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Abstract

Graph collision asks whether a known graph contains an edge whose endpoints are both marked,
given query access to the marking bits. We prove an unconditional bounded-error quantum
query upper bound of Õ(n13/20) for arbitrary n-vertex graphs, improving the general O(n2/3)
bound. A full-neighborhood decomposition controls squared-codegree tails and enables weighted
stochastic responses that contract both edge and marked-volume budgets. The bound includes
all sampling and validation queries; computation on the known graph may take exponential time.

1 Introduction
Given a known simple graph G = (V,E) on n vertices and unknown marking bits x ∈ {0, 1}V , graph
collision asks whether

GCG(x) =
∨
uv∈E

(xu ∧ xv). (1.1)

Only quantum queries to x are charged; all graph data are known. This is a monotone 2-DNF with
repeated variables: its two-vertex certificates do not immediately give a square-root algorithm in
the number of distinct vertices. Read-many formula bounds help clarify that distinction [11].

Motivation. Graph collision is a primitive in triangle finding and Boolean matrix multiplica-
tion [1, 6, 7]. A star with its center fixed marked contains unstructured search, giving the Ω(

√
n)

benchmark [4]. Its broader significance is illustrated by the lower-bound transfer to triangle detec-
tion of Balodis and Iraids [8], and the graph-collision-based conditional bounds for path and cycle
containment of Cornelissen, Gilani, and Patro [9]. Our objective is to approach the square-root
scale while paying every marking-dependent operation.

Past and related work. Magniez, Santha, and Szegedy provide the general O(n2/3) quantum-walk
benchmark [1]. Structural refinements include Belovs’s O(

√
nα(G)1/6), with α(G) the independence

number [2, Section 4], and Gavinsky–Ito’s O(
√
n+

√
α∗(G)), where α∗(G) is the maximum degree

sum of an independent set [3]. Ambainis et al. obtain O(
√
nw1/6) for positive treewidth w and

O(
√
n +

√
α∗∗(G)), where α∗∗ minimizes the independent-set degree-sum bound inside a vertex

cover [4]. Further results concern random graphs [3], a specified circulant subclass [4], and pseudo-
deterministic collision search, which asks for a consistent witness [10]. For bipartite graphs with
r vertices per side and s missing cross-edges, Jeffery et al. give Õ(

√
r +
√
s) [6, 7]; the nested-

walk paper supplies the rectangular bound used here [5, Appendix A]. Our supporting tools are
amplitude estimation, verified search, robust OR, and span-program/state-conversion methods
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[12, 13, 14, 15, 16]. Stochastic proximal methods provide optimization background [17], but neither
they nor a matrix identity supply an uncharged marking-dependent oracle.

Contributions and comparison. The full-neighborhood extraction theorem pays for the actual
rectangular dimensions using disjoint removed edge lists, while leaving a bounded squared-codegree
row tail. The response-weighted variance estimate (Proposition 3.2), separate diagonal estimate,
and entire-domain parameter inequalities (Lemma 5.1) pay for its algorithmic application. We
prove the three required routines: a spectral dense-epoch contraction, a clipped source-sampling
response with explicit entropy initialization, and a bounded-cover-count detector obtained from a
dual-adversary construction and a count guard. Their combination gives the exponent 13/20, saving
1/60 relative to 2/3. Classical enumeration and optimization use only known data; no running-time
bound is claimed. The decomposition and its integration with these paid routines form the main
contribution.

Proof strategy. Paid neighborhood sampling first controls marked degree moments. We partition
the residual into actual-degree pieces, extract full-neighborhood modules whenever a codegree tail is
too large, and test their union by complete rectangular algorithms. The remaining row-tail bound
controls the offdiagonal Schur-field variance, while frozen moment constraints pay the diagonal bias.
The proved response and outside routines then contract edge and marked-volume budgets. Exact
exponent inequalities pay every branch, and smaller-instance aspect recursion closes the global
argument without a same-size recursive call.

Main results. Our principal result is the following bound for arbitrary known graphs.

Theorem 1.1 (Unconditional arbitrary-graph bound). For every known simple graph on n vertices,

Q2(GCG) = Õ(n13/20). (1.2)

The algorithm has a worst-case fixed cap on every input and error at most 1/3. The bound charges
only marking queries.

The main structural ingredient is a decomposition of bipartite graphs. For source side S and
target side R, write du = |N(u)| and cuv = |N(u) ∩N(v)|.

