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Abstract

We prove two exponential bounds for single-output parity computation by shallow QAC
circuits. At entangling depth at most three, uniform-input parity correlation is at most Ke−κn,
independently of circuit size and ancillary width. At entangling depth at most four, exact parity
requires at least ecn multiqubit gates for all sufficiently large n. The constants are absolute.
The model allows arbitrary one-qubit gates, arbitrary-arity generalized Toffoli gates, any finite
number of input-independent product-initialized ancillas, including mixed product states, and
unrestricted final garbage outside one measured qubit.

1 Introduction

Parity asks whether an odd number of input bits are one. Its full dependence on the input makes it a
basic test of how information passes through a shallow circuit. Classical constant-depth circuits with
unbounded-fan-in AND and OR gates and NOT gates cannot compute parity with polynomial size;
switching lemmas and Fourier concentration explain this limitation [9, 13]. For quantum circuits,
interference and unbounded-arity gates make an ordinary bounded-fan-in light-cone argument
insufficient.

We study circuits with one computational-basis copy of each input bit, generalized Toffoli gates,
and arbitrary one-qubit unitaries. Depth counts layers of multiqubit gates with pairwise disjoint
supports, including controls; one-qubit gates contribute neither to depth nor to size. Throughout,
depth d means entangling depth at most d. Ancillas start in a fixed product state independent
of the input. The numbers of gates and ancillary wires may be arbitrarily large but finite. Only
one measured output qubit must report the answer: the inputs may be overwritten and all other
outputs may contain garbage. There are no intermediate measurements, postselection, additional
supplied input copies, or free fan-out gates.

Moore introduced the QAC0 model and related coherent parity, fan-out, and cat-state prepara-
tion [15]; see also [7, 3]. With fan-out gates, constant-depth quantum circuits admit approximate
counting and arithmetic constructions [11] and exact threshold constructions [18]. Here QAC denotes
the gate-set model without a polynomial resource restriction, while QAC0 denotes constant-depth
families with polynomially many wires and gates. The distinction matters: one of our conclusions
rules out fixed parity advantage at depth three regardless of finite circuit size, whereas the other
gives an exponential gate requirement at depth four.
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1.1 Two main results

Let χ(x) = (−1)x1+···+xn for x ∈ {0, 1}n, n ≥ 1. A fixed binary measurement on the designated
output qubit has effects E+, E− ≥ 0 with E+ + E− = I. Label its outcomes +1 for even parity and
−1 for odd parity, and set Ao = E+ − E−. For a circuit C with full output state ρx, define

c(C,Ao) = Ex∈{0,1}nχ(x) Tr(ρxAo).

Here the average is uniform andAo is tensored with the identity on all other wires. Since−I ≤ Ao ≤ I,
it is a Hermitian contraction. The correct-outcome probability on input x is [1 + χ(x) Tr(ρxAo)]/2,
so the uniform-input success probability is (1 + c(C,Ao))/2. Our main results are:

(i) Exponential correlation decay at depth three. There are absolute K0 ≥ 1 and κ > 0 such that

|c(C,Ao)| ≤ 6K0e
−κn

for every depth-three circuit, independently of gate count, ancillary width, and gate arity
(Theorem 1). Thus no fixed positive uniform-input advantage, and hence no fixed worst-case
advantage, is possible for sufficiently large n. A zero-ancilla construction has correlation
exp(−Θ(n)), showing that the exponential order is attainable (Proposition 14); this does not
assert a matching constant in the exponent or a fixed worst-case advantage.

(ii) Exponential gate growth for exact depth four. There are absolute c∗ > 0 and n0 such that
every exact depth-four parity circuit on n ≥ n0 inputs has at least ec∗n multiqubit gates
(Theorem 2). The ancillary width and gate arities remain unrestricted and finite.

Both statements permit general binary measurements on any designated qubit, including an input
wire, and arbitrary final garbage. They also hold for mixed product ancillary states. They do not
allow arbitrary entangled initial advice, and they do not resolve parity at every constant depth. The
depth-four theorem concerns exact computation; it does not exclude all bounded-error depth-four
families.

Explicit constants for the principal bounds are recorded in Appendix A.

1.2 A common estimate and two circuit applications

For the proof overview, take pure product initialization; the mixed-product case follows by Lemma 3.
A one-input source is a first-layer gate component, or an untouched input singleton, containing
exactly one variable input. All its other wires start in fixed pure product states. Its ports are its
nonempty intersections with second-layer gates, together with one additional port of idle wires
if any remain. Let ρ0, ρ1 be the source states after the first layer. Writing F = (ρ0 − ρ1)/2 and
ρ̄ = (ρ0 + ρ1)/2, we assign weight hj = 1− λmax(ρ̄j) to port j, where ρ̄j is the reduced average state
on that port. Lemma 4 gives the budget

∑
j hj ≤ 1/2 + 2/e, independently of physical width.

For r independent one-input sources, Theorem 11 bounds the absolute full-parity coefficient of
any port-product effect E =

⊗
j Ej , 0 ≤ Ej ≤ Ij , after the second layer by K0e

−ar, for absolute
constants K0 ≥ 1 and a > 0. An input-independent resource operator of arbitrary finite dimension
and trace norm at most one may be tensored with the sources; its ports are included in the product
defining E. In expansion branches this operator can be non-Hermitian, so the resulting functional
is interpreted as a possibly complex trace pairing. Each effect Ej may act jointly on all physical
qubits of its port. This generality is needed for the depth-four certificate.

The proof calls a second-layer gate heavy when the sum of the source weights incident to it
exceeds a fixed threshold. Heavy gates are treated by an exact reflection expansion. Several
corrections can touch different ports of one source; they must be treated as one joint insertion. A
centered rank-one inequality transfers the source’s upper bound on the squared trace norm of F
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after random port retention to this insertion, using the original weights. The remaining light gates
and private ports receive independent random choices; sources meeting the same light gate share its
choice. Bounded differences controls the resulting dependence between sources. A convex estimate
for the loss from a joint insertion controls terms with many heavy-gate corrections. Summing
separately over terms with few and many corrections gives exponential decay.

Two arguments then connect this estimate to parity. For depth three, a rank-two correction
handles the signed state of a first-layer gate containing many input bits. Combining this expansion
with conditioning on the smaller components gives an exponential bound for events that factor
over individual physical qubits, with arbitrary first layers (Theorem 12). Pulling back one output
observable through the third layer expresses it as a linear combination of such events with total
absolute coefficient mass at most six (Lemma 13) and proves the correlation theorem.

For exact depth four, the cleanup in Lemma 15 uses classical and quantum restrictions to retain
r ≥ n/3 variable inputs with one variable per source, without increasing depth or gate count. Output
determinism yields a certificate involving the sector on which the final output gate acts as the identity.
Label each control by its input source or the grouped input-free resource, and by its gate-or-idle
incidence in layers two and three. The resulting cells number at most (r + 1)(m2 + 1)(m3 + 1),
where m2,m3 count gates in those two layers (Lemma 18). Each cell lies in one two-layer port, so
its effect may be treated jointly within that port. The number of cells is polynomial in the retained
input count and gate count and is independent of ancillary width. Applying the common event
bound to these cells forces exponentially many gates. Exactness is used in the depth-four argument.

1.3 Related work and attribution

Ancilla-restricted lower bounds at general depths. Fang, Fenner, Green, Homer, and
Zhang [5] proved logarithmic depth lower bounds for clean exact implementations of coherent parity
and fan-out with constantly many ancillas, together with a depth–ancilla tradeoff. Here clean means
that the ancillary registers are returned to their initial zero state. Their convention counts one-qubit
gates in the depth; the logarithmic conclusion is unchanged by the constant-factor conversion to
our convention. Bera [2] gave a different lower-bound method excluding ancilla-free constant-depth
exact parity circuits.

Nadimpalli, Parham, Vasconcelos, and Yuen [16] developed Pauli-spectrum concentration, in the
spirit of the classical Fourier-analytic approach. For polynomial-size circuits of fixed depth d, their
Theorem 33 implies uniform-input parity success at most 1/2 + 2−Ω(n1/d) when the ancilla count is
a sufficiently small constant multiple of n1/d. Anshu, Dong, Ou, and Yao [1] used spectral-norm
approximation by low-degree operators to obtain the stated ancilla threshold Ω̃(n1+3−d) for parity.
Dong, Ou, and Yao [4] improved the corresponding parity threshold to Ω̃(n1+2−d) using operator
and unitary dilation; in the small-ancilla regime of their Corollary 3.3, uniform-input success is
at most 1/2 + O(d/n). The tilde suppresses logarithmic factors in these resource thresholds. At
depth four, the two stated superlinear thresholds have exponents 82/81 and 17/16. These three
spectral methods apply across arbitrary constant depths and allow arbitrary input-independent
ancillary states. Our removal of any ancilla-count restriction must instead be read together with
the product-initialization assumption.

The quoted exponents are the papers’ simplified corollary thresholds, not optimal inversions
of their estimates. At fixed depth d ≥ 1, the cited estimates give a polynomial that uniformly
approximates the single-output acceptance probability and has degree Õ(N1−α), where N is the
total number of wires and α = 3−d or 2−d, respectively. For any fixed positive success advantage,
they therefore imply an ancillary requirement Ω̃(n1/(1−α)); see [1, Theorem 4.1] and [4, Theorem 3.1].
Indeed, let p(x) be the probability of outputting 1 (odd parity). Since Exχ(x) = 0, uniform-input
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success at least 1/2 + δ gives Exχ(x)p(x) ≤ −δ. Every polynomial of total degree less than n is
orthogonal to χ on the uniform Boolean cube: each of its monomials omits some variable, and
averaging over that variable cancels its contribution. Thus, for any such polynomial p̃,

δ ≤
∣∣Exχ(x)(p(x)− p̃(x))

∣∣ ≤ ‖p− p̃‖∞,
where the norm is the maximum over {0, 1}n. Consequently, a uniform approximation with error
less than δ requires degree at least n. The parameter restriction in [4, Theorem 3.1] permits the
required choice of its accuracy parameter of order logN at fixed depth and initial operator degree
one, for sufficiently large N . The approximation error in [1, Theorem 4.1] also tends to zero at fixed
depth. Inverting n ≤ Õ(N1−α) yields N ≥ Ω̃(n1/(1−α)). Since 1/(1 − α) > 1, subtracting the n
input wires preserves this asymptotic lower bound on the ancillary count. Thus the directly derived
depth-four exponents are 81/80 and 16/15, respectively.

Fixed-depth lower bounds and approximate constructions. Rosenthal [17, Corollary 1.6
and Theorem 1.7] studied the coherent parity operation, which adds parity into a target and
preserves the other input wires, allowing final garbage. He obtained an Ω(n/(d+ 1)) multiqubit-gate
requirement for worst-case coherent approximation with squared-overlap fidelity exceeding 1/2 by
a fixed positive amount. At depth two, fidelity on a specified product quantum input is at most
1/2 + exp(−Ω(n)), independently of size. These are coherent fidelity statements, not average-case
Boolean-success bounds; allowing garbage does not remove input preservation.

His Corollary 1.2 also gives, for every d ≥ 7 and 0 < ε < 1, circuits of size and ancilla count
exp(poly(n1/d) log(n/ε)) whose output has squared Euclidean distance at most ε from the ideal
coherent parity output tensored with an all-zero ancillary register, on every pure quantum input.
This phase-sensitive state-vector guarantee permits a small deviation of the actual ancillas from zero.
Such greater-depth approximate constructions are consistent with an exact depth-four lower bound.

Fenner, Grier, Padé, and Thierauf [6] proved that exact single-output parity on more than
three non-target input bits is impossible at depth two, regardless of gate count or the number of
product-initialized ancillas. Their proof uses irreducible polynomials and entanglement. Joshi, Tal,
Vasconcelos, and Wright [12] proved exact depth-three impossibility for n > 100, again independently
of size and the number of product-initialized ancillas, and a depth-two single-output parity-correlation
bound exp(−Ω(

√
n)). Their exact analysis uses quantum restrictions and classical AC0 simulation.

Gretta, Gupta, and Joshi [8, Theorems 1.1 and 1.3] relate parity lower bounds to Fourier
concentration and show that inverse-polynomial average-case parity correlation suffices for exact
parity computation under QAC0 reductions. These results concern constant-depth classes with a
change in depth; they do not preserve the specific depth-four restriction studied here.

For exact parity with unrestricted product ancillary width, Theorem 2 reaches depth four with
an exponential gate lower bound. The depth-three result of [12] excludes circuits of every size at
that smaller depth. Compared with general-depth ancilla bounds, it removes any numerical limit on
product-initialized ancillary space at this fixed depth. Compared with Rosenthal’s general-depth gate
bound, it gives an exponential lower bound for exact computation and applies to the more permissive
single-output task. It neither excludes exponentially large depth-four circuits nor establishes a lower
bound at every constant depth.

Theorem 1 supplies a different improvement: it bounds average-case parity correlation at depth
three by exp(−Ω(n)) without a size or product-ancilla-width restriction. The exact depth-three
obstruction and the depth-two correlation result cited above do not themselves give this conclusion.

