stark’s local theorem [27, Theorem 3], in the form [26,
Lemma 3.1], makes every Artin factor L(s, θ,K/Q) holomorphic at ρ. The theorem applies because
ρ 6= 1 and ordρ ζK = 1. Thus aθ := ordρ L(s, θ,K/Q) is a nonnegative integer. The meromorphic Artin
factorization ζK(s) =

∏
θ∈Ĝ L(s, θ,K/Q)θ(1) from [26, Corollary 2.3] gives

1 = ordρ ζK(s) =
∑
θ∈Ĝ

θ(1)aθ.

The summands are nonnegative integers, so precisely one has value one: its character has degree one
and its local order is one; all other local orders vanish. In particular there is no cancellation by poles
at this zero, even though global Artin holomorphy is not assumed.
The degree-one characters are exactly the characters of the finite abelian group Gab, and there are
|Gab| of them. Over Q their Artin L-functions are primitive Dirichlet L-functions, with the trivial
character giving ζ. Assigning each simple Dedekind zero to its unique vanishing degree-one factor
therefore gives the finite inequality

N simple
K (T ) ≤

∑
θ∈Ĝ
θ(1)=1

Nθ(T ),

where Nθ counts that Dirichlet factor’s zeros in the same positive-height window, with multiplicity.
The right side is |Gab|T log T/(2π) + OK(T ), whereas NK(T ) = |G|T log T/(2π) + OK(T ). Division
and a limit superior prove (45). This is a consequence of Stark’s local theorem and standard zero
counting, not a new holomorphy theorem.
For G = S3, one has [G,G] = A3 of order three and |Gab| = 2, so the ceiling is 1/3. This example
concerns the Galois field of degree six, not a non-Galois cubic subfield. Such a field exists: the
splitting field of x3 − 2 has group S3, since the polynomial is Eisenstein at 2 and its discriminant
−108 is not a rational square. Indeed the transitive cubic groups are A3 and S3, and a nonsquare
discriminant excludes A3. Thus a universal 67.25% simple-zero transfer is impossible. For an abelian
group the ceiling is merely one, which supplies no additional positive lower bound or assertion of
product simplicity.

7 A strict geometric refinement without GRH

Throughout this section, K is a fixed number field of degree n ≥ 2, and r = |H\G/H| has the meaning
fixed in Section 2; in particular 1 ≤ r ≤ n. The counts DK(T ) and NK(T ) concern distinct complex
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zero locations and zeros with multiplicity, respectively. The refinement below is therefore a distinct-zero
bound, not a simple-zero or critical-line proportion. Its additional input is the bounded interval
occupied by the real elements of the normalized zero multiset.

Theorem 13. Let n ≥ 2, C = Cn,r and b0 = (2n+ 1− C)/(n(n+ 1)). Put

λ =
√
r/2
n

, c = λ tanλ
π

,

δ = min


(

λ2

π2 − λ2

)2

,
6λ4

81π4(1 + c2)3

 , q0 = b0
3 −

2
9n,

a = 2δq0, B = (2n+ 6)
√
C.

Then q0 > 0 and

lim inf
T→∞

DK(T )
NK(T ) ≥ b0 + εn,r, εn,r = 1

n(n+ 1)

( 2a√
B2 + 4a+B

)2
> 0. (46)

For every fixed quadratic field, in particular,

lim inf
T→∞

DK(T )
NK(T ) ≥

9/2− cot(1/2)
6 + 10−15. (47)

Proof. Step 1: an explicit three-point kernel bound. Write

pλ(u) = λ

sinλ cos(2λu)1[−1/2,1/2](u), Kλ = p̂λ.

Since 1 ≤ r ≤ n and n ≥ 2, we have 0 < λ ≤ 1/2. Thus pλ is nonnegative, even, and has integral one;
in particular Kλ is real on R and Kλ(0) = 1. For any R > 2, set

δR = min


(

λ2

π2 − λ2

)2

,
6λ4

π4R4(1 + c2)3

 .
This constant is positive and less than one. Order any three real locations of diameter at most R and
let u, v be their consecutive gaps. Then

Kλ(u)2 +Kλ(v)2 +Kλ(u+ v)2 ≥ δR, u, v ≥ 0, u+ v ≤ R. (48)