Theorem 1.2 (Unconditional full-neighborhood tail removal). Let the graph have m edges, and let
D ≥ 1 be a known upper bound on its source degrees. For real H > 0 and 1 ≤ t ≤ D, graph-only
preprocessing produces modules with disjoint removed edge lists. Their union has a complete collision
detector with cap

Õ

(
√
m

[(
D

tH

)1/6
+ t−1/2 +

√
D/H

])
. (1.3)

The final residual satisfies, for every source u,∑
v 6=u: cuv≥t

c2
uv ≤ Hdu. (1.4)

No marking, codegree, or three-walk promise is assumed. If m = 0, or t > D, no removal is
necessary; for t > D the tail in (1.4) is empty.
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Organization. Section 2 gives the model, query primitives, and graph preparation. Section 3
proves extraction and the residual-field estimates. Section 4 explains the contraction routines and
states their guarantees. Section 5 presents the algorithm, justifies its parameters, and proves the main
theorem. Appendix A contains the auxiliary proofs; Appendix B proves the bounded-cover-count
detector; Appendix C supplies the dense and weighted-response implementations.

2 Preliminaries and graph preparation

2.1 Query model and primitives

Throughout, graphs are finite, simple, and known. The marking oracle is

Ox|v, b, w〉 = |v, b⊕ xv, w〉.

Instances with at most one vertex are answered without queries; in asymptotic parameter formulas we
assume n ≥ 2. Any known edgeless instance is also answered without queries. Classical computation
on graph data is not charged to query complexity; it need not be polynomial time. A query bound
is a worst-case bound on every input and every execution branch, not an expected stopping time.
Bounded error means error at most 1/3 on every input in the declared domain; Q2(f) denotes the
minimum worst-case query cap achieving that error for f . Unless otherwise specified, 0 < ε < 1/3 is
a prescribed error budget. Error reduction uses a predetermined O(log(2/ε)) number of independent
repetitions. The notation Õ suppresses fixed powers of log(2n) and log(2/ε) only, and Θ̃ allows
multiplicative factors and reciprocal factors of these forms. All parameters in the application
have polynomial range. A NO marking is one whose marked support is an independent set; no
probabilistic independence among marking bits is assumed.

For an edge-list graph H and marking x, its marked degree moments are

W (H,x) =
∑
v

xv degH(v), S2(H,x) =
∑
v

xv degH(v)2.

When the graph and marking are fixed, we write W and S2. Later constraints on response vectors
use declared bounds for these moments. In particular, Σ2 denotes a graph-known upper allowance
for S2(H,x), not a queried value of that moment.

Definition 2.1 (Complete and one-sided-promised routines). A complete graph-collision routine is
correct on every marking. A NO-volume-promised routine is correct on every YES marking and on
the NO markings satisfying its declared volume bound. It still has a fixed query cap on markings
outside that promise.

An edge-list subgraph contains exactly its listed edges. Its vertex set is not an instruction to
add all edges induced in the original graph. We permit copied labels with a known address map π
to physical vertices, and known-zero dummy labels.

Copied labels. Reversibly computing π(i), querying Ox, and uncomputing implements a copied-
label query with O(1) physical queries. Known-zero dummy queries act as the identity. A complete
algorithm on independent copied bits stays correct on the restriction yi = xπ(i); this does not cache
answers at a shared address.

Lemma 2.2 (Rectangular collision, published import). A known bipartite edge-list graph with side
sizes a, b ≥ 1 has a complete collision detector costing

O
(
(ab)1/3 +

√
a+
√
b
)

(2.1)
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queries at constant error, with logarithmic overhead for smaller error.
Reduction to the published bound. Transpose if necessary to have a ≤ b. If b ≤ a2, use [5, Lemma
A.1], which gives O((ab)1/3). If b > a2, read all a bits and search the known union of neighbors
of marked vertices on that side. This costs O(a +

√
b) = O(

√
b). The latter branch handles the

aspect ratios not covered by that lemma. This proof only completes its range; it does not reprove
the walk.