Inherited ingredients. Product-reflection normalization is used in [17]. Our exact cleanup
reproduces the mechanism of [12, Lemma 4.1], including the preparation of the fixed-parity pairs and
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gate accounting. The final-gate active/identity-sector decomposition appears in [12, Section 2.3.1].
The additional depth-four step is the quantitative certificate and its grouping into control cells.
Bounded differences and the bounded-range exponential-moment inequality are classical tools [14, 10].
We also use standard trace-norm duality, Schatten Hölder, convexity, and spectral decomposition.
The contributions are the source and joint-insertion estimates, their network summation, and the
circuit interfaces; no historical priority claim is made for general matrix or concentration inequalities.

Organization. Section 2 fixes the model and states the main theorems. Sections 3 and 4 prove
the shared source and event estimates. Section 5 proves the depth-three theorem and gives the
matching exponential-order construction. Section 6 proves the exact depth-four theorem. The
appendices give explicit constants and a self-contained proof of the concentration inequality used in
the main argument.

2 Circuit model, notation, and statements

Registers, gates, and resources. Fix integers N ≥ n ≥ 1. A circuit acts on N qubits, with one
copy of the classical input |x〉, x ∈ {0, 1}n, and a pure ancillary state

|α〉 =
N⊗

q=n+1
|αq〉,

where each αq is a unit vector in C2. An absent register is the one-dimensional space C, and an empty
tensor product is the scalar 1; this includes N = n. We initially work with pure product initialization;
Lemma 3 below extends the conclusions to mixed product states. Write ρin

x = |x〉〈x| ⊗ |α〉〈α|. For
mixed product initialization, replace |α〉〈α| by τ =

⊗N
q=n+1 τq, where each τq is a single-qubit density

operator: τq ≥ 0 and Tr τq = 1. The circuit, ancillary state, output wire, and measurement are
fixed independently of x. There are no intermediate measurements or postselection. Pure product
ancillas may be taken to start in |0〉 on every ancillary wire, because preparing their specified states
requires only one-qubit unitaries.

A generalized controlled-Z gate on a set S of at least two qubits is

CZ ∗ S = IS − 2|1S〉〈1S |, |1S〉 =
⊗
∗q ∈ S|1〉.

For any target t ∈ S, conjugating this gate by the Hadamard on t gives the generalized Toffoli with
controls S \ {t}:

HtCZ ∗ SHt : |z〉|b〉 7−→ |z〉|b⊕
∧
∗q ∈ S \ {t}zq〉.

Here z ∈ {0, 1}S\{t} labels the control register and b ∈ {0, 1} labels the target; their displayed order
is only a notation for the tensor factors. The same conjugation gives the reverse conversion. Thus
these two gate sets are equivalent once one-qubit unitaries are free, as in the depth convention
below.

For an integer d ≥ 0, a circuit has entangling depth at most d if it can be written with d layers
of controlled-Z gates, some possibly empty, with pairwise disjoint gate supports within each layer,
including all control and target wires. Arbitrary products of one-qubit unitaries may occur before,
between, and after these layers; they contribute neither to entangling depth nor to size. We use
“depth d” to mean entangling depth at most d. The size M is the total number of multiqubit gates.
Every circuit has finitely many wires and gates, but we impose no a priori bound on N or on
gate arities as functions of n. There is one designated output qubit o, which may be an original
input wire. Every other wire may contain arbitrary final garbage; input preservation and ancillary
uncomputation are not required.
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Reflection normal form. The conversion to product reflections preserves the number and
supports of the multiqubit gates, but retains a final local unitary. For d = 0 the circuit is already a
product of one-qubit unitaries. For d ≥ 1, write

C = LdDdLd−1Dd−1 · · ·L1D1L0, L≤j = LjLj−1 · · ·L0,

where each Lj is a product of one-qubit unitaries and each Dj is a disjoint controlled-Z layer. Then

D̃j = L∗≤j−1DjL≤j−1, C = L≤dD̃dD̃d−1 · · · D̃1.

Indeed, L≤jD̃j = LjDjL≤j−1; iterating this identity from j = d down to j = 1 gives the displayed
factorization. Here and below, ∗ denotes the adjoint. Because L≤j−1 is local, each gate in D̃j has
the same support S as its original gate and has the form

DS = IS − 2ΠS , ΠS =
⊗
q∈S
|θq〉〈θq|, (1)

for one-qubit unit vectors θq. Conversely, choose one-qubit unitaries Vq with Vq|1〉 = |θq〉. For
VS =

⊗
q∈S Vq,

DS = VSCZSV ∗S .

Disjointness allows these local conjugations to be performed simultaneously within each layer, and
neighboring local layers can be merged. This proves equivalence in both directions without changing
entangling depth or multiqubit-gate count. The remaining L≤d may be omitted for output statistics
if the one-qubit measurement observable Ao is replaced by L∗≤d,oAoL≤d,o, with L≤d,o its output-qubit
factor.

Parity coefficients, events, and norms. All logarithms are natural unless explicitly stated
otherwise. Write [k] = {1, . . . , k} for integers k ≥ 0, with [0] = ∅, and put χ(x) = (−1)x1+···+xn .
All input averages are uniform. For q : {0, 1}n → C, its full-parity coefficient is

q̂([n]) = Ex χ(x)q(x) = 2−n
∑

x∈{0,1}n
χ(x)q(x).

In auxiliary estimates we also use this definition for zero variables: {0, 1}0 has one element, its
parity sign is 1, and the coefficient is the value of q at that element. For a state ρx at a specified
circuit stage, write 〈B〉x = Tr(ρxB). In such expectations, an operator specified on only some wires
is tensored with identity on the remaining wires.

A physical-qubit product event, or simply a product event when no other partition is specified, is
E =

⊗
q Eq, where each Eq is an identity or a one-qubit rank-one orthogonal projector. It represents

the joint event specified by these local projectors, with no condition on identity factors. Where a
later statement explicitly permits 0 ≤ Eq ≤ Iq, the term also includes these more general product
measurement effects. For a specified partition into blocks, a port-product effect is instead a tensor
product

⊗
j Ej with 0 ≤ Ej ≤ Ij on each block. Such a factor need not be a product over its

physical qubits. Section 4 specifies the source–second-layer ports for its event estimate. This must
be distinguished from the physical-qubit product-event statement in Section 5.

For a linear map T : H1 → H2 between specified finite-dimensional Hilbert spaces, we use the
unnormalized trace, operator, and Hilbert–Schmidt norms, respectively:

‖T‖1 = Tr
√
T ∗T , ‖T‖∞ = sup

‖v‖≤1
‖Tv‖, ‖T‖2 =

√
Tr(T ∗T ).
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A contraction has operator norm at most one. For an operator on a single Hilbert space, a
positive contraction, or measurement effect, satisfies 0 ≤ T ≤ I. In particular, ‖IH‖1 = dimH and
‖IH‖2 =

√
dimH. The identity-extension convention for expectations does not extend the space on

which a standalone trace norm or Hilbert–Schmidt norm is evaluated.

Output conventions and the main theorems. Let ρx = Cρin
x C
∗ be the full output state. For

pure initialization, write |Ψx〉 = C(|x〉 ⊗ |α〉), so that ρx = |Ψx〉〈Ψx|. A binary measurement on o
consists of effects E+, E− ≥ 0 with E+ + E− = Io. Label its outcomes +1 for even parity and −1
for odd parity, and put

Ao = E+ − E− = 2E+ − Io.

Thus Ao is a one-qubit Hermitian contraction and Tr(ρxAo) is the mean of the signed measurement
outcome. Conversely, every one-qubit Hermitian contraction defines such a measurement by
E± = (Io ±Ao)/2. For a general binary measurement the outcomes are these labels, not necessarily
the eigenvalues of Ao.

We say that C, with its specified measurement Ao, computes parity exactly if

Tr(ρxAo) = χ(x) for every x ∈ {0, 1}n. (2)

Because n ≥ 1, both parity values occur. Since Tr(ρxAo) is a convex combination of the eigenvalues
of Ao, weighted by the reduced state on o, attaining each of the extreme expectations +1 and −1
forces both values to occur in the spectrum of Ao. Since o is a qubit, Ao is therefore a Hermitian
unitary with one eigenvalue of each sign. Its measurement effects are consequently the rank-one
spectral projectors E± = (Io±Ao)/2. A one-qubit change of basis turns this into computational-basis
measurement, so allowing general binary measurements does not enlarge the exact computation
model. This argument also applies to mixed output states.

For pure initialization in the exact case, let |a±〉 be fixed unit eigenvectors of Ao. For y = χ(x),
the projector Py = Io+yAo

2 ⊗ Irest satisfies

‖(I − Py)|Ψx〉‖2 = 1− yTr(ρxAo)
2 .

For this Hermitian unitary Ao, exactness is consequently equivalent to

|Ψx〉 = |aχ(x)〉 ∗ o⊗ |γx〉 ∗ rest

for a unit vector γx that may depend arbitrarily on x. The purity used here follows from pure
initialization and unitary evolution. No preservation of the other registers is asserted.

For a general binary measurement, define the uniform-input parity correlation by

c(C,Ao) = Exχ(x) Tr(ρxAo). (3)

This is real and belongs to [−1, 1], since ρx is a density operator and Ao is a Hermitian contraction.
On input x, the probability of the correct outcome is [1 + χ(x) Tr(ρxAo)]/2. Hence the average
success probability is exactly

psucc(C,Ao) = 1 + c(C,Ao)
2 .

Because every input has positive uniform probability, average success one is equivalent to success
on every input. Thus c(C,Ao) = 1 if and only if C with measurement Ao computes parity exactly.
In particular, uniform-input success at least 1/2 + ε implies c(C,Ao) ≥ 2ε. A worst-case success
guarantee implies the same uniform-input guarantee, but the converse is not assumed.
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Theorem 1 (Exponential correlation at depth three). There are absolute constants K0 ≥ 1 and
κ > 0 such that every circuit in the model above of entangling depth at most three satisfies

|c(C,Ao)| ≤ 6K0e
−κn, psucc(C,Ao) ≤

1
2 + 3K0e

−κn.

The constants are independent of the finite gate count, ancillary width, gate arities, product ancillary
state, and binary one-qubit measurement. The same statement holds for mixed product ancillary
states. In particular, one may use

|c(C,Ao)| ≤ min{1, 1800e−2−27n}.

The qualitative bound is proved in Section 5; Appendix A derives the displayed numerical
specialization.

Theorem 2 (Exact depth-four lower bound). There exist an absolute constant c∗ > 0 and an
absolute integer n0 ≥ 1 such that, for every n ≥ n0 and every circuit in the model above of entangling
depth at most four that computes n-bit parity exactly, its multiqubit-gate count satisfies

M ≥ ec∗n.

The constants are independent of the finite number of product-initialized ancillary wires, their initial
state, all gate arities, and the binary one-qubit measurement. The same assertion holds for mixed
product ancillary states by Lemma 3. In particular, exact parity has no polynomial-size depth-four
QAC circuit family, even when only multiqubit gates are counted.

The proof is completed in Section 6, using the exponential event estimate and parity-preserving
cleanup from Sections 4 and 6.1. It permits arbitrary garbage and also covers an output qubit that
is an original input wire.

Lemma 3 (Mixed product initialization). For a fixed circuit and measurement, any bound on
|c(C,Ao)| uniform over pure product ancillary states extends to input-independent mixed product
ancillary states. The same holds for the absolute full-parity coefficient of any fixed output operator,
including a non-Hermitian operator. If a fixed circuit and measurement compute parity exactly with
mixed product ancillas, they do so with a pure product ancillary state on the same wires. Thus the
exact lower bound also extends without changing depth, gate count, or arity.

Proof. Expand each τq in an orthonormal eigenbasis. Their tensor product is a finite convex
combination τ =

∑
z pz|αz〉〈αz| of pure product states, where pz ≥ 0,

∑
z pz = 1, and the weights

are independent of x. Consequently ρx =
∑
z pzρx,z, where ρx,z is the output state for ancillary

input |αz〉. Linearity gives c(C,Ao) =
∑
z pzcz(C,Ao), so the triangle inequality proves the first

claim; the same calculation applies to any fixed signed trace pairing.
For the exact assertion, let sz(x) ∈ [0, 1] be the correct-output probability for input x and

ancillary state |αz〉. Exactness of the mixture implies, for every x,

0 = 1−
∑
z

pzsz(x) =
∑
z

pz(1− sz(x)).

Every term is nonnegative. Thus, for every fixed z with pz > 0, we have sz(x) = 1 for every input x.
At least one such z exists, and choosing it once gives a single pure product ancillary state that works
for all inputs. The circuit, measurement, and physical wires are unchanged. The argument includes
an absent ancillary register, whose decomposition has one scalar component of weight one.
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3 A local source lemma

For each fixed classical input, pure product initialization and disjointness imply that the state after
the first multiqubit layer is a tensor product over gate components: the gate supports and untouched
singleton wires. A source in this section is one such component with exactly one variable input and
any finite number of fixed pure product ancillas. Denote its variable-input wire by d. Partition the
source wires into nonempty ports, indexed by J = {0, 1, . . . ,m} for an integer m ≥ 0. The owner
port 0 contains d; all other ports contain only ancillary wires. This partition is arbitrary and will
later be chosen from second-layer incidences. For A ⊆ J , the notation TrAc means tracing all wires
in ports indexed by J \A. In particular, if A contains only ancillary-port indices, its complement
includes the owner.