Direct integration gives the nonsingular formula

Kλ(t) = λ

2 sinλ

{sin(λ− πt)
λ− πt

+ sin(λ+ πt)
λ+ πt

}
,

where sin v/v is assigned the value one at v = 0. Equivalently,

Kλ(t) = λ2 cos(πt)− πtλ cotλ sin(πt)
λ2 − π2t2

,

with removable singularities at t = ±λ/π. The integral representation gives, for 0 < t < 1,

K ′λ(t) = −4π
∫ 1/2

0
upλ(u) sin(2πtu) du < 0.
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Hence Kλ decreases on [0, 1] and Kλ(1) = λ2/(π2 − λ2) > 0. If u ≤ 1 or v ≤ 1, the first term in δR
suffices. Otherwise u, v > 1. Put s = u+ v, A = u2 + uv + v2, and zt = eiπt(t− ic). The exponential
phases cancel, and multiplication gives the exact identity

zuzv z̄s = (u− ic)(v − ic)(s+ ic) = uvs− ic(A+ c2).

For unit complex numbers α, β, | Im(αβ)| ≤ | Imα|+ | Im β|; iterating gives the corresponding three-
factor inequality. Furthermore, for t > 1,

| Im zt|
|zt|

= π2t2 − λ2

πλ cotλ
√
t2 + c2

|Kλ(t)| ≤ πt

λ cotλ |Kλ(t)|, |zt| ≤ t
√

1 + c2.

Apply the three-factor inequality to zu/|zu|, zv/|zv|, and z̄s/|zs|. Cauchy–Schwarz and u2 +v2 +s2 = 2A
then give

c(A+ c2)
uvs(1 + c2)3/2 ≤

π

λ cotλ
(
u|Kλ(u)|+ v|Kλ(v)|+ s|Kλ(s)|

)
≤ π
√

2A
λ cotλ

 ∑
t=u,v,s

Kλ(t)2

1/2

.

Squaring, using cλ cotλ = λ2/π and (A+ c2)2/A ≥ A, yields

∑
t=u,v,s

Kλ(t)2 ≥ λ4

2π4(1 + c2)3
u2 + uv + v2

u2v2(u+ v)2 ≥
6λ4

π4R4(1 + c2)3 .

For the last inequality put w = uv ≤ s2/4; the numerator s2 − w is at least 3s2/4, while w2s2 ≤ s6/16.
Hence (s2 − w)/(w2s2) ≥ 12/s4 ≥ 12/R4. This proves (48) without numerical minimization.
Step 2: projection away from the nonreal vectors. We now make a finite argument for an arbitrary
real, even, compactly supported η ∈ L2(R) with

∫
η2 = 1. Use Kη and a nonempty finite conjugation-

invariant multiset Z with support Ω and positive integer multiplicities mz, where mz̄ = mz. Retain
N,D,NC and the real Hilbert space H0 from Lemma 3. The kernel in this step need not be Kλ; we
will apply the argument to smooth approximations in Step 5. With the functions of Lamzouri [1, proof
of Proposition 2.1], the real symmetric finite-rank operator from that lemma decomposes as

F = FR + FC , FR =
∑

x∈Ω∩R
mxfx ⊗ fx, FC = 2

∑
z∈P

mz(gz ⊗ gz − hz ⊗ hz),

where P contains one representative of each nonreal conjugate pair, and E = ‖F‖2HS. Let NC be
the nonreal mass, c1 = |P|, and DR the number of distinct real locations. Thus D = DR + 2c1,
NC = 2

∑
z∈P mz, and trFC = NC , since ‖gz‖2 − ‖hz‖2 = 1. Let Π project orthogonally onto the real

span of all gz, hz with z ∈ P, and set P = I − Π. The range and co-range of FC lie in this span, so
ΠFC = FCΠ = FC and PFCP = 0. The lost real mass L =

∑
x∈Ω∩Rmx‖Πfx‖2 satisfies

L+NC = tr(ΠF ), L ≤
√

2c1E −NC ≤
√
NCE −NC . (49)

Indeed, 0 ≤ tr(ΠF ) ≤ ‖Π‖HS‖F‖HS =
√

rank Π
√
E by Hilbert–Schmidt Cauchy–Schwarz, and rank Π ≤

2c1 ≤ NC . Compression by an orthogonal projection contracts the Hilbert–Schmidt norm, so

‖PFRP‖ ∗HS2 = ‖PFP‖ ∗HS2 ≤ E.