Lemma 2.3 (OR of known unequal clocks). Suppose r ≤ poly(n) complete Boolean routines have
graph-known fixed caps q1, . . . , qr ≥ 1, polynomially bounded in n, and may query shared bits. Their
OR can be decided with fixed cap

Õ

√√√√ r∑
j=1

q2
j

 . (2.2)

An empty list costs zero queries.
The proof is given in Appendix A.
Lemma 2.4 (Known-cover volume terminal). Let U be a known vertex cover of H. For a declared
L ≥ 0, there is a routine with cap

O

(√
|U |+ L log(2/ε)

)
(2.3)

with error at most ε on all YES inputs and on NO inputs with
∑
u∈U xu degH(u) ≤ L. The cap is

fixed on all inputs, including those outside this domain.
The proof is given in Appendix A.

Adaptive error accounting. All routines receive error budgets before execution. If call j has
conditional failure probability at most εj on every preceding good NO transcript, the probability of a
first failure is at most

∑
j εj : condition on the preceding transcript and sum the disjoint first-failure

events. No independence is required. The same accounting applies to all-sign collision preservation
when each call has that guarantee uniformly conditional on every preceding good history, on either
input sign.

2.2 Graph preparation

We collect the preparation steps used before and during the algorithm. Their proofs are given in
Appendix A.

Paid source-neighborhood cleanup.
Lemma 2.5. Let S be a known source subset of a graph on at most N labels. For known 0 < K ≤ N
and θ > 0, a routine with all-input cap

Õ

(
√
N +

√
NK

θ

)
(2.4)

returns YES or a known induced subgraph H. On every NO marking with at most K marked vertices
in S, with probability 1− ε it returns H and every remaining vertex has at most θ marked neighbors
in S. On either sign, deleting a marked vertex has probability at most ε; thus every collision survives
unless a collision is reported or a charged failure occurs.
The proof is given in Appendix A.
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Global degree moments and their inheritance.

Theorem 2.6. For fixed 1/2 < p < 1, fixed-cap Õ(np) preprocessing returns YES or a known
induced subgraph H. On NO markings, with probability 1− ε it returns H and

W (H,x) :=
∑
v

xv degH(v) ≤ Cpn2−p, (2.5)∑
v:degH(v)≥d

xv degH(v) ≤ Cpn3−2p/d (d ≥ 1), (2.6)

S2(H,x) :=
∑
v

xv degH(v)2 ≤ Cpn3−2p log(2n). (2.7)

Here Cp is a known constant depending only on p. Every collision is preserved on either sign with
preservation failure probability at most ε, unless YES is reported.

The proof is given in Appendix A.

Lemma 2.7 (Moment inheritance). Edge deletion never increases W or S2. Splitting the incidences
at a vertex into repeated-bit clones preserves W and does not increase S2. For an exact edge partition
E =

⋃̇
jEj, ∑

j

W (Ej , x) = W (E, x),
∑
j

S2(Ej , x) ≤ S2(E, x).

The proof is given in Appendix A.

Clones, orientation, and actual-degree partition. At an epoch with edge budget M , first
discard isolated vertices. Split each remaining vertex of degree dv into ddv/De nonempty clones,
D = dM/ne, distributing its incident edges into groups of size at most D. If m ≤ M , the total
number of clones is at most n+ 2m/D ≤ 3n. An original edge joins its two designated clones, so
the clone graph is simple and has exactly the original collision predicate. Orient each edge from its
endpoint of larger full clone degree, breaking ties by known labels. Dyadically bucket its source
degree. Each bucket is represented bipartitely using role copies; every original edge occurs in exactly
one bucket. Both bucket degrees are at most a fixed multiple of its degree scale d, and its edge
count is O(nd). None of these operations queries the marking.

Lemma 2.8 (Exact almost-biregular partition). Let a known bipartite graph have at most n′
vertices per side and m0 ≥ 1 edges. Put h = 1 + dlog2 max(1, n′)e. There is a graph-only exact
edge partition into at most 1 +

⌈
2h2 lnm0

⌉
nonempty pieces. Each piece has dyadic caps dL, dR,

no isolated displayed vertices, and actual degrees in [dL/(8h2), dL] on the left and [dR/(8h2), dR]
on the right. Writing e for the edge count of that piece, its side sizes lie in [e/dL, 8h2e/dL] and
[e/dR, 8h2e/dR], respectively.

The proof is given in Appendix A.