Using the reflection normal form and a local change of basis on d, write the source gate as

G = I − 2|1〉〈1|d ⊗Πanc, Πanc =
⊗
q∈Anc

|vq〉〈vq|,

where Anc is the set of ancillary wires in the source. All vectors vq and αq below are unit vectors.
The two possible data inputs u0, u1 form an orthonormal basis: they are the images of the two
actual data states under the one-qubit basis change that sends the gate’s trigger vector on d to |1〉.
The ancillary input is α =

⊗
q∈Anc αq. One-qubit unitaries after G act within ports; they conjugate

each port marginal and each retained marginal of F , preserving eigenvalues and trace norms. In the
insertion lemma below they can also be absorbed into the inserted operator without changing its
rank or norm, so we omit them here.

An untouched singleton is covered by taking no ancillas and using the formal one-qubit reflection
G = Zd. If its actual output vectors are ϕ0, ϕ1, set ux = Zdϕx, so Gux = ϕx. This is an
analytic representation, not an added multiqubit gate. Empty tensor products are scalars on a
one-dimensional space.

For x ∈ {0, 1}, put

ψx = G(ux ⊗ α), F = |ψ0〉〈ψ0| − |ψ1〉〈ψ1|
2 , ρ̄ = |ψ0〉〈ψ0|+ |ψ1〉〈ψ1|

2 .

The vectors ψ0, ψ1 are orthonormal because G is unitary. Thus F = F ∗, TrF = 0, and ‖F‖1 = 1.
Here ρ̄ is the uniform average over the source’s input bit, and F is its signed average. For each port
j, define

ρ̄j = TrJ\{j} ρ̄, λj = λmax(ρ̄j), hj = 1− λj .

Set Cs = 1/2 + 2/e.

Lemma 4 (Mixedness and random retention). For a source as above:
(i) h0 = 1/2 and

∑
j∈J hj ≤ Cs.

(ii) There is a nondecreasing function f : 2J → [0, 1] such that

‖TrAc F‖21 ≤ f(A) (A ⊆ J ).

If A is chosen by retaining each port independently with probability 1/2, then EAf(A) ≤ 3/4.
(iii) For every A ⊆ J and every j ∈ J ,

|f(A4 {j})− f(A)| ≤ 4hj ,

where 4 denotes symmetric difference.
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These assertions allow arbitrary finite port widths and arbitrarily many fixed pure product ancillas
in the owner port.

Proof. Define
ξ = |〈1|u1〉|2 − |〈1|u0〉|2, |ξ| ≤ 1.

For each port j, let Ancj be its ancillary wires and set

α(j) =
⊗

q∈Anc∗j
αq, Π(j) =

⊗
∗q ∈ Anc ∗ j|vq〉〈vq|.

The data wire is excluded from both products when j = 0. For every j ∈ J , put

pj = 〈α(j)|Π(j)|α(j)〉 =
∏
∗q ∈ Anc ∗ j|〈vq|αq〉|2, Θ =

∏
∗j ∈ J pj .

All these overlap probabilities lie in [0, 1]; empty products are one.
Since the uniform mixture of u0, u1 is Id/2, averaging gives

ρ̄ = 1
2 |0〉〈0| ⊗ |α〉〈α|+

1
2 |1〉〈1| ⊗Ranc|α〉〈α|Ranc, Ranc = I − 2Πanc. (4)

On the owner port, the data-zero block is a pure ancillary projector of weight 1/2. The orthogonal
data-one block is 1/2 times a density operator. Every eigenvalue is therefore at most 1/2, and the
data-zero block attains 1/2. Hence λ0 = 1/2, even when the owner contains ancillas.

If Θ = 0, then Πancα = 0, so G acts as the identity on the two-dimensional input subspace
spanned by ux ⊗ α. All ancillary-only ports remain pure. Retaining the owner preserves the
orthogonal data states, whereas erasing it traces out the data wire and gives a zero signed marginal.
Taking f(A) = 1{0∈A} gives the exact squared retained norm: its mean is 1/2, ancillary-port changes
are zero, and the owner change is 1 = 2h0 ≤ 4h0. This proves all assertions in this case. Henceforth
assume Θ > 0, so every pj is positive.

For an ancillary-only port j, put rj = Θ/pj ∈ (0, 1] and Rj = Ij − 2Π(j). Tracing (4) gives

ρ̄j = (1− rj/2)|α(j)〉〈α(j)|+ (rj/2)Rj |α(j)〉〈α(j)|Rj .

Indeed, the reduced reflected pure state is (1 − rj)|α(j)〉〈α(j)| + rjRj |α(j)〉〈α(j)|Rj , as follows by
expanding the reflection and tracing the other ancillas; the same expansion is written out below for a
general retained set A, and the present case is A = {j} with ΘI = Θ/pj = rj . The marginal has rank
at most two, so its two possibly nonzero eigenvalues are 1−hj , hj , with 0 ≤ hj ≤ 1/2. For a mixture
(1− t)|u〉〈u|+ t|v〉〈v| of unit vectors, the product of these two eigenvalues is t(1− t)(1− |〈u|v〉|2):
restrict to their span and use the orthonormal basis consisting of u and the normalized component of
v orthogonal to u; if the span is one-dimensional, both sides are zero. Here 〈α(j)|Rj |α(j)〉 = 1− 2pj ,
giving

hj(1− hj) = rj
2

(
1− rj

2

) [
1− (1− 2pj)2] = Θ(1− pj)(2− rj). (5)

Since hj(1 − hj) ≤ hj and 2 − rj ≥ 1, this implies hj ≥ Θ(1 − pj). For the other direction, the
variational characterization of the largest eigenvalue gives

1− hj = λj ≥ 〈α(j)|ρ̄j |α(j)〉 = 1− 2Θ(1− pj).

Thus
Θ(1− pj) ≤ hj ≤ 2Θ(1− pj). (6)
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Writing Θa =
∏
j 6=0 pj , the inequality 1− pj ≤ − log pj and Θ = p0Θa ≤ Θa yield

∑
j 6=0

hj ≤ 2Θ
∑
j 6=0

(1− pj) ≤ −2Θ log Θa ≤ −2Θ log Θ ≤ 2
e
.

The last step maximizes −2Θ log Θ on (0, 1]. With h0 = 1/2, this proves (i), including the empty
ancillary-port collection.

We next compute the signed marginal when the owner is erased. For retained ancillary-only
ports A ⊆ J \ {0}, put

ΘA =
∏
j∈A

pj , ΘI = p0
∏
j /∈A
j 6=0

pj , Θ = ΘAΘI .

Here ΘI includes the overlap probabilities of the owner ancillas. Let αA =
⊗

j∈A α
(j), ρA = |αA〉〈αA|,

ΠA =
⊗
j∈A Π(j), and RA = IA − 2ΠA. The data-zero and data-one diagonal coefficients of the

signed input are ξ/2 and −ξ/2, respectively. The off-diagonal data blocks vanish under the partial
trace over d, so

Trd F = ξ

2 (|α〉〈α| −Ranc|α〉〈α|Ranc) .

Expanding the reflection and tracing all erased ancillas gives

Trerased ancillas(Ranc|α〉〈α|Ranc) = ρA − 2ΘIΠAρA − 2ΘIρAΠA + 4ΘIΠAρAΠA

= ρA + ΘI(RAρARA − ρA).

Consequently,
TrAc F = ξΘI

2 (ρA −RAρARA).

For unit vectors u, v, the trace norm of the difference of their pure-state projectors is

‖|u〉〈u| − |v〉〈v|‖ ∗ 1 = 2
√

1− |〈u|v〉|2.

Indeed, on their span the difference has trace zero and eigenvalues ±
√

1− |〈u|v〉|2; the coincident-
state case gives zero. Using 〈αA|RA|αA〉 = 1− 2ΘA, we obtain

D(A) := ‖Tr ∗AcF‖1 = 2|ξ|ΘI

√
ΘA(1−ΘA),

D(A)2 = 4ξ2Θ2(Θ−1
A − 1).

(7)

Division by ΘA is legitimate because Θ > 0. If A = ∅, its complement is every source port, ΘA = 1,
and D(A) = |TrF | = 0, consistently with this formula.

Define

f(A) =
{

1, 0 ∈ A,
D(A)2, 0 /∈ A.

Every reduced signed state is half the difference of two density operators, so its trace norm is at
most one by the triangle inequality. Thus 0 ≤ ‖TrAc F‖21 ≤ f(A) ≤ 1. In the owner-erased case f is
the exact squared norm; in the owner-retained case it is only an upper bound.

Conditioned on owner erasure, independent half-retention of the other ports gives

EAD(A)2 = 4ξ2p2
0Θa

∏
j 6=0

1 + pj
2 −Θa

 .
11



For example, this follows directly from EAΘ−1
A =

∏
j 6=0

1+p−1
j

2 . For numbers in [0, 1],

∏
j

1 + pj
2 ≤

1 +
∏
j pj

2 .

The empty-product case is equality, and the induction step uses

1 + ab

2 − (1 + a)(1 + b)
4 = (1− a)(1− b)

4 ≥ 0.

It follows that EAD(A)2 ≤ 2ξ2p2
0Θa(1−Θa) ≤ 1/2. The owner’s independent retention coin therefore

gives
Ef = 1

2 + 1
2EAD(A)2 ≤ 3

4 ,

proving the mean bound in (ii).
Finally, suppose the owner is erased and j 6= 0 is not yet in A. By (7), adding j changes the

majorant by

D(A ∪ {j})2 −D(A)2 = 4ξ2 Θ2

ΘApj
(1− pj) ≤ 4Θ(1− pj) ≤ 4hj .

The change is nonnegative; the first inequality uses ξ2 ≤ 1 and Θ/(ΘApj) ≤ 1, the latter being the
product of overlaps of the still-erased ancillas, and the last uses (6). The same absolute bound holds
when j is erased instead. If the owner is already retained, an ancillary-port change leaves f = 1
unchanged. Adding or erasing the owner changes f by at most 1 = 2h0 ≤ 4h0. This proves (iii).
Each single-port addition is nonnegative: for ancillary ports this was just proved, and adding the
owner sets f to one. Thus f is nondecreasing under inclusion, completing (ii).

The partition into ports was arbitrary, so the lemma also applies after merging ports. The port
containing d is designated the owner, and the mixedness of each merged port is computed from its
joint marginal.
Remark 5. The constant 3/4 in (ii) is sharp for majorants of the true squared retained norm. Take
ux = |x〉 and one ancilla in |0〉, apply CNOT from the input to the ancilla, and place the two wires
in separate ports. This is directly a permitted source reflection:

CNOT = I − 2|1〉〈1|d ⊗ |−〉〈−|, |−〉 = |0〉 − |1〉√
2

.

It has ξ = 1, p0 = 1, and p1 = 1/2, and its signed output is

F = |00〉〈00| − |11〉〈11|
2 .

For A = ∅, {0}, {1}, {0, 1}, respectively, the squared retained trace norms are 0, 1, 1, 1. The majorant
above has these same values, so its mean is exactly 3/4. Indeed, any majorant of the true squared
retained norm must have mean at least 3/4 in this example.

The example also shows why separate insertion penalties cannot be multiplied. Here λ0 = λ1 =
1/2, but

|Tr[(|0〉〈0| ⊗ |0〉〈0|)F ]| = 1
2 > λ0λ1.

The joint marginal, rather than a product of single-port bounds, is needed for simultaneous insertions.
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Lemma 6 (Rank-one insertion). For a one-input source and any operator T of rank at most one
on port j, put K = Trj [(T ⊗ I)F ]. Then

‖K‖1 ≤ ‖T‖∞ λj .

In particular, a rank-one contraction gives ‖K‖1 ≤ λj. For a union J ⊆ J of ports, take T of rank
at most one on that union and put K = TrJ [(T ⊗ I)F ]; TrJ traces all wires in the ports indexed by
J . The same statement holds with the joint marginal ρ̄J = TrJc ρ̄ and λJ = λmax(ρ̄J).

If Y1, Y2, Y3 are contractions on the remaining wires, then ‖Y1KY2‖1 ≤ ‖T‖∞ λj and |Tr(Y3K)| ≤
‖T‖∞ λj. Further partial traces cannot increase the trace-norm bound. For insertion on a union J ,
these consequences hold with λJ in place of λj. All these assertions concern unnormalized operators.

Proof. Define the isometry W : C2 → Hsource by W |x〉 = ψx. Let Z = |0〉〈0| − |1〉〈1| on its logical
input. Then

F = WZW ∗/2, ρ̄ = WW ∗/2.

For a unit vector u on the inserted port define Wu = (〈u| ⊗ I)W . Cyclicity of trace gives

‖Wu‖22 = Tr[(|u〉〈u| ⊗ I)WW ∗] = 2〈u|ρ̄j |u〉 ≤ 2λj .

For T = |u〉〈v| with u, v unit, direct partial tracing gives

K = WvZW
∗
u/2.

Schatten Hölder and ‖WvZ‖2 = ‖Wv‖2 yield

‖K‖1 ≤
1
2‖Wv‖2‖Wu‖2 ≤ λj .