Neither this contraction nor the trace estimate requires F to be positive semidefinite. If there are no
nonreal locations, take Π = 0; the same identities hold with NC = c1 = L = 0.
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Step 3: retaining disjoint triples after compression. Fix an integer threshold h ≥ 1. For every integer
m ≥ 1 and 0 ≤ t ≤ 1,

m2t2 ≥ (2h+ 1)m− h(h+ 1)− 2(h+ 1)m(1− t).

After subtraction the difference is (mt − h − 1)2 + m − h − 1. It is nonnegative when m ≥ h + 1.
When m ≤ h, put q = h + 1 − m ≥ 1; since mt ≤ m, the difference is at least q2 − q ≥ 0. For
a real location x, let `x = ‖Πfx‖2 ∈ [0, 1]. Then ‖Pfx‖2 = 1 − `x. For two real locations, write
axy = 〈fx, fy〉 = Kη(x− y) and bxy = 〈Pfx, Pfy〉. These are real numbers of absolute value at most
one, and axy − bxy = 〈Πfx,Πfy〉. Consequently

|Kη(x− y)2 − 〈Pfx, Pfy〉2| ≤ 2
√
`x`y ≤ `x + `y.

Suppose we select G0 vertex-disjoint triples of distinct real locations, each satisfying∑
{x,y} in the triple

Kη(x− y)2 ≥ d for some fixed 0 < d < 1.

Let E be the set of the three unordered edges in each selected triple. The compressed real energy
expands as

‖PFRP‖ ∗HS2 =
∑
x

m2
x(1− `x)2 + 2

∑
∗{x, y} ⊂ Ω ∩ Rmxmyb

2
xy,

where the second sum runs over all two-element subsets. Retain the selected edges, discard their factors
mxmy ≥ 1 from the nonnegative squares, and only then apply the edge-loss estimate. The result is

‖PFRP‖ ∗HS2 ≥ (2h+ 1)(N −NC)− h(h+ 1)DR − 2(h+ 1)L+ 2dG0 − 2
∑
∗{x, y} ∈ E(`x + `y).

Each selected vertex has degree two, so
∑
{x,y}∈E(`x + `y) = 2

∑
selected x `x ≤ 2L. Thus the diagonal

loss is 2(h+ 1)L and the ordered cross-term loss is 4L. We conclude that

E ≥ (2h+ 1)(N −NC)− h(h+ 1)DR + 2dG0 − (2h+ 6)L. (50)

Step 4: packing the height interval. Suppose that the real locations lie in [A0, A0 +H0] and that the
kernel Kη satisfies the preceding triple bound with constant d whenever the diameter is at most R.
Assign a real location x to cell b(x−A0)/Rc. There are at most bH0/Rc+ 1 ≤ H0/R+ 1 cells, each of
diameter at most R; if H0/R is an integer, this includes the possible final singleton endpoint. Taking
bs/3c triples in a cell containing s distinct locations and using bs/3c ≥ s/3− 2/3 yields

G0 ≥
DR

3 −
2H0
3R −

2
3 ≥

D

3 −
NC

3 −
2H0
3R −

2
3 .

The nonreal defect (5) gives ∆h := E − (2h+ 1)N + h(h+ 1)D ≥ NC . Before discarding terms, (50)
and D = DR + 2c1 give

∆h ≥ −(2h+ 1)NC + 2h(h+ 1)c1 + 2dG0 − (2h+ 6)L.

Substitute (49), use the packing bound, and discard the nonnegative 2h(h+ 1)c1 term. This gives

∆h ≥ 2d
(
D

3 −
2H0
3R −

2
3

)
− (2h+ 6)

√
NCE

+
(

5− 2d
3

)
NC . (51)

Here 5 = (2h+ 6)− (2h+ 1), and the subtraction 2d/3 comes from the nonreal term in the packing
bound. The coefficient 5− 2d/3 is positive. These inequalities also cover an empty real set, fewer than

38



three real locations, and dependent spanning vectors: use G0 = 0 when no triple exists, and note that
dependence only lowers the rank of Π. A negative packing lower bound is harmless.
Step 5: fixed smooth kernels and the limiting bound. For the zero transformation zρ = i(ρ− 1

2) log T/(2π),
the symmetry ρ 7→ 1−ρ̄ becomes conjugation and preserves the positive-height window and multiplicities.
Real elements correspond to Re ρ = 1/2 and lie in [−T log T/(2π), 0). Thus we may take H0 =
T log T/(2π); the fixed-field zero-counting asymptotic gives H0/NK(T ) → 1/n. We take h = n and
R = 3, so δR = δ for the endpoint kernel. First note that the limiting scalar parameters satisfy q0 > 0:
the optimized bound is strictly larger than (2), and r ≤ n, so

q0 = b0
3 −

2
9n >

3n+ 2
9n(n+ 1) −

2
9n = 1

9(n+ 1) > 0.