3 Extraction and variance control

3.1 Full-neighborhood extraction

For a bipartite graph with source side S and target side R, let du = |N(u)| and cuv = |N(u)∩N(v)|
for u, v ∈ S. In the proof of Theorem 1.2, degrees and codegrees are always measured in the current
graph. The symbol D remains a fixed upper bound throughout. Vertex-set overlaps among modules
are allowed.
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Proof of Theorem 1.2. The edgeless and t > D cases are immediate. We may replace D by
min{D,max(1, |R|)}: this can only improve the claimed cap, and if t then exceeds the new bound
the tail is empty. Hence assume 1 ≤ t ≤ D ≤ max(1, |R|). Let J = 1 + dlog2De and η = H/(4J).
For a source u of positive current degree d and a band c = 2kt ≤ D, where k is a nonnegative
integer, let

A = {v 6= u : c ≤ cuv < 2c}, a = |A|.

If ac2 > ηd, record the current edge-list graph F = G[A,N(u)] and remove exactly its edges. Write
e = |E(F )|. Every vertex v ∈ A has between c and 2c neighbors in N(u), so

ac ≤ e < 2ac, e > ηd/c, c ≤ d ≤ D. (3.1)

The last inequality uses a > 0 at a triggering band. In particular, e > η > 0; an integer edge is
deleted. Recompute the whole residual after each extraction. A known deterministic tie-breaking
rule makes this a finite graph-only procedure with at most m modules.

At termination every eligible band has ac2 ≤ ηd. Its squared-codegree contribution is less than
4ac2 ≤ 4ηd. The dyadic bands cover all codegrees at least t and there are at most J of them. This
proves (1.4) using the final degree and final codegrees. The exclusion of v = u is essential.

For the selected modules, index their quantities by j. Their removed edge lists are disjoint,
hence

∑
j ej ≤ m. Equation (3.1) gives∑

j

aj ≤ m/t,
∑
j

dj ≤ mD/η. (3.2)

Indeed dj < ejcj/η ≤ ejD/η. Also

(ajdj)2/3 ≤ (ejdj/cj)2/3

= ej(dj/cj)2/3e
−1/3
j

≤ ejη−1/3(dj/cj)1/3 ≤ ej(D/(tη))1/3. (3.3)

Thus ∑
j

(ajdj)2/3 ≤ m(D/(tη))1/3. (3.4)

For module j, use the cheaper of the rectangular detector and reading its aj + dj displayed bits.
Its graph-known cap is polynomially bounded in the original vertex count, and by Lemma 2.2 its
square is Õ(aj + dj + (ajdj)2/3). Lemma 2.3, (3.2), and (3.4) bound their OR by

Õ

(√
m/t+mD/η +m(D/(tη))1/3

)
.

Since H/η = 4J is logarithmic, and
√
r + s+ z ≤

√
r +
√
s+
√
z, this is (1.3). There are at most

m modules, and their capped clocks have logarithmically many dyadic bins even for arbitrary real
H > 0. Every tested module is an actual edge-list subgraph. Complete detectors remain complete
on shared marking addresses, so no removed marked edge is silently discarded. The residual and
removed lists form an exact edge partition.

Remark 3.1. Using maximum possible rectangle dimensions instead of (3.2)–(3.4) loses the density
charge. Conversely, overlap of vertex sets does not violate the proof: only disjointness of removed
edges is used for

∑
ej ≤ m. This theorem does not use the additional algorithmic routines below.
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3.2 Residual field estimates

Let B be the target-by-source incidence matrix of a residual, so (B>B)uv = cuv and cuu = du. Source
vectors are denoted by xs, as. In this section τ > 0, q ≥ 1, and all count, load, and volume bounds
are nonnegative. All quantities are known matrices, declared bounds, or algebraic consequences
of explicit inequalities. The quadratic estimate below supplies the variance bound in Lemma 4.2.
Appendix C constructs its stochastic estimator and proves the conditional noise guarantee.

Proposition 3.2 (Response-weighted offdiagonal variance). Suppose xs ∈ {0, 1}S, 0 ≤ as ≤ 1,
Bxs ≤ θ1, Bas ≤ θ1, and

∑
u xudu ≤ L. If (1.4) holds, then∑

u6=v
xuavc

2
uv ≤ (tθ +H)L. (3.5)

Consequently the offdiagonal field matrix Rs = ((B>B)− diag(du))/(τq) obeys∑
u,v

avxu(Rs)2
vu ≤ V := (tθ +H)L

(τq)2 . (3.6)

Proof. For the low-codegree offdiagonal terms use c2
uv ≤ tcuv:∑

u6=v:cuv<t

xuavc
2
uv ≤ t

∑
u,v

xuavcuv = t(Bxs)>(Bas)

≤ tθ1>Bxs = tθ
∑
u

xudu ≤ tθL.