Every nonzero rank-one T has the form s|u〉〈v| with s = ‖T‖∞ and u, v unit; scaling proves the
stated bound. For T = 0 it is immediate. Nothing requires T or K to be Hermitian.

The same calculation treats a union of ports as one tensor factor. It includes J = ∅, when the
inserted register is scalar and λJ = Tr ρ̄ = 1, and J = J , when the remaining register is scalar
and λJ = 1/2. The remaining-wire assertions follow from ‖Y1KY2‖1 ≤ ‖Y1‖∞ ‖K‖1 ‖Y2‖∞ and
trace-norm duality. For completeness, partial-trace contractivity also holds without Hermiticity:

‖TrBX‖1 = sup
‖Y ‖∞≤1

|Tr[(IB ⊗ Y )X]| ≤ ‖X‖1.

Here Y acts on the untraced register, and ‖IB ⊗ Y ‖∞ = ‖Y ‖∞, so no dimension factor occurs. The
insertion argument uses only that W is an isometry. The special mixedness values and budget
proved above still require the one-reflection, product-initialized source structure.

4 Exponential event bounds from the shared source estimate

4.1 Ports, joint resources, and random activation

Take r independent one-input sources and a fixed, input-independent resource operator σ with
‖σ‖1 ≤ 1, in tensor product with the sources. Group all resource wires before defining ports. For
each group, its ports are its nonempty intersections with second-layer gate supports and, if nonempty,
its remaining idle wires. Let E be a fixed tensor product of positive contractions over these ports.
A factor may be entangled within one port. One-qubit gates before and after the second layer can

13



be absorbed into source states and event factors, respectively; they act within ports and preserve
the source weights and norms. The signed input to the second layer is

Σ = σ ⊗
r⊗
i=1

Fi, Fi = (ρi,0 − ρi,1)/2.

The resource is not assumed to factor over its ports and need not be Hermitian. For operators X
on B⊗ A and T on B, trace-norm duality gives

‖TrB[(T ⊗ I)X]‖1 ≤ ‖T‖∞ ‖X‖1. (8)

Indeed, pair the partial trace with an operator Y of norm at most one; then |Tr[(T ⊗ Y )X]| ≤
‖T‖∞ ‖X‖1. This includes ordinary partial-trace contractivity and requires no Hermiticity of X.

Represent each second-layer gate by a real vertex and each idle port by a private vertex. Every
wire belongs to exactly one vertex and each source has at most one port at that vertex. Write i ∼ g
when source i has a port at gate g. Write the effect and gate at a real vertex as

Pg = Pres,g ⊗
⊗
i:i∼g

Pig, Dg = I − 2Πg, Πg = Πres,g ⊗
⊗
i:i∼g

Πig,

omitting absent factors. Each present Π factor is a rank-one orthogonal projector; each P factor is
a positive contraction. The pulled-back event is the tensor product of DgPgDg over real vertices
and the idle effects. The exact identity

DgPgDg = Pg − 2ΠgPg − 2PgΠg + 4ΠgPgΠg (9)

has correction coefficient mass eight. Each coefficient-free correction factors into rank-at-most-one
contractions on all its incident ports.

Lemma 7 (Joint random activation). Let a tensor-product operator consist of arbitrary operators
K1, . . . ,Kr on disjoint source groups and an independent resource operator σ with ‖σ‖1 ≤ 1. None
of these operators need be Hermitian. Partition its wires into vertices so that each vertex meets each
source in either one whole port or no wires. For any tensor product of positive contractions Eg over
vertices, ∣∣∣∣∣Tr

[
(
⊗
g

Eg)(σ ⊗
⊗
i

Ki)
]∣∣∣∣∣ ≤ EA

∏
i

‖TrVi\AKi‖1, (10)

where each vertex belongs to A independently with probability 1/2 and Vi is the vertex set incident
to source i. The partial trace removes the ports of source i at vertices outside A. Empty registers
and products have the scalar conventions of Section 2.

Proof. Put Γg = 2Eg − Ig. It is a Hermitian contraction, and

⊗
g

Eg = EA

(
⊗
g∈A

Γg)⊗ (
⊗
g/∈A

Ig)

 .
For fixed A, trace the inactive wires in each source and in the joint resource. The resource marginal
has trace norm at most one by (8). The active operator has norm at most one. Trace-norm duality
and multiplicativity on tensor products give the asserted product bound, and averaging proves the
claim. Different sources may share a coin; no expectation is factored over sources, and no tensor
factorization of the resource’s ports is used.
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4.2 Retention after a joint insertion

Lemma 8 (Rank-one contraction bound). Let ρ0, ρ1 be any density operators on B⊗ A, and put
F = (ρ0 − ρ1)/2. For a rank-at-most-one contraction T on B, put

d = ‖TrB F‖1, ν = ‖TrB[(T ⊗ I)F ]‖1.

Then
ν ≤ 1 + d

2 , ν2 ≤ 1
2 + 1

2d
2. (11)

The operator T and the contracted output need not be Hermitian.

Proof. We prove a stronger centered inequality for every Hermitian F . Write K = TrB[(T ⊗ I)F ],
FA = TrB F , t = ‖T‖∞, and τ = TrT . Then

‖2K − τFA‖1 ≤ t ‖F‖1. (12)

The case T = 0 is immediate. Otherwise factor T = |u〉〈v|, so ‖u‖‖v‖ = t. For a unit vector z on B,
put Pz = |z〉〈z| and Tzz = 〈z|T |z〉. Cauchy–Schwarz, applied to each term and then to the sum,
gives

|Tzz|+ |Tzz − τ | ≤ ‖Pzu‖‖Pzv‖+ ‖(I − Pz)u‖‖(I − Pz)v‖ ≤ t.

Thus Tc = 2T − τI satisfies |〈z|Tc|z〉| ≤ t for every unit z. Consequently −tI ≤ Re(eiθTc) ≤ tI for
every real θ, by evaluating its quadratic form on unit vectors. For any unitary U on A, diagonalizing
U shows that Re(Tc⊗U) is a direct sum of blocks Re(eiθTc), each of operator norm at most t. Here
ReX = (X +X∗)/2. For Hermitian F , Re Tr(XF ) = Tr[(ReX)F ]. Trace-norm duality therefore
gives

‖2K − τFA‖1 = max
U unitary

Re Tr[(Tc ⊗ U)F ] ≤ t ‖F‖1.

No Hermiticity of K or T is used. Since ‖F‖1 ≤ 1 and |τ | ≤ t ≤ 1, the triangle inequality yields
2ν ≤ 1 + d. Finally, for 0 ≤ d ≤ 1,

1− ν2 ≥ (1− d)(3 + d)
4 ≥ 1

2(1− d2).

This proves (11).

Lemma 9 (Transfer of the original retention majorant). For one source, insert a rank-at-most-
one contraction T on a union B of its original ports. Put K = TrB[(T ⊗ I)F ] and let f0 be the
nondecreasing majorant from Lemma 4. For any subset A of the remaining ports, define

fB(A) = min{‖K‖21, (1 + f0(A))/2}.

This majorizes the squared retained norm of K, is at most one, has mean at most 7/8 under
independent fair retention, and has oscillation at most 2hj when a remaining port j is toggled. The
weights are the original source weights, including when the owner or every port is inserted.

Proof. Equation (8) gives ‖K‖1 ≤ 1. Write KA and FA for the respective marginals on A. Trace all
other remaining ports of both density operators defining F before applying Lemma 8 to the inserted
union and A. This gives ‖KA‖21 ≤ (1 + ‖FA‖21)/2 ≤ (1 + f0(A))/2. Partial-trace contractivity also
bounds it by ‖K‖21. Couple fair choices on the remaining ports with independent fair choices AB on
the inserted ports. Monotonicity gives

EAf0(A) ≤ EA,ABf0(A ∪AB) ≤ 3/4.

15



Hence the new mean is at most 7/8. Halving the original oscillation bound gives 2hj ; clipping at
the fixed number ‖K‖21 cannot increase oscillations. Empty registers are scalar spaces, so the same
argument includes empty inserted or remaining sets and zero insertions. No inserted operator is
renormalized.

4.3 One penalty for a union of ports

Lemma 10 (Convex joint deficit). For one source from Section 3 and a union B of its original
ports, put

W (B) =
∑
j∈B

hj , h∪(B) = 1− λmax(ρ̄B).

Define
Φ(0) = 0, Φ(t) = t

4 log(4/t) (0 < t ≤ Cs).

Then Φ is increasing and convex on [0, Cs], and h∪(B) ≥ Φ(W (B)) for every B.

Proof. Write W = W (B) and h∪ = h∪(B). The empty union and W = 0 are immediate. If
B contains the owner, then h∪ = 1/2 and W ≤ Cs < 5/4. Since 4/W > 16/5 > e, we have
Φ(W ) < W/4 < 5/16 < 1/2.

Suppose B is ancillary-only. Let Θ be the full ancillary trigger probability and pB its probability
on B. Since W > 0, the case Θ = 0 is excluded: all ancillary-only weights would vanish. Also pB = 1
would make every selected port weight zero. Thus 0 < Θ ≤ pB < 1 before any logarithm or division
below is taken. Summing (6) over j ∈ B gives W ≤ 2Θ

∑
j∈B(1− pj) ≤ 2Θ log(1/pB); applying (6)

to the coarser partition in which B is a single ancillary-only port gives h∪ ≥ Θ(1− pB); and Θ ≤ pB
because Θ is pB times further trigger probabilities. Thus

W ≤ 2Θ log(1/pB), h∪ ≥ Θ(1− pB), Θ ≤ pB.

Put x = log(1/pB) > 0 and obtain

W ≤ 2xe−x ≤ 2/e, h∪ ≥ W (1− e−x)
2x . (13)

For 0 < x ≤ 1, the decreasing function (1 − e−x)/x is at least 1 − e−1 > 5/8, so h∪ > 5W/16.
Meanwhile log(4/W ) ≥ log(2e) > 1, giving Φ(W ) < W/4 < h∪.

For x ≥ 1, the first inequality in (13) implies log(4/W ) ≥ x− log(x/2). Differentiation shows
that log(x/2)/x has global maximum 1/(2e) < 3/16 on x > 0. Therefore

(1− e−x) log(4/W )
x

>
5
8

13
16 = 65

128 >
1
2 .

Substitution into (13) proves h∪ ≥W/[4 log(4/W )]. All divisions were made only after Θ,W, x > 0
was established. ¿

Finally, writing θ = log(4/t) > 0, direct differentiation gives

Φ′(t) = θ + 1
4θ2 > 0, Φ′′(t) = θ + 2

4tθ3 > 0.

The value and right derivative at zero are both zero. This proves the asserted monotonicity and
convexity on the closed interval.
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4.4 The exponential source-event theorem

Theorem 11 (Exponential two-layer source bound). There are absolute constants K0 ≥ 1 and
a > 0 with the following property. Let r ≥ 0 be an integer. Consider r independent one-input
first-layer sources as in Section 3 and a tensor-independent resource operator σ with ‖σ‖1 ≤ 1,
independent of the input x. Apply a second layer of pairwise wire-disjoint generalized controlled-Z
gates, with arbitrary one-qubit gates before and after it. Use the nonempty source-by-second-gate
ports and private idle ports defined above, including ports on the resource.

Let E be a fixed tensor product of positive contractions over these ports. After absorbing the
adjacent one-qubit gates as above, set

q(x) = Tr
[
EU2

(
σ ⊗

r⊗
i=1

ρi,xi

)
U∗2

]
, x ∈ {0, 1}r,

where ρi,xi is the state of input source i and U2 is the second multiqubit layer. All gates and effects
are independent of x. The full signed coefficient of q satisfies

|q̂([r])| ≤ K0e
−ar.

The functional q(x) is an event probability if σ is a density operator, and may be complex otherwise.
The bound is independent of gate count, port widths, and finite resource dimension. For r = 0 the
coefficient is the single trace pairing, of magnitude at most one. An absent resource is the scalar 1.

Proof. The r = 0 assertion follows from trace-norm duality. Assume r ≥ 1. Linearity of uniform
signed averaging gives Σ = σ ⊗

⊗r
i=1 Fi and q̂([r]) = Tr(U∗2EU2Σ). Use the original port weights

hig, with
∑
g hig ≤ Cs and hig = 0 for absent ports. All rows refer only to input sources, not the

resource. Fix a threshold w ≥ 1 for now. Call a real gate heavy if its input-source load
∑
i hig

exceeds w. Let H be the set of heavy gates and NH = |H|. The row budgets imply

NH ≤ Csr/w. (14)

Expand all heavy gates. For every g ∈ H, expand its pulled-back event exactly:

DgPgDg = Pg − 2ΠgPg − 2PgΠg + 4ΠgPgΠg.

After removing the scalar coefficients −2,−2, 4, the three correction operators factor over source
ports into contractions of rank at most one, as in (9). A zero correction can be omitted. The base
term Pg is a product of positive port effects and is split into private vertices.