We apply the analytic formula only to the fixed smooth cutoffs pj = η2
j → pλ in L1 ∩L2 constructed in

Section 5. Each ηj is real, even, smooth, supported in (−1/2, 1/2), and normalized by
∫
η2
j = 1. Put

Kj = p̂j and ej = ‖pj − pλ‖1. Then Cj = Jn,r(pj)→ C, ej → 0, and supt∈R |Kj(t)−Kλ(t)| ≤ ej . For
u, v ≥ 0 with u+ v ≤ 3, the reverse triangle inequality in R3 gives(

Kj(u)2 +Kj(v)2 +Kj(u+ v)2
)1/2

≥
√
δ −
√

3 ej .

Choose j sufficiently large that
√

3 ej <
√
δ. Only after this choice may we square to obtain a positive

triple bound with
δj =

(√
δ −
√

3 ej
)2
−→ δ.

Put
bj = 2n+ 1− Cj

n(n+ 1) , qj = bj
3 −

2
9n, aj = 2δjqj , Bj = (2n+ 6)

√
Cj .

For all sufficiently large j, we have qj > 0 and 0 < δj < 1. Fix such a j before letting T tend to
infinity. Write Ej for its finite energy, abbreviate N = NK(T ) and D = DK(T ), and put ∆n,j =
Ej − (2n + 1)N + n(n + 1)D. The unweighted energy formula of Section 5 and Lemma 3 give
Ej/N = Cj + oj(1) and D/N ≥ bj + oj(1). Apply Steps 2–4 to this same smooth kernel, with d = δj .
With x = NC/N ∈ [0, 1], drop the positive final term in (51) to get

∆n,j

N
≥ 2δj

(
D

3N −
2H0
9N − 2

3N

)
− (2n+ 6)

√
xEj/N ≥ aj −Bj

√
x+ oj(1).

Together with the exact defect bound ∆n,j/N ≥ x, this yields

∆n,j

N
≥ max{x, aj −Bj

√
x}+ oj(1).

The error here is uniform in x ∈ [0, 1]; for example,∣∣∣∣√xEj/N −√xCj∣∣∣∣ ≤ ∣∣∣∣√Ej/N −√Cj∣∣∣∣ = oj(1).

The first branch x is increasing and the second branch aj − Bj
√
x is decreasing. Since aj , Bj > 0,

they meet once on x ≥ 0. Writing y =
√
x, the intersection solves y2 + Bjy − aj = 0 and has

y = 2aj/(
√
B2
j + 4aj +Bj). Thus

min
x≥0

max{x, aj −Bj
√
x} =

 2aj√
B2
j + 4aj +Bj

2

.
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Minimizing on [0,∞) instead of the actual range [0, 1] can only weaken the lower bound. Finally the
defining identity for ∆n,j gives

D

N
= 2n+ 1− Ej/N

n(n+ 1) + ∆n,j/N

n(n+ 1) = bj + ∆n,j/N

n(n+ 1) + oj(1).

Consequently, for every such fixed j,

lim inf
T→∞

DK(T )
NK(T ) ≥ bj + 1

n(n+ 1)

 2aj√
B2
j + 4aj +Bj

2

.

Now let j →∞ on the right. Continuity at (C, b0, q0, δ) proves (46). This order of limits asserts no
asymptotic for the energy of the nonsmooth endpoint profile and requires no endpoint-support pair
theorem. >
Step 6: an elementary certificate for the quadratic increment. Every quadratic field is Galois, so
n = r = 2 and λ = 1/2. Section 5 gives C < 7/3, b0 > 4/9, and hence q0 > 1/27. The elementary
bounds 3 < π < 22/7, sin(1/2) < 1/2, and cos(1/2) > 1− (1/2)2/2 = 7/8 give c < 2/21 < 1/10. The
first alternative defining δ is larger than (49/1887)2 > 1/25000, while the second is larger than

3/8
81(22/7)4(101/100)3 = 37515625

814570394814 >
1

25000 .

Hence δ > 1/25000. For the limiting numerical minimum in (46), if x ≥ 10−14 then max{x, a−B
√
x} ≥

10−14. If 0 ≤ x < 10−14, then C < 7/3 < 4 implies 10
√
Cx < 2 · 10−6, and therefore

2δq0 − 10
√
Cx >

2
675000 − 2 · 10−6 > 9 · 10−7 > 10−14.

Thus minx≥0 max{x, a − B
√
x} ≥ 10−14. Equation (46) gives an increment 10−14/6 > 10−15. Since

C = 1
2 + cot(1/2), we have b0 = (9/2− cot(1/2))/6, proving (47).

This explicit improvement is small. Its role is to show that retaining height-window geometry can
go strictly beyond the optimized common-kernel moment certificate, while controlling off-line zeros
without GRH. It is a fixed-field asymptotic statement: it supplies neither an explicit height from which
the improvement is visible nor a uniform error as the field varies.

8 Comparisons and limitations

We separate three kinds of assertion: bounds explicitly stated in earlier sources, elementary consequences
of those bounds, and the unconditional results proved in this paper. Throughout, the field is fixed as
T →∞, and all Dedekind-zero proportions have the multiplicity-weighted count NK(T ) as denominator.
Conditional comparisons below assume GRH; they are not unconditional benchmarks.

8.1 Previously available unconditional quadratic benchmarks

For a fixed quadratic field K, the factorization

ζK(s) = ζ(s)L(s, χK)
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has a nonprincipal primitive quadratic character χK . Since L(s, χK) is entire, every nontrivial zero of
ζ remains a zero of ζK , even if the two factors vanish at the same point. Writing Dζ(T ) for the number
of distinct Riemann-zeta zero locations and Nζ(T ) for its zero count with multiplicity, we have

DK(T ) ≥ Dζ(T ), NK(T ) ∼ 2Nζ(T ).

Consequently any unconditional bound lim inf Dζ(T )/Nζ(T ) ≥ α implies

lim inf
T→∞

DK(T )
NK(T ) ≥

α

2 . (52)

Indeed, DK/NK ≥ (Dζ/Nζ)(Nζ/NK) and the second factor tends to 1/2, while 0 ≤ Dζ/Nζ ≤ 1. This
counts distinct complex locations, not simple zeros of the product.
Two historical dates must be distinguished. As recorded in Lamzouri’s introduction [1], Ki and Lee’s
2012 Theorem 5 [6] gave lim inf Dζ/Nζ > 0.70 without RH. Thus it implies an unconditional quadratic
Dedekind proportion greater than 35%. This is an elementary consequence of their Riemann-zeta
theorem, not a quadratic Dedekind theorem explicitly stated in that paper.
The 2026 result of Alpöge–Furman [14, Theorem A], reproved by Lamzouri [1, Theorem 1.1], gives

lim inf Dζ(T )
Nζ(T ) ≥ C1, C1 = 1 + c0

2 = 0.83625035183970582 . . . ,

with c0 as in Corollary 2. Therefore, before the present Dedekind extension, (52) already supplies

lim inf DK(T )
NK(T ) ≥

C1
2 = 1 + c0

4 = 0.41812517591985291 . . . .

This is approximately 41.81251759%. It uses the 2026 result and must not be described as information
supplied by the 2019 paper.
The present quadratic scalar bound is 44.49187130479246 . . .%, an increase of 2.67935371280717 . . .
percentage points over this inherited 2026 benchmark. The geometric increment in (47) is additional
and is not included in these scalar figures.
Scope of the comparison. These are consequences of the cited results, not a classification of all previously
available unconditional Dedekind bounds. In particular, the comparison alone does not establish a
literature-wide record.

8.2 Alsharif’s thesis and the seven-author project

We use the full institutional copies of [19, 20]. Alsharif’s title page is dated December 2018 and the
repository records the degree in 2019. Tripp’s dissertation is dated 2022; its Chapter VI attributes
the joint theorems to the seven authors with the date 2020. The latter is an attribution date, not
evidence of a public 2020 manuscript. Chapter VI is a four-page summary of results, not a full proof
of the seven-author project. We compare its public statements and explicitly identify consequences
that use them; this is not an independent verification of proofs not included there. For the following
comparisons, NK(T ) counts zeros with multiplicity, DK(T ) counts distinct locations, and, writing µρ
for a location’s multiplicity,

N∗K(T ) =
∑

ρ distinct
0<=ρ≤T

µ2
ρ.