Choose a correction set S ⊆ H and, for each g ∈ S, a type `g ∈ {1, 2, 3}. Denote its coefficient-free
scalar term by tS,`. With (θ1, θ2, θ3) = (−2,−2, 4),

q̂([r]) =
∑
S⊆H

∑
`∈{1,2,3}S

∏
g∈S

θ`g

 tS,`.
Explicitly, writing B(`)

g for the coefficient-free correction operator of type ` at gate g,

tS,` = Tr
[(⊗
g∈S

B(`g)
g ⊗

⊗
g∈H\S

Pg ⊗
⊗
g light

DgPgDg ⊗
⊗

v private
Ev
)
Σ
]
,

where the last factor collects the effects on the private idle vertices. For k = |S|, the absolute
coefficient mass of the inner sum is at most (2 + 2 + 4)k = 8k, with equality before zero terms are
omitted. The empty correction set has one term with coefficient one.
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Fix (S, `). On source i, the corrections form a contraction Ti of rank at most one on the union
Ji of its selected ports. Insert it once on that whole union and trace:

Ki = TrJi [(Ti ⊗ I)Fi], νi = ‖Ki‖1.

For Ji = ∅ take the scalar Ti = 1, so Ki = Fi. Likewise, let Jres be the union of selected resource
ports, let Tres be their tensor-product insertion, and put σ′ = TrJres [(Tres ⊗ I)σ]. For an empty
union take Tres = 1. Equation (8) gives ‖σ′‖1 ≤ 1. No operator is renormalized. The remaining real
gates are light; unselected heavy gates contribute private positive effects. These surviving effects
act on wires disjoint from the inserted ports and remain positive contractions. Writing their tensor
product as Erem, partial tracing the inserted ports gives the exact identity

tS,` = Tr
[
Erem

(
σ′ ⊗

⊗
i

Ki

)]
.

The resource remains one joint operator, even when its remaining ports meet different vertices. All
remaining ports keep their original weights.

Dense correction sets: a joint deficit. For a selected set S of k heavy gates, let Wi be the
selected original port weight of source i, and let h∪i be its joint deficit on the selected union. Then
0 ≤Wi ≤ Cs and

∑
iWi ≥ kw. By Lemma 6, every source’s single joint rank-one insertion leaves

trace norm at most 1− h∪i . The independent resource is kept jointly and has trace norm at most
one, including when it is non-Hermitian. The surviving effect is a contraction, so trace-norm duality
bounds the term by

∏
i νi. Using 1 − u ≤ e−u, the bound h∪i ≥ Φ(Wi), Jensen’s inequality, and

monotonicity of Φ gives

|tS,`| ≤
∏
i

(1− h∪i ) ≤ exp
[
−rΦ

(
kw

r

)]
= exp

[
− kw

4 log(4r/(kw))

]
(k > 0). (15)

Here kw/r ≤ Cs < 4, so the denominator is positive. For k = 0 the middle expression equals one
because Φ(0) = 0; the last expression is used only for k > 0. No low-trigger source or selected weight
is discarded.

Every light remainder: shared-coin concentration. Apply Lemma 7 to the surviving positive
effects. Distinct remaining ports of one source have distinct fair coins, even after unselected heavy
base terms have split into private vertices. Let Vi be the surviving vertices incident to source i,
and write hiv for the original weight of its port at vertex v, or zero if there is no such port. Each
original port contributes to at most one surviving vertex. Light real vertices have load at most
w; private vertices have load at most 1/2, since each belongs to one source or to the resource and
every source port has hj ≤ 1/2. For a retained vertex set A, write Di(A) = ‖TrVi\AKi‖1 and
let fi(A ∩ Vi) be the majorant supplied by Lemma 9. For F∗ =

∑
i fi, the coordinate oscillations

are bounded by cv = 2
∑
i hiv. Thus cv ≤ 2w for every surviving vertex and

∑
v cv ≤ 2Csr, which

give
∑
v c

2
v ≤ 4Csrw. The majorants satisfy D2

i ≤ fi ≤ 1 and EF∗ ≤ 7r/8. The latter follows by
linearity of expectation; no independence between the fi is needed. For 0 < t ≤ 1/2, the inequality√
f ≤ e−t(1−f) holds on [0, 1] by log f ≤ f−1, with f = 0 handled directly. The exponential-moment

bound (23), applied to the independent vertex coins, gives

|tS,`| ≤ E
∏
i

Di ≤ e−trEetF∗ ≤ exp
[
− tr8 + t2Csrw

2

]
.
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This does not factor an expectation over sources; only vertex coins are independent. Taking
t = 1/(8Csw) < 1/2 yields

|tS,`| ≤ e−c1r/w, c1 = (128Cs)−1. (16)

The same moment bound includes constant majorants and vanishing oscillations without an
exceptional-event argument.

Sum sparse and dense correction sets. Choose 0 < η < Cs such that A1 = η log(8eCs/η) < c1,
and put b1 = c1 −A1 > 0. Such a choice exists because η log(8eCs/η)→ 0 as η ↓ 0. Choose w ≥ 1
so that

log(8eCs/η)− cηw ≤ −1, cη = 1
4 log(4/η) .

This is possible because cη > 0; both choices are absolute constants. With µ = r/w, there are
at most Csµ heavy gates; write NH ≤ Csµ for their number. The total absolute correction-type
coefficient for a selected set of size k is 8k.

For 1 ≤ k ≤ ηµ, the binomial bound is(
NH
k

)
8k ≤ exp

(
k log 8eCsµ

k

)
≤ eA1µ.

The last inequality follows because s log(8eCsµ/s) is increasing for 0 < s ≤ ηµ: its derivative is
log(8Csµ/s) > 0. Including k = 0 and at most Csµ+ 1 possible sizes, the sparse part is bounded by
(Csµ+ 1)e−b1µ. For k > ηµ, equation (15) gives |tS,`| ≤ e−cηkw, and hence the contribution of size
k is at most (8eCs

η
e−cηw

)k
≤ e−k.

The dense sum is at most e−ηµ/(1− e−1). These estimates include empty summation ranges and
the case of no heavy gates. Thus the source theorem holds with

a = min{b1/2, η}
w

, K0 = 1 + 2Cs
eb1

+ 1
1− e−1 . (17)

Indeed, use supµ≥0 µe
−b1µ/2 = 2/(eb1) to absorb the sparse prefactor. The case r = 0 is bounded by

one directly and is covered by K0 > 1.

5 Depth-three correlation and its exponential order

5.1 Removing the first-layer input-arity restriction

The source theorem assumes one variable per input component. We now remove that assumption
by expanding large first-layer components before applying the theorem. The event must factor over
physical qubits at this interface, because the expansion changes the source partition.

Theorem 12 (Arbitrary first-layer inputs). With K0 as in Theorem 11, there is an absolute κ > 0
with the following property. Let C(2) = L2D2L1D1L0 be the two-layer prefix of a circuit in the
model of Section 2, including its final one-qubit layer, and let E =

⊗
q Eq with 0 ≤ Eq ≤ Iq be a

physical-qubit product event. Put q(x) = Tr[E C(2)ρin
x (C(2))∗] and write q̂([n]) = Exχ(x)q(x) for its

full n-input parity coefficient. Then

|q̂([n])| ≤ K0e
−κn,
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with arbitrary finite product ancillary initialization and circuit width. The constants are independent
of the event and the circuit.

Proof. By Lemma 3, it suffices to prove a bound uniform over pure product ancillary initializations.
Assume this from now on and use the constants in Theorem 11. Put

b = min{a, (log 2)/2}, L = max
{

2,
⌈2 log(8/b)

log 2

⌉}
, κ = b/L > 0.

The source theorem remains valid with the smaller rate b. Call a first-layer gate large if it contains
more than L inputs. Let G be the set of large gates and let kg be the number of inputs in g ∈ G.

For a first-layer gate with k inputs, the signed pre-gate operator is

F0 =
k⊗
j=1

Ξj
2 ⊗

⊗
q∈anc

|αq〉〈αq|,

where each Ξj is a traceless Hermitian one-qubit unitary. These are the signed computational-basis
operators after the initial local unitaries; the ancillary vectors also include those unitaries. The
ancillary register may be absent. Tensor multiplicativity gives ‖F0‖∞ = 2−k and ‖F0‖1 = 1. Write
the gate as D = I − 2Π, with Π = |ϑ〉〈ϑ| and ‖ϑ‖ = 1, and put v⊥ = (I − Π)F0|ϑ〉. The signed
post-gate operator has the binary expansion

DF0D = F0 + Υ, Υ = −2
(
|ϑ〉〈v⊥|+ |v⊥〉〈ϑ|

)
.

Indeed, expand DF0D − F0 = −2ΠF0 − 2F0Π + 4ΠF0Π and cancel its Π-diagonal terms. Since
v⊥ ⊥ ϑ, the nonzero eigenvalues of Υ are 2‖v⊥‖ and −2‖v⊥‖ when v⊥ 6= 0. Consequently

‖Υ‖1 = 4‖v⊥‖ ≤ 4‖F0‖∞ = 4 2−k.

Thus Υ = 4 2−kσg for a Hermitian resource operator σg of trace norm at most one, with σg = 0 if
Υ = 0. This resource may be entangled within the component. It is independent of the remaining
input variables: all k variables of its component have already been signed and averaged into F0.
The baseline F0 is the signed average for the component with its gate deleted: its k input factors
are signed singleton sources. Its ancillary factors remain pure and product and can be included in
the independent resource.

Expand only the large first-layer gates. In each original input-containing component with at most
L inputs, keep one variable and condition the others classically. Explicitly, for such a component
with k inputs and output states ρx,z, where x is the retained bit and z ∈ {0, 1}k−1, its signed
operator is

2−(k−1)∑
z

(−1)
∑

j
zj ρ0,z − ρ1,z

2 .

For fixed z, the conditioned wires are fixed pure product inputs, so (ρ0,z − ρ1,z)/2 is the signed
operator of a one-input source. The absolute averaging weights sum to one. Include untouched
input singletons among these small components. Let r0 be the number of small components and m0
their total number of inputs, so r0 ≤ m0 ≤ Lr0. For a fixed correction subset S of large gates, the
remaining number of variable sources is exactly

r(S) = r0 +
∑
g∈G\S

kg.

Group all corrected components, all input-free components, and the baseline ancillary factors into
one resource. After extracting the factors 4 2−kg , this resource has trace norm at most one and
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is tensor-independent of all remaining input sources. This remains true when the resource is not
positive. Local unitaries after the first layer preserve the norms and all tensor separations used here.

The event factors over physical wires, so it factors over every new source-by-second-gate port
partition, including after a large baseline component has split into singleton sources. This physical
factorization is preserved when L2 is absorbed into the event and is essential at this interface.

Let z collect all m0 − r0 conditioned bits, and let qS,z be the event functional of the resulting
r(S) one-input sources and their joint resource, after the factors 4 2−kg have been extracted. The
circuit, resource, and event are fixed independently of these surviving variables. Linearity and the
componentwise signed averages give the exact identity

q̂([n]) = 2−(m0−r0) ∑
z∈{0,1}m0−r0

(−1)
∑

j
zj
∑
S⊆G

∏
g∈S

4 2−kg
 q̂S,z([r(S)]).

Theorem 11 bounds each branch coefficient in absolute value by K0e
−br(S). The absolute weights of

the z-average sum to one. Taking absolute values and summing over correction subsets therefore
gives

|q̂([n])| ≤ K0e
−br0

∏
g∈G

(
e−bkg + 4 2−kg

)
. (18)

This also covers branches with no surviving sources, by the r = 0 case of the source theorem.
For k > L, the chosen cutoff and b ≤ (log 2)/2 give

8e−(log 2−b)k ≤ 8 2−k/2 ≤ b ≤ bk.

Consequently, using 1 + t ≤ et,

e−bk + 4 2−k ≤ e−bk(1 + bk/2) ≤ e−bk/2.

Moreover e−br0 ≤ e−bm0/L and b/L ≤ b/2. Since n = m0 +
∑
g∈G kg, equation (18) is at most

K0e
−κn. Empty products, no large gates, and no small components are included without a separate

normalization or limiting argument.

5.2 One measured output

Lemma 13 (One-output pullback). Conjugating a one-qubit Hermitian contraction by a disjoint
layer of product reflections expresses it as a linear combination of positive physical-qubit product
events with total absolute coefficient mass at most six. Local unitaries before or after the layer
preserve this claim.

Proof. Absorb the output’s final local unitary into Ao. Gates disjoint from o cancel, leaving at most
one gate. If it is present, write

D = (I − P )⊗ Io + P ⊗Ro, P =
⊗

j∈S\{o}
|vj〉〈vj |, Ro = Io − 2|vo〉〈vo|.

Since P (I − P ) = 0, direct multiplication gives

D(I ⊗Ao)D = I ⊗Ao − 2P ⊗Bo, Bo = (Ao −RoAoRo)/2. (19)

Both Ao and Bo are Hermitian, and ‖Bo‖∞ ≤ (‖Ao‖∞ + ‖RoAoRo‖∞)/2 ≤ 1. Their spectral
decompositions into two rank-one qubit projectors have coefficient absolute sums at most two each,
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yielding total mass at most 2 + 2 · 2 = 6. Every resulting factor is identity or a rank-one qubit
projector, with identity on wires outside the gate. Degenerate eigenspaces may be resolved in any
orthonormal basis. If no gate meets o, only the first spectral decomposition is needed. Finally,
conjugation by a local layer preserves the physical-product form and positivity.