For the same height window, this agrees with the sources’ sum of µρ over zeros listed with multiplicity.
Under GRH there is no distinction between distinct ordinates and distinct complex locations. The
endpoint convention is reconciled below.
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The Galois precedent and its elementary consequences. Alsharif’s Theorem 1.7 and Corollary
1.8 state, for a Galois field of degree n under GRH, a strict-support pair formula and

N∗K(T ) ≤
(
n+ 1

3 + oK(1)
)
NK(T ), DK(T ) ≥

( 3
3n+ 1 + oK(1)

)
NK(T ).

Evaluating the stated distinct-zero formula gives 42.8571428 . . .% in degree two, 30% in degree three,
and 23.0769230 . . .% in degree four. The proof uses a squared-sinc test and Cauchy–Schwarz [19,
Chapter 3]. Its analytic ingredients include [22, equation (30)] and the Galois prime-coefficient
calculation [23, Lemma 5.2], as identified in [19, Proposition 4.1 and Lemma 5.1].
An elementary improvement already follows from this GRH moment bound. For integers µ, k ≥ 1,
either µ ≤ k or µ ≥ k + 1, so (µ− k)(µ− k − 1) ≥ 0. Summing over distinct locations gives

DK(T ) ≥ (2k + 1)NK(T )−N∗K(T )
k(k + 1) (k ∈ Z≥1). (53)

This finite inequality itself needs no GRH. The hypothesis enters only through an upper bound for
N∗K(T ). At k = n, Alsharif’s moment estimate thus implies under GRH

lim inf DK(T )
NK(T ) ≥ Bn := 3n+ 2

3n(n+ 1) , Bn −
3

3n+ 1 = 2
3n(n+ 1)(3n+ 1) > 0.

Consequently Bn is not a new GRH consequence. The present scalar bound bn,n is stronger than Bn
and is unconditional, but its optimized constant is inherited from the variational theory cited above.

Normalization and analytic scope. Both theses use the natural degree normalization. In the
positive-height convention of this paper, write

F nat
K (α, T ) =

(
nT log T

2π

)−1 ∑
0<γ,γ′≤T

T inα(γ−γ′)w(γ − γ′), w(v) = 4
4 + v2 ,

with multiplicities. Their support |α| < 1/n corresponds to our strict support |u| < 1 through u = nα.
Alsharif’s Definition 1.5 includes the lower endpoint γ = 0. Under GRH this adds only the finitely
many copies of a possible central zero. The resulting change in F nat

K is OK((T log T )−1), uniformly
for real α: its unnormalized absolute value is bounded by a constant times 1 +

∑
γ>0w(γ) = OK(1),

using the local zero bound. It changes each of NK , DK , and N∗K by OK(1) as well. Thus the endpoint
convention does not affect the comparisons.
For a real even test f ∈ C∞c ((−1, 1)), under GRH the Fourier convention of Section 4 gives the exact
finite-sum identity(

nT log T
2π

)−1 ∑
0<γ,γ′≤T

f̂

((γ − γ′) log T
2π

)
w(γ − γ′) =

∫
R
f(u)F nat

K (u/n, T ) du.

Indeed, interchanging the finite sum and integral gives f̂(−(γ − γ′) log T/(2π)); evenness of f removes
the minus sign. Alsharif’s Galois pair formula has main terms nT−2n|α| log T + n|α|. After this change
of scale their integrated contribution tends to nf(0) +

∫
R |u|f(u) du. To check the concentrated first

term, put L = log T and change variables v = 2Lu:

nL

∫
R
f(u)e−2L|u| du = n

2

∫
R
f

(
v

2L

)
e−|v| dv −→ nf(0)
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by dominated convergence. The second term is exactly
∫
R |u|f(u) du. These are the main terms in (7)

when r = n; passing an error term through the integral requires uniformity or an integrable error bound,
not merely pointwise convergence. The moment comparison above uses Alsharif’s stated Corollary 1.8
directly, so it does not depend on inferring such an error bound from his displayed pair formula. There
is no support enlargement merely from rescaling. Moreover, [18, Section 1] already uses the log T scale
of this paper.
Theorem VI.2.1 of [20] states, under GRH, the abelian asymptotic