Proof of Theorem 1. Pad with empty layers if necessary. Pull the output observable through the
final local layer and then the third multiqubit layer by Lemma 13. For C = L3D3L2D2L1D1L0,
the remaining prefix is C(2) = L2D2L1D1L0. Each resulting physical-product event has full-
parity coefficient of absolute value at most K0e

−κn by Theorem 12. The triangle inequality gives
|c(C,Ao)| ≤ 6K0e

−κn, and the success identity gives the stated advantage bound. Lemma 3 includes
mixed product initialization. Appendix A provides the explicit constants.

5.3 Attaining exponential-order correlation

The following construction shows that the exponential-in-n order in Theorem 1 is attainable. Write
Zo = |0〉〈0| − |1〉〈1| for computational-basis measurement on the output qubit.

Proposition 14. For every n ≥ 1, put r = dn/4e. There is a zero-ancilla circuit Cn with at most
three multiqubit layers and at most n− r + 1 multiqubit gates such that

c(Cn, Zo) =
{

1, r = 1,
22−r, r ≥ 2.

Consequently, c(Cn, Zo) = exp[−(log 2)n/4 +O(1)] as n→∞.

Proof. Partition the inputs into r nonempty blocks of size at most four. In a block of size b, label
the wires q1, . . . , qb and store its parity on qb using the following two-layer CNOT schedule; i→ j
denotes control qi and target qj , and a dash means no gate:

b first layer second layer
1 — —
2 1→ 2 —
3 1→ 2 2→ 3
4 1→ 2, 3→ 4 2→ 4

The schedules use disjoint supports within each layer and run in parallel across blocks. Each CNOT,
and the generalized Toffoli below, is one allowed multiqubit gate up to local Hadamards, by the
equivalence in Section 2. The two preprocessing layers use n− r gates in total and leave the block
parities z1, . . . , zr on the representative wires. If r = 1, measuring the representative already gives
parity exactly.

For r ≥ 2, apply a generalized Toffoli in the third layer with controls z1, . . . , zr−1 and target zr.
Thus the total gate count is n− r + 1. The target becomes y = zr ⊕

∏
j<r zj . Under uniform input,

the block parities are independent uniform bits and their parity equals the input parity. Thus,
before a possible output NOT,

Ex(−1)
∑

i
xi+y = Ez(−1)

∑
j<r

zj

1− 2
∏
j<r

zj


= −2(−1)r−12−(r−1) = (−1)r22−r.
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The term without the product has mean zero, and the product is nonzero only when all r−1 controls
are one. An output NOT when r is odd makes the correlation positive; this one-qubit gate is free in
the model. Measuring the target proves the formula and the gate count. Finally, r = n/4 +O(1)
gives the stated exponential order.

The construction matches the order of decay, without optimizing the exponential constant. It
concerns uniform-input correlation: for n ≥ 9 its correlation is less than one, so its deterministic
output is incorrect on some inputs and its worst-case success probability is zero.

6 The exact depth-four gate lower bound

The shared event estimate also constrains exact computation through a fourth layer. We first retain
one variable per source without increasing gate count, then use output determinism to obtain a
certificate whose complexity depends on the gate count rather than on physical width.

6.1 Parity-preserving first-layer cleanup

We use the parity-preserving quantum restriction of [12, Lemma 4.1]. Its preparation of the fixed
two-qubit states within the original first layer is also part of that proof. We give the parity-only
argument with explicit circuit and resource accounting. Here a restriction may fix a pair of input
wires to a superposition of computational-basis strings of the same parity; it is not necessarily an
ordinary classical bit restriction.

Lemma 15 (Parity-preserving cleanup). Let C be an exact n-input parity circuit in the model
of Section 2, on N physical wires, with n ≥ 1 and pure product initialization. There is a circuit
C ′ on the same wires, with dn/3e ≤ r ≤ n variable inputs forming a subset of the original input
wires, that computes r-bit parity or its complement exactly on the same designated output wire, with
the same observable Ao, and does not increase entangling depth or multiqubit-gate count. Each
first-layer component of C ′ contains at most one variable input. Components here are gate supports
and individual idle wires, including untouched input singletons. All N − r ancillary wires of C ′ are
initialized in a fixed pure product state. Their number may exceed the original N − n: it is physical
wire count, not ancillary wire count, that is preserved.

Proof. Fix the first multiqubit layer D1, padding with an empty layer if the circuit has none. If D1
is empty, every input wire is an idle singleton; leave the circuit unchanged and take r = n, which
proves the lemma in that case. Assume henceforth that D1 is nonempty.

Exactness permits fixed-parity substitutions. Use the output eigenvectors |a±〉 from Section 2.
For the original product ancillary state |α〉, exactness gives

C(|x〉 ⊗ |α〉) = |aχ(x)〉 ∗ o⊗ |γx〉.

Let I ⊆ [n] be a set of retained input positions. For a string t indexed by any subset of [n], use
χ(t) = (−1)

∑
j
tj , the sum running over the positions of t; in particular the empty string has parity

sign one. Suppose the other input positions are fixed to a unit vector Φ =
∑
t ct|t〉 supported on

strings with χ(t) = ς ∈ {±1}. All tensor factors are placed on their original physical wires. For
z ∈ {0, 1}I , let x(z, t) combine the retained bits z and fixed-position bits t, and set

ι|z〉 =
∑
t

ct|x(z, t)〉 ⊗ |α〉.
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This map is an isometry. Since χ(x(z, t)) = χ(z)χ(t) = ςχ(z) on the support of Φ, linearity gives

Cι|z〉 = |a ∗ ςχ(z)〉 ∗ o⊗
(∑

t

ct|γ ∗ x(z, t)〉
)
.

The parenthesized garbage vector has norm one because Cι is an isometry and the output factor is
a unit vector. In particular, interference among the garbage vectors cannot spoil the deterministic
output. Thus such a substitution preserves parity up to the fixed sign ς. The proof uses exactness,
not merely a bounded-error guarantee on computational-basis inputs.

Deactivate gates without rotating the input parity basis. Write C = C>1D1L0, where L0
is the initial product of one-qubit unitaries. Set

D̃1 = L∗0D1L0, Csuf = C>1L0, C = CsufD̃1.

The gates of D̃1 are disjoint product reflections with the same supports as those of D1. The factor
L0 has moved to the following local layer and can be merged with it; the computational input basis
and the parity classes above have not been changed.

Consider a gate Gg = I− 2|θg〉〈θg| of D̃1, where |θg〉 is a product vector, and suppose its support
contains k ≥ 3 original input wires. Choose two, denoted i, j, and write their trigger factor as |θiθj〉.
Put

ϑ01 = 〈θiθj |01〉, ϑ10 = 〈θiθj |10〉.

Choose a unit vector φg = αg|01〉+ βg|10〉 by

(αg, βg) =
{

(ϑ10,−ϑ01)/
√
|ϑ01|2 + |ϑ10|2, (ϑ01, ϑ10) 6= (0, 0),

(1, 0), (ϑ01, ϑ10) = (0, 0).

The coefficients are normalized, and ϑ01αg + ϑ10βg = 0, including for complex ϑ01, ϑ10. The inner
products defining the ϑ’s already contain the required conjugates. Thus φg is a unit vector of odd
computational parity. The tensor-product form of the trigger projector implies

(|θg〉〈θg|)(φg ⊗ ψ) = 0, Gg(φg ⊗ ψ) = φg ⊗ ψ

for every vector ψ on the other wires in the gate. Thus fixing this pair to φg deactivates the entire
gate, while all other k − 2 input wires remain variable. The selected pairs are disjoint because the
original gate supports are disjoint.

For a first-layer gate with exactly two input wires, fix one of them to |0〉 and retain the gate on
its original support; deactivating it would leave no variable input, whereas fixing one wire keeps one.
It then has only one variable input; the fixed wire becomes an ancilla. Leave gates with one or zero
input wires unchanged, and leave every idle input wire variable. In particular, an input-free gate
contributes nothing to the count of variable inputs.

Prepare the pairs from product initialization in the same layer. For each deactivated
gate define

|ωg〉 = (αg|0〉+ βg|1〉)⊗ |1〉, Cg = CNOTi→j .

The direct identity
Cg|ωg〉 = αg|01〉+ βg|10〉 = φg
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prepares the required pair from a product state. Moreover Cg = HjCZ{i,j}Hj , so it costs one allowed
multiqubit gate and only free one-qubit unitaries.

Let I now be the surviving input positions. Let C be the product of these pair preparations,
and let D̃keep be the product of the first-layer reflections that were not deactivated. Their supports
are mutually disjoint and are disjoint from the prepared pairs. Let |Ωz〉 be the product input state
with retained bits z, each selected pair in ωg, each classically fixed input in |0〉, and all original
ancillas still in α. If Φ is the tensor product of the φg and the classically fixed zero bits, then

C|Ωz〉 = ι|z〉, D̃1ι|z〉 = D̃keepι|z〉.

Consequently the circuit

C ′ = CsufD̃keepC satisfies C ′|Ωz〉 = Cι|z〉

for every z. The state Φ has fixed parity ς = (−1)Npair , where Npair is the number of prepared pairs,
so the preceding exactness argument applies. With the original observable Ao, the output sign is
ςχ(z), as required by the lemma. If desired, when ς = −1, interchanging the two output labels gives
parity itself without adding any gate.

The layer D̃keepC replaces each deactivated gate by one two-qubit gate on a subset of its
original support and retains all other gates. It is therefore one entangling layer, with no increase in
multiqubit-gate count. The local conjugations that implement its product reflections and CNOTs
can be merged into the adjacent local layers. The suffix Csuf uses the original later multiqubit layers,
so the full entangling depth does not increase. All physical wires, including the output wire even if
it was one of the fixed inputs, are retained.

Each prepared pair is now an input-free first-layer component. All other wires of a deactivated
gate are singleton components; in particular its surviving variable inputs are distinct sources. The
undeactivated input-containing gates have at most one variable input each. Since Ωz uses only fixed
single-qubit ancillary states, initialization remains a pure product. This does not assert that the
ancillary state after the first layer is product.

Count the retained inputs. Partition the original wires into first-layer gate supports and idle
singletons. A component containing k input wires retains

r(k) =


0, k = 0,
1, k = 1 or k = 2,
k − 2, k ≥ 3.

For every integer k ≥ 0, r(k) ≥ k/3; equality in the nontrivial k ≥ 3 case occurs at k = 3. Since the
component input counts sum to n, their retained counts sum to an integer r ≥ n/3, hence r ≥ dn/3e.
This also covers n = 1, 2 and arbitrary input-free or idle components.

6.2 Small-support observables after three layers

We convert a product of one-qubit test operators at the output of three layers into a linear
combination of product events after two layers. The expansion is algebraic; the cleaned first-layer
assumption is needed only when applying the event bounds.

Lemma 16 (Small-support pullback). Consider a three-layer prefix C(3) in the model of Section 2,
on N ≥ r ≥ 1 qubits with variable input x ∈ {0, 1}r and fixed pure product ancillas. Empty
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multiqubit layers and arbitrary intervening and boundary one-qubit gates are allowed. Suppose every
input-containing first-layer component, including an untouched input singleton, contains exactly one
variable input.

Let s ≥ 1 be an integer and let S be a fixed set of at most s physical qubits. For each q ∈ S, let
Bq be a fixed one-qubit contraction, independent of x, and put

B =

⊗
q∈S

Bq

⊗ ISc .
Write 〈B〉x = Tr(ρ(3)

x B), where ρ(3)
x is the state after the entire prefix, and put χ(x) = (−1)x1+···+xr .

Then, with uniform averages over x,

|Exχ(x)〈B〉x| ≤ 36sK0e
−ar,

with the absolute constants from Theorem 11. Neither Hermiticity of B nor exact parity computation
by the prefix is assumed; the expectation may be complex.

Proof. Step 1: local gates and affected supports. Write

C(3) = L3D3C
(2), C(2) = L2D2L1D1L0,

where the Lj are products of one-qubit unitaries and the Dj are disjoint controlled-Z layers. Let
ρ

(2)
x be the output state of C(2) and put B̃ = L∗3BL3. Conjugation by L3 preserves the one-qubit

tensor form, the support bound, and the contraction bounds. Cyclicity of trace gives

〈B〉x = Tr
[
ρ(2)
x D3B̃D3

]
.

Set t = |S| ≤ s. A third-layer gate disjoint from S conjugates identity and has no effect. If h3 gates
meet S, then h3 ≤ t, because the gate supports are pairwise disjoint. Supported qubits idle in this
layer remain as individual tensor factors.

Step 2: expansion of the affected reflections. For an affected gate g with support supp(g), write
Dg = I − 2Πg with Πg =

⊗
q∈supp(g) πq, where each πq is a rank-one orthogonal projector. For the

restriction B̃g =
⊗
q∈supp(g) B̃q, with B̃q = I for q /∈ S, the exact identity is

DgB̃gDg = B̃g − 2ΠgB̃g − 2B̃gΠg + 4ΠgB̃gΠg.