F nat
K (α, T ) = (n+ oK(1))T−2n|α| log T + n|α|+ oK(1) (|α| ≤ 1/n),

uniformly on the indicated interval, and states the corresponding upper bound for arbitrary extensions.
The uniform abelian asymptotic can be integrated against the fixed test f : the error in the concentrated
term is oK(1) after integration, since L

∫
R |f(u)|e−2L|u| du ≤ ‖f‖∞, and the remaining uniform error

contributes oK(1)‖f‖1. For an upper bound, integration in the same direction would require f ≥ 0, as
well as appropriate control of its error. We do not infer an equality or a signed-test estimate from the
arbitrary-field upper bound; the arbitrary-field numerical comparisons below instead use the moment
theorem stated separately in that chapter. In contrast, (7) is an equality with coefficient r/n in front of∫
|u|f(u) du, for every fixed field, and retains the real parts of the zeros without GRH. Since r ≤ n, it

also distinguishes fields that the degree-only upper bound does not. These are differences of statements,
not claims that the classical coefficient calculations or the GRH support range originate here. The
same chapter also reports a special dihedral asymptotic in an unnumbered remark on p. 116. Thus
case-specific nonabelian asymptotics are also part of the prior project; we do not claim otherwise. That
remark’s coefficient and group-order convention are not used in the numerical comparisons here, which
use the numbered statements.

Previously stated arbitrary-field proportions. Theorem VI.2.2 of [20] states under GRH, for
every degree-n field, N∗K(T ) ≤ (cn + oK(1))NK(T ) with

c2 = 2.3226, c3 = 3.3232, c4 = 4.3235.

It also states the general choices n + 1/3 and (1 + 10−10)n + 0.3243. Corollary VI.2.3 states the
reciprocal bound DK/NK ≥ 1/cn + oK(1) and the additional quadratic bound 45.85%. In degrees
three and four the reciprocal bounds are 30.0914780 . . .% and 23.1294090 . . .%. Thus arbitrary-field
positive proportions under GRH are explicit precedents, not missing cases supplied for the first time
by this paper. The following comparison also retains the stronger elementary consequences of their
moment estimates.

8.3 Comparison with the GRH moment estimates

For abelian extensions, the explicit distinct-zero bounds in [18, Corollary 1.3] are 45.85%, 27.94%, and
11.27% in degrees 2, 3, and 4, respectively, all assuming GRH. The 2019 abelian-field SDP estimates
[18], under GRH, bound the squared-multiplicity mean by 2.3226, 3.3232, 4.3235 in degrees 2, 3, 4. The
same estimates are stated for arbitrary fields in [20, Theorem VI.2.2]. Equation (53), with k = n,
gives the integer-moment GRH consequences below, also for arbitrary fields if that stated theorem
is used. These are elementary consequences, not the distinct-zero corollaries printed in either source.
The entries are proportions, not percentages. The present column gives the degree-only scalar bound
bn,n, without the rank-sensitive or geometric refinements; the GRH column is (2n+ 1− cn)/(n(n+ 1)),
using the reported moment constants cn.
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Degree Unconditional scalar bound GRH moment consequence

2 0.4449187130 . . . 0.4462333333 . . .
3 0.3057123676 . . . 0.3064000000
4 0.2334036149 . . . 0.2338250000

For the quadratic comparison there is a stronger consequence, already used in the proof of [18, Corollary
1.3, Section 3.2]. It is important here to use the diagonal multiplicity moment N∗K , not to substitute it
for the kernel energy E in (4). For every positive integer µ,

(µ− 2)(µ− 3) ≥ 21{µ=1} :

at µ = 1 there is equality, at µ = 2, 3 both sides vanish, and at µ ≥ 4 the left side is nonnegative.
Summing over distinct locations gives the exact inequality

N∗K(T )− 5NK(T ) + 6DK(T ) ≥ 2N simple
K (T ).

For a fixed quadratic field, the GRH estimate N simple
K (T )/NK(T ) ≥ 1/27 + oK(1) is given in [16,

Theorem 1 and the following Remark, pp. 87–89]. Here we use the remark under RH for ζK , not the
theorem’s 1/54 bound under RH for ζ alone. Combining the 1/27 bound with the preceding finite
inequality and c2 = 2.3226 yields, under GRH,

lim inf
T→∞

DK(T )
NK(T ) ≥

5− 2.3226
6 + 1

3 · 27 = 0.4585790123 . . . .