After separating the scalar coefficients 1,−2,−2, 4, the four branches have one-qubit factors

B̃q, πqB̃q, B̃qπq, πqB̃qπq,

respectively. Each factor has operator norm at most one by submultiplicativity. When q /∈ S, these
factors are I in the base branch and πq in each correction branch. Thus the simultaneous expansion
over all h3 affected gates is a finite sum of physical-qubit product tensors with total coefficient
absolute sum at most

(1 + 2 + 2 + 4)h3 = 9h3 .

The factors at the original t sites may be non-Hermitian contractions; every other factor is already
an identity or a rank-one orthogonal projector. Zero terms may be omitted.
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Step 3: decomposition of the remaining qubit factors. For any one-qubit contraction Y , write

Y = Y< + iY=, Y< = (Y + Y ∗)/2, Y= = (Y − Y ∗)/(2i).

Both Y< and Y= are Hermitian contractions, since ‖Y ∗‖∞ = ‖Y ‖∞ ≤ 1 and the operator norm
satisfies the triangle inequality. Choose orthonormal eigenbases separately to write

Y< =
2∑

a=1
λaPa, Y= =

2∑
b=1

µbQb, |λa|, |µb| ≤ 1,

where the Pa, Qb are rank-one orthogonal projectors. Repeated eigenvalues cause no difficulty:
choose an orthonormal basis of the eigenspace; zero coefficients may be discarded. Consequently Y
is a linear combination of such projectors with coefficient absolute sum at most four. This need not
be a convex combination, and the coefficients for iY= may be imaginary.

Apply this decomposition at each of the original t sites in each expanded tensor. Tensoring the
decompositions multiplies their coefficient absolute sums, so

D3B̃D3 =
∑
ν

cνEν ,
∑
ν

|cν | ≤ 9h34t ≤ 36s,

where every Eν is a physical-qubit product event: each factor is an identity or a rank-one orthogonal
projector. The events and coefficients are fixed independently of x. For t = 0, there is just the
identity event with coefficient one; the same estimates hold using empty-product conventions. No
first-layer hypothesis was used in this algebraic expansion.

Step 4: application of the two-layer event bounds. For qν(x) = Tr(ρ(2)
x Eν), absorb the final local

layer L2 of C(2) into Eν . This again preserves its physical-qubit product-event form. Grouping its
one-qubit factors within each nonempty source–second-layer port produces a positive contraction on
that port, exactly as required by Theorem 11.

The first-layer assumption supplies r independent one-input sources. All input-free first-layer
components can be grouped into a density-operator resource tensor-independent of those sources
and independent of x; this follows from product initialization and first-layer disjointness. The
intermediate local layer L1 acts within these groups, so it preserves this separation. Thus every qν
satisfies |q̂ν([r])| ≤ K0e

−ar. Finally, linearity of the uniform signed average gives

Exχ(x)〈B〉x =
∑
ν

cν q̂ν([r]).

The triangle inequality and
∑
ν |cν | ≤ 36s prove the claim. If S is empty, the coefficient is in fact

zero because r ≥ 1 and 〈I〉x = 1.

6.3 The exact last-layer certificate

The following argument uses only the final layer and exact output determinism, not the depth
or internal structure of the prefix. We use the identity/active-sector decomposition from [12,
Section 2.3.1] to derive an explicit quantitative certificate on one- and two-qubit product observables.

Lemma 17 (Exact last-layer certificate). Let a circuit in the model of Section 2 compute parity
exactly on n ≥ 1 input bits. Suppose the final multiqubit layer contains a gate incident to the
output qubit o, with b ≥ 1 other wires. Regard those wires as its controls in the product-reflection
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representation. Let ρx be the state at the output of the prefix preceding that layer, with any preceding
local gates included, and put

α(B) = 2−n
∑

x∈{0,1}n
χ(x) Tr(ρxB), χ(x) = (−1)x1+···+xn .

There is a fixed Hermitian product contraction B, independent of x and supported on at most two
physical prefix-output qubits, such that

α(B) ≥ 1
2b+ 1 .

Here a product contraction means a tensor product of one-qubit contractions, with identity on every
unspecified wire. If no gate in the final multiqubit layer touches o, there is instead a one-qubit
Hermitian unitary B with α(B) = 1.

Proof. Step 1: isolate the output gate. Absorb the terminal local rotation on o into its measurement
observable Ao. Exactness and n ≥ 1 make Ao a Hermitian unitary, by Section 2. All other terminal
local gates act outside o and do not change its statistics. Within the final multiqubit layer, gate
supports are disjoint. Writing that layer as UG, where G is the gate incident to o, the other gates
U commute with both G and Ao. Hence

(UG)∗Ao(UG) = GAoG.

Thus removing U does not change the output expectation, even when ρx is entangled across their
supports.

Label the control wires by 1, . . . , b, separately from the input indices. In the gate’s product
basis, write

P =
b⊗

j=1
Pj , Q = I − P, Ro = Io − 2πo, G = Q⊗ Io + P ⊗Ro,

where Pj and πo are one-qubit rank-one orthogonal projectors. This representation is valid with any
incident wire chosen as the output; no distinguished target of a Toffoli representation is needed.
Suppressing identity tensor factors, set AG = GAoG. For every input, y = χ(x) satisfies

Tr(ρxAG) = y, Hx := I − yAG ≥ 0, Tr(ρxHx) = 0.

Indeed, AG is a Hermitian unitary and Tr ρx = 1.

Step 2: exactness on each inactive control sector. For Qj = I − Pj , extended by identity off control
j, we have QjP = 0, QjG = GQj = Qj , and [Qj , Ao] = 0. Consequently Qj commutes with both
AG and Hx and QjAG = QjAo. Since Qj is an orthogonal projector,

0 ≤ QjHx ≤ Hx.

Indeed, block decomposition with respect to Qj writes Hx as the sum of the positive operators
QjHxQj and (I−Qj)Hx(I−Qj), which proves this order inequality. Positivity of ρx and Tr(ρxHx) =
0 now give

0 = Tr(ρxQjHx) = Tr(ρxQj)− yTr(ρxAoQj).

No projection of the state is performed or normalized here. Averaging the identity yields

qj := Ex Tr(ρxQj) = α(AoQj) ≥ 0.
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The commuting control projectors satisfy the operator union bound

Q = I −
b∏

j=1
(I −Qj) ≤

b∑
j=1

Qj .

To see this, simultaneously diagonalize the Qj ; each eigenvalue is 0 or 1, and the indicator that at
least one eigenvalue is 1 is at most the number of 1’s. It follows that

q := Ex Tr(ρxQ) ≤
b∑

j=1
qj .

No statistical independence of the control outcomes is assumed.

Step 3: obtain the quantitative certificate. Put A′o = RoAoRo, a one-qubit Hermitian unitary. The
orthogonal P,Q sectors give the exact identities

AG = QAo + PA′o, AG −A′o = Q(Ao −A′o).

Because Ao − A′o is Hermitian of norm at most two and acts only on o, it commutes with Q.
Therefore

−2Q ≤ AG −A′o ≤ 2Q, |Tr(ρx(AG −A′o))| ≤ 2 Tr(ρxQ).

Since α(AG) = Exy2 = 1, averaging with the parity sign gives

|1− α(A′o)| ≤ 2q.

All the coefficients here are real. Keeping their signs and using the bound on q, we obtain

1 ≤ α(A′o) + 2q ≤ α(A′o) + 2
b∑

j=1
α(AoQj).

In particular, the following absolute-value form will also be useful:

1 ≤ |α(RoAoRo)|+ 2
b∑

j=1
|α(AoQj)|. (20)

The right-hand side of the signed inequality is at most

(2b+ 1) max{α(A′o), α(AoQ1), . . . , α(AoQb)}.

Thus at least one of these coefficients is at least 1/(2b+ 1), with its positive sign as claimed. The
corresponding operator is either the one-qubit Hermitian unitary A′o or a product AoQj of one-qubit
Hermitian contractions on two distinct wires. All choices are fixed independently of the input.

If the final multiqubit layer has no gate on o, the same conjugation argument removes all its
gates from the output expectation. Exactness then gives Tr(ρxAo) = χ(x) and hence α(Ao) = 1.
This also covers an empty final layer; a circuit with no multiqubit layer can be padded with an
empty layer. The proof uses neither purity of ρx nor a cleaned first layer; its positivity argument
does require the pointwise exactness assumption.

Only the no-gate case and the identity-sector argument of Steps 2–3 are used below; Lemma 18
replaces the 1/(2b+ 1) certificate by a gate-count inequality.
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6.4 Control cells and completion of the lower bound

The preceding certificate has a prefactor depending on the number of controls of the final gate.
We replace individual controls by blocks, called cells, determined by their first-layer source and
their second- and third-layer incidences. Each cell lies in a single two-layer port and meets at most
one third-layer gate. These two properties allow its entire control projector to be treated as one
rank-one operator, with a cost independent of the number of physical qubits in the cell.

Lemma 18 (Cell certificate). Consider an exact parity circuit in the model of Section 2, on
N ≥ r ≥ 1 qubits with r variable inputs and fixed pure product ancillas. Write it with four multiqubit
layers, allowing empty layers and arbitrary intervening and boundary one-qubit gates. Suppose
every first-layer component that contains a variable input, including an idle variable-input singleton,
contains exactly one such input; wires carrying fixed original inputs count as ancillas. Let m2,m3 ≥ 0
be the numbers of multiqubit gates in layers two and three.

There is a nonnegative integer Ncell, depending only on the circuit, such that

1 ≤ [36 + 2664Ncell]K0e
−ar, Ncell ≤ (r + 1)(m2 + 1)(m3 + 1). (21)

The constants are those of Theorem 11. If the fourth multiqubit layer does not touch the output, one
may take Ncell = 0.

Proof. Step 1: fix the circuit stages and the event bound. Write

C = L4D4L3D3C
(2), C(2) = L2D2L1D1L0,

where the Lj are products of one-qubit unitaries and the Dj are disjoint controlled-Z layers. Let
ρ

(2)
x be the state after C(2), and let ρx be the state after L3D3C

(2), immediately before D4. Absorb
L4 into the final output measurement, denoting its one-qubit Hermitian unitary by Ao, and set

α(B) = Ex∈{0,1}rχ(x) Tr(ρxB), χ(x) = (−1)x1+···+xr ,

with a uniform average.
Put β = K0e

−ar. Theorem 11 bounds the absolute full-parity coefficient of every admissible two-
layer port-product event by β. Product initialization and first-layer disjointness give r independent
one-input sources. Group all input-free first-layer components into one density-operator resource
independent of these sources. Define its ports after grouping, as required by the theorem.

If D4 does not touch o, Lemma 17 gives α(Ao) = 1, and Lemma 16 with s = 1 gives 1 ≤ 36β.
This proves the assertion with Ncell = 0. Henceforth let G be the gate of D4 incident to o. All other
gates in D4 cancel from its output expectation, as in Lemma 17. Let T be the set of control wires
of G, excluding o. Write

P =
⊗
q∈T

Pq, Q = I − P, G = Q⊗ Io + P ⊗Ro,

where Pq are one-qubit rank-one orthogonal projectors and Ro is the induced one-qubit reflection.

Step 2: partition the controls into cells. For 1 ≤ i ≤ r, let V1,i be the wire set of input source i, and
let V1,0 be the union of the input-free first-layer components; V1,0 may be empty. For ` = 2, 3, let
V`,j be the support of gate j in layer `, for 1 ≤ j ≤ m`, and let V`,0 be the set of wires idle in that
layer. Define the cells to be the nonempty sets

cijk = T ∩ V1,i ∩ V2,j ∩ V3,k, 0 ≤ i ≤ r, 0 ≤ j ≤ m2, 0 ≤ k ≤ m3.
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Each wire has exactly one source label and one gate-or-idle label in each layer, so these cells partition
T . Their number satisfies

Ncell ≤ (r + 1)(m2 + 1)(m3 + 1).

For j > 0, the cell lies in the port V1,i∩V2,j . For j = 0, it lies in the single private idle port V1,i∩V2,0.
The global idle label therefore does not merge different source ports. Likewise, the cell lies entirely
in one third-layer gate if k > 0, and is entirely idle if k = 0. The output is excluded from every cell,
even if it has the same three labels. Tensor-factor reorderings used below are not physical SWAP
gates.

Step 3: apply the exact identity-sector argument to cells. For a cell c, put

Pc =
⊗
q∈c

Pq, Qc = Ic − Pc,

with identity extensions off c. The cells partition the controls, so P =
∏

c Pc and Q ≤
∑

cQc. Put
AG = GAoG and Hx = I−χ(x)AG. Exactness gives Hx ≥ 0 and Tr(ρxHx) = 0. Each Qc commutes
with Ao and G, annihilates P , and satisfies QcG = GQc = Qc. The argument of Step 2 in the proof
of Lemma 17, the block decomposition of Hx with respect to a commuting orthogonal projector,
therefore applies verbatim to Qc, regardless of the dimension of the cell. It gives

α(AoQc) = Ex Tr(ρxQc) ≥ 0.

Combining the operator union bound with the comparison GAoG−RoAoRo = Q(Ao −RoAoRo),
exactly as in that lemma, yields

1 ≤ |α(RoAoRo)|+ 2
∑
c

|α(AoQc)|. (22)

This uses neither independence of the cells nor commutation of ρx with their projectors. It is a
reuse of the proof’s identity-sector argument, not an assertion that a cell is one physical qubit.

Step 4: pull back one whole-cell projector. We prove, for each fixed cell c,

|α(AoPc)| ≤ 1296β.

Write L3,q for the one-qubit factor of L3 on wire q, and put L3,c =
⊗
q∈c L3,q. Define

Ão = L∗3,oAoL3,o, P̃c = L∗3,cPcL3,c.

Then L∗3(AoPc)L3 = ÃoP̃c, where Ão is a one-qubit contraction and P̃c is still a product of one-qubit
rank-one orthogonal projectors on c. Cyclicity of trace gives

Tr(ρxAoPc) = Tr
[
ρ(2)
x D3(ÃoP̃c)D3

]
.

The observable meets at most two gates in D3: one at o and one containing c. These gates may
coincide, or either may be absent. All other third-layer gates conjugate identity.

For an affected gate Dg = I − 2Πg, expand its conjugation as

DgBDg = B − 2ΠgB − 2BΠg + 4ΠgBΠg.

Keep the coefficients 1,−2,−2, 4 separate from the operator factors. If h3 ≤ 2 gates are affected,
their simultaneous expansion has coefficient absolute sum at most 9h3 ≤ 81. In each scalar-free
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branch, the output factor is a one-qubit contraction. If c is in gate g, let Πc be the tensor product
of the trigger projectors of Πg on c. The cell factor is one of

P̃c, ΠcP̃c, P̃cΠc, ΠcP̃cΠc.

Each has rank at most one and norm at most one, since P̃c, a tensor product of one-qubit rank-one
orthogonal projectors, is a rank-one orthogonal projector on the cell register, and so is Πc. If c
is idle, its factor is just P̃c. Every physical-qubit factor outside {o} ∪ c is identity or a rank-one
orthogonal projector. When the output and cell meet the same gate, the branch choices on them
are synchronized, but each branch still factors over the disjoint blocks {o}, c, and the remaining
physical wires.

For completeness, let Y be a rank-at-most-one contraction on an arbitrary finite-dimensional
space. If Y = 0, omit the term. Otherwise write Y = uv∗ and put

Y< = (Y + Y ∗)/2, Y= = (Y − Y ∗)/(2i).

Both are Hermitian contractions whose ranges are contained in span{u, v}. Hence each has at most
two nonzero eigenvalues, all of absolute value at most one. Their separate spectral decompositions
express Y = Y< + iY= as a linear combination of rank-one orthogonal projectors with coefficient
absolute sum at most four. Repeated eigenvalues admit an orthonormal eigenbasis; zero eigenvalues
contribute nothing. The coefficients need not be positive or real. The one-qubit output contraction
also admits coefficient mass at most four, by the decomposition in Lemma 16.

Applying these decompositions separately on the output and cell blocks gives a finite, input-
independent expansion

D3(ÃoP̃c)D3 =
∑
ν

dνEν ,
∑
ν

|dν | ≤ 81 · 4 · 4 = 1296.

A spectral projector on c may be entangled across its physical wires. Nevertheless, c lies in one
source–second-layer port. For that port V , its factor in Eν has the form Πν,c ⊗Eν,V \c, where Πν,c is
the cell’s rank-one spectral projector and Eν,V \c is a product of positive qubit contractions. This
includes any output factor in the same port. The two factors act on disjoint registers, so their
tensor product is a positive contraction. Every other port contains only positive qubit factors.
Thus regrouping Eν by the ports gives a tensor product of positive contractions, even when the cell
projector is entangled. This also applies to ports on the grouped resource source.

To apply the two-layer bound, let τx be the state immediately before D2. Up to tensor-factor
order, the first-layer separation gives

τx = σ ⊗
r⊗
i=1

ρi,xi ,

where σ is a fixed density operator and each source state ρi,xi includes the local layer L1. Thus
ρ

(2)
x = L2D2τxD2L

∗
2. Set Fν = L∗2EνL2. Local conjugation preserves positivity and port factorization,

including any entangled cell projector, and

Tr(ρ(2)
x Eν) = Tr(FνD2τxD2).

The event theorem applied to Fν therefore gives∣∣∣Exχ(x) Tr(ρ(2)
x Eν)

∣∣∣ ≤ β.
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Linearity and the triangle inequality prove |α(AoPc)| ≤ 1296β. No physical-product-only event
bound has been substituted for the port-product bound in this step.
Step 5: sum the cell certificate. Lemma 16 with s = 1 gives

|α(Ao)|, |α(RoAoRo)| ≤ 36β.

Since α(AoQc) = α(Ao)− α(AoPc),

|α(AoQc)| ≤ (36 + 1296)β = 1332β.

Substitution into (22) yields

1 ≤ 36β + 2Ncell(1332β) = [36 + 2664Ncell]β.

This proves (21).

Proof of Theorem 2. By Lemma 3, it suffices to use pure product initialization. Let C be an exact
n-input circuit as in the theorem, with M multiqubit gates. Apply Lemma 15, obtaining a product-
initialized circuit on the same physical wires with dn/3e ≤ r ≤ n variable inputs and at most M
multiqubit gates. If its task is the complement of parity, reverse the output labels, replacing Ao by
−Ao. This changes neither depth nor gate count. Pad with empty layers at the end if necessary
to obtain four designated multiqubit layers. The first-layer source condition is preserved, and the
second- and third-layer gate counts satisfy m2,m3 ≤M .

The exponential cell certificate gives

1 ≤ [36 + 2664(r + 1)(M + 1)2]K0e
−ar ≤ (M + 1)2K0[36 + 2664(r + 1)]e−ar.

The second inequality uses (M + 1)2 ≥ 1. All quantities are positive, so taking natural logarithms
yields

2 log(M + 1) ≥ ar − log
(
K0[36 + 2664(r + 1)]

)
≥ an

3 − log
(
K0[36 + 2664(n+ 1)]

)
.

The last bound uses r ≥ n/3 in the linear term and r ≤ n in the logarithmic term, so it is uniform
over all permitted r.

We now exhibit an admissible explicit value of n0. Put C0 = 2700K0 and choose

n0 =
⌈
max

{
1, 12 logC0

a
,

144
a2 ,

24 log 2
a

}⌉
.

For n ≥ 1, 36+2664(n+1) ≤ 2700(n+1) and log(n+1) ≤
√
n. The latter follows since

√
t−log(1+t)

vanishes at t = 0 and has derivative (
√
t− 1)2/[2

√
t(1 + t)] ≥ 0 for t > 0. For n ≥ n0, its definition

ensures logC0 ≤ an/12 and
√
n ≤ an/12. Consequently,

log
(
K0[36 + 2664(n+ 1)]

)
≤ logC0 +

√
n ≤ an

6 .

It follows that 2 log(M + 1) ≥ an/6, hence M + 1 ≥ ean/12. Finally, ean/24 ≥ 2 for n ≥ n0, and
θ2 − 1 ≥ θ for every real θ ≥ 2; hence

M ≥ ean/12 − 1 = (ean/24)2 − 1 ≥ ean/24.

Thus Theorem 2 holds with c∗ = a/24 and the displayed n0. These constants depend only on the
absolute constants a,K0, not on physical wire count or gate arities. No bound on the number of
ancillary wires was used.
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A Explicit constants for both main theorems

The shared source theorem admits explicit constants without changing either circuit interface. The
following choices are conservative.

Proposition 19. Theorem 11 holds with a = 2−21 and an absolute constant K0 satisfying 1 ≤
K0 < 300. Consequently every circuit in Theorem 1 satisfies

|c(C,Ao)| ≤ min{1, 1800e−2−27n}.

Theorem 2 holds with c∗ = 2−21/24 and n0 = 144 · 242 = 633318697598976.

Proof. Recall Cs = 1/2 + 2/e and the quantities used in the proof of Theorem 11:

c1 = 1
128Cs

, b1 = c1 − η log(8eCs/η), cη = 1
4 log(4/η) .

Take η = 2−12 < Cs and w = 512 ≥ 1. The elementary bounds 27/10 < e < 3 and log 2 < 7/10 give
Cs < 5/4 and 8eCs/η < 30 · 4096 < (27/10)12 < e12. Hence

c1 >
1

160 , log(8eCs/η) < 12, b1 >
1

160 − 12 2−12 >
33

10000 .

In particular b1 > 0 and b1/2 > η. Also cη = 1/(56 log 2) > 5/196, so

log(8eCs/η)− cηw < 12− 640/49 = −52/49 < −1.

Thus both parameter conditions in the source theorem’s proof hold. Equation (17) gives

a = 2−21, K0 < 3 + 5/2
(27/10)(33/10000) < 300.

Here 1 + 1/(1 − e−1) < 3, since e > 2, which justifies the prefactor estimate. In Theorem 12,
b = min{a, (log 2)/2} = a, and the integer cutoff and rate are

L = max{2, d2 log2(8/a)e} = 48, κ = a/L = 2−21/48 > 2−27.

The one-output pullback contributes coefficient mass at most six, so 6K0e
−κn ≤ 1800e−2−27n.

Combining this with |c(C,Ao)| ≤ 1 proves the correlation bound.
For depth four, Section 6 gives c∗ = a/24 and

n0 =
⌈
max

{
1, 12 log(2700K0)

a
,

144
a2 ,

24 log 2
a

}⌉
.

Since 2700K0 < 810000 < (27/10)14 < e14 and a = 2−21 < 1/2, each other entry in the maximum is
strictly smaller than 144/a2. This gives the stated integer n0. These conservative constants are
uniform over the finite widths and gate arities allowed by the model.

B The bounded-differences inequality

We record both the tail and exponential-moment forms of the bounded-differences inequality [14].
The proof uses the centered bounded-variable estimate of Hoeffding [10] and is included to specify
the constants used in the network argument.
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Lemma 20 (Bounded differences and exponential moments). Let m ≥ 0 be an integer, and let
X1, . . . , Xm be independent random variables, where Xj takes values in a finite set Xj, every point
of which has positive probability. Let Λ :

∏m
j=1Xj → R satisfy |Λ(x) − Λ(x′)| ≤ cj whenever x, x′

differ only in coordinate j, where cj ≥ 0. Put V =
∑m
j=1 c

2
j . Write Λ also for the random variable

Λ(X1, . . . , Xm). Then, for every real t,

Eet(Λ−EΛ) ≤ et2V/8. (23)

If V > 0, then for every u > 0,

P[Λ− EΛ ≥ u] ≤ exp
(
−2u2

V

)
.

If V = 0, then Λ is constant on the product support and this upper-tail probability is zero. These
statements include m = 0, when the product support is a singleton and V = 0.

Proof. First let Y be a centered finite random variable in an interval of length cY . Its log moment
generating function ψY (t) = logEetY satisfies ψY (0) = ψ′Y (0) = 0. Differentiating the finite sum
gives ψ′′Y (t) = Vart(Y ), where the subscript denotes the probability distribution tilted by the
positive factor etY . Its support remains in the same interval. If ymid is the interval midpoint, then
Vart(Y ) ≤ Et(Y − ymid)2 ≤ c2

Y /4. Integrating twice gives ψY (t) ≤ t2c2
Y /8 for t ≥ 0; applying this to

−Y gives the same bound for t < 0.
Let Fj = σ(X1, . . . , Xj), with F0 trivial, and set Λj = E[Λ | Fj ]. Then Λ0 = EΛ and

Λm = Λ. Fix preceding values x<j = (x1, . . . , xj−1) and put gj(z) = EX>jΛ(x<j , z,X>j), where
X>j = (Xj+1, . . . , Xm); an empty tuple is allowed. Independence makes this the same future law
for every z, so

|gj(z)− gj(z′)| ≤ EX>j |Λ(x<j , z,X>j)− Λ(x<j , z′, X>j)| ≤ cj .

On this conditioning event, Λj = gj(Xj) and Λj−1 = EXjgj(Xj) is fixed. Thus Yj = Λj − Λj−1 has
conditional mean zero and lies in an interval of length at most cj . The centered-variable estimate,
applied separately to each conditional law, gives for every real t

E[etYj | Fj−1] ≤ et
2c2
j/8.

For Sj =
∑j
k=1 Yk, Sj−1 is Fj−1-measurable. The tower property therefore gives

EetSj = E
[
etSj−1E(etYj | Fj−1)

]
≤ et

2c2
j/8EetSj−1 .

Iterating from S0 = 0 and using Sm = Λ− EΛ proves (23). For V > 0, exponential Markov gives
P[Λ− EΛ ≥ u] ≤ exp(−tu+ t2V/8) for t > 0; choose t = 4u/V . If V = 0, all coordinate oscillations
vanish. Any two points of the product support can be joined by successive single-coordinate changes,
so Λ is constant there. The empty product case has the same conclusion directly.

Use of AI: The author prepared an eight-page draft without AI assistance, outlining previous
QAC lower bounds and several high-level strategies to extend them for the exact and bounded-error
parity QAC lower bounds at several depths. The author then fed this draft to multiple AI tools
(Claude, ChatGPT and two open-weight models with open-source harnesses) and prompted them to
work out the details of the proofs and identify missing gaps. The author fixed those missing gaps
and iteratively verified and expanded the proofs using AI tools. The author is solely responsible for
the correctness of the proofs.
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