This is the same argument used in [18, Section 3.2], evaluated with its reported moment constant to
more decimal places; it is not a new conditional improvement over that proof. Our result removes
GRH; it is not numerically better than all bounds under that additional assumption. Relative to a
direct use of Lamzouri’s original k = 1 certificate, the quadratic bound increases from 0.3347561391 . . .
to 0.4449187130 . . .. For n ≥ 3, the k = 1 lower bound (3−Cn,r)/2 is negative, since Cn,r > n, whereas
the k = n bound is positive because Cn,r < n+ 1/3 < 2n+ 1.

8.4 A sharp finite model and limitations of second-moment data

The following exact construction shows why retaining factor labels does not automatically strengthen
the scalar certificate at the flat-kernel cost. Fix an integer n ≥ 2. Regard the n coordinates of a
multiplicity vector as n colors, let Zi be the finite real multiset in color i, and put

Ni = |Zi|, Eij =
∑
z∈Zi

∑
w∈Zj

K(z − w)2.

The union here is a multiset sum: multiplicities at coincident locations add. Its scalar energy is
therefore E =

∑
i,j Eij . Take the flat profile ηflat = 1[−1/2,1/2], whose squared L2 norm is one. Its kernel

is K(z) = η̂2
flat(z) = sin(πz)/(πz), with the removable value K(0) = 1. This profile is admissible for

the finite lemma in Section 3; it is not a smooth strict-support test for the analytic pair formula. Place
all locations at mutually distinct integers and use the following multiplicity vectors, where ei is the ith
standard basis vector:

Multiplicity vector Number of locations

(1, . . . , 1) n(2n+ 1)
(1, . . . , 1) + ei n for each i

nei 1 for each i
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For a fixed color i, direct summation over the three rows gives

Ni = n(2n+ 1) +
(
2n+ n(n− 1)

)
+ n = 3n(n+ 1),

Eii = n(2n+ 1) +
(
4n+ n(n− 1)

)
+ n2 = 4n(n+ 1),

Eij = n(2n+ 1) +
(
2n+ 2n+ n(n− 2)

)
= 3n(n+ 1) (i 6= j).

Here different integer locations are orthogonal because K(m) = 0 for every nonzero integer m. Thus
Eii = 4

3Ni and Eij = Ni for i 6= j. Equivalently, (Eij) = n(n+ 1)(In + 3Jn), where In is the identity
matrix and every entry of Jn is one. The union has

N = 3n2(n+ 1), D = n(3n+ 2), E

N
= n+ 1

3 ,

and consequently
D = (2n+ 1)N − E

n(n+ 1) .

Indeed, every occupied location has total multiplicity n or n+ 1, so (µ− n)(µ− n− 1) = 0 there, and
orthogonality gives E =

∑
µ2. This proves exact equality in the k = n certificate. Consequently the

specified masses and full colored second-moment matrix alone cannot force a larger distinct-location
count for every finite colored real multiset. Repeating the multiplicity pattern at unused integers
produces arbitrarily large models with the same ratios.
This is a finite abstract model, not a construction of Dedekind zeros. It does not realize all the analytic
constraints on those zeros and does not establish an obstruction at the optimized cosine-kernel cost. In
particular, it does not contradict Theorem 13: the optimized cosine kernel has a positive three-point
gap, whereas the flat kernel vanishes at all nonzero integers. Stronger multiple-kernel methods are not
excluded either.
Finally, as explained in Section 6, the simple-critical certificate S ≥ 2N − E with the present scalar
energy bound yields only 2 − Cn,r < 0 for n ≥ 2. It therefore supplies no positive simple-critical
proportion for the Dedekind product. Transferring simplicity from holomorphic factors also requires
control of common zeros, since their local multiplicities add. These are limitations of the stated
arguments, not an impossibility theorem for other methods.

Use of AI: The author prepared a 6-page draft (without using AI) with outlines of proofs extending
Lamzouri’s method to Dedekind zeta functions. The author then fed this draft to multiple AI tools
(Claude, ChatGPT and two open-weight models with open-source harnesses) to work out the details of
the equations and identify missing gaps. The author fixed those missing gaps and iteratively verified
and expanded the proofs using AI tools. The author is solely responsible for the correctness of the
proofs.
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