For the high terms, av ≤ 1 and (1.4) give
∑
u xu

∑
v 6=u:cuv≥t avc

2
uv ≤ H

∑
u xudu ≤ HL. Add these

bounds and divide by (τq)2. If t > D no extraction is necessary: all codegrees are at most D, and
the entire offdiagonal sum is at most DθL. In particular Dθ ≤ H when t = H/θ > D.

Proposition 3.3 (Schur correction and omitted diagonal). In target/source order let

A =
(

0 B
B> 0

)
, C = 0⊕B>B/(τq), T0 = τqI.

Then C � 0 and A+ T0 + C � 0. For a Boolean marking x = (xt, xs), if its marked source count is
at most K, the maximum source degree is at most d, and as ∈ [0, 1]S, omitting the diagonal from
the unknown field has comparison error∣∣∣((R− C)x)>(a− x)

∣∣∣ ≤ dK/(τq), (3.7)

where R = 0⊕Rs. If K ≤ CKN/q, this is at most a prescribed fixed fraction of τN provided

τ2q2 ≥ C0d (3.8)

with sufficiently large C0.

Proof. B>B is a Gram matrix. The Schur complement of the positive target block τqI in A+T0 +C
is exactly τqI. Equivalently its quadratic form at (y, z) is

τq‖y +Bz/(τq)‖22 + τq‖z‖22 ≥ 0.

The omitted field is −(0⊕diag(du)xs)/(τq). At marked source coordinates |au−xu| ≤ 1; at unmarked
ones the omitted field is zero. Thus its absolute comparison error is at most

∑
u duxu/(τq) ≤ dK/(τq).

Substitute K ≤ CKN/q to obtain (3.8). There is no free diagonal query in this argument.
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Lemma 3.4 (Frozen count and diagonal budgets). Suppose d, L,Σ2 > 0, and each displayed real
coordinate in a degree piece has frozen degree at least d/g, where g ≥ 1 is a fixed polylogarithmic
factor. Fix all dummy coordinates to zero and impose the known constraints

0 ≤ a ≤ 1,
∑
v

dfr
v av ≤ L,

∑
v

(dfr
v )2av ≤ Σ2.

There is a conservative scalar q ≥ 1 of scale

q = Θ̃ max{1, nd/L, nd2/Σ2} (3.9)

such that the total feasible count is at most CKN/q, and
∑
v τqav ≤ CT τN , for fixed constants and

N = Θ(n). Bounds remain valid after edge deletions when the frozen constraints are kept.

Proof. The three constraints bound the count by min(N, gL/d, g2Σ2/d
2). Choose explicitly

q = max{1, nd/(gL), nd2/(g2Σ2)}.

Writing q0 = max{1, nd/L, nd2/Σ2} gives q0/g
2 ≤ q ≤ q0, hence (3.9). Take CK large enough

that CKN ≥ max(N,n), using the fixed bounds implicit in N = Θ(n). The count bound is then
CKN/q. Multiplication by τq proves the diagonal mass budget. Free dummy coordinates are fixed
to zero. The constraints are not redefined with smaller residual degrees, so deletion changes neither
implication.

4 Contracting the remaining graph
The algorithm maintains an edge budget M and, on a good NO history, a marked-volume bound
W ≤ αM . A contraction either reports YES or retains a known edge list with both budgets halved.
For dense graphs, ordinary spectral-column sampling constructs the retained set. For intermediate
pieces, the extraction and variance bounds of Section 3 enable a source-supported weighted response.
In both cases, the response is followed by a collision test on the edges outside the retained set. The
bounded-cover-count detector supplies this test when the validated outside marking count is small.
Section 5 chooses the parameters and combines these operations; the statements here specify all
guarantees it needs.

The three lemmas below specify the oracle costs, output guarantees, and sign conventions used
by Theorem 1.1. The dense and weighted-response proofs are given in Appendix C; the bounded-
cover-count proof is given in Appendix B. They hold uniformly for the graph-known parameter
choices in Section 5, at each prescribed error budget and conditional on the current classical history.
All returned sets and edge lists are classical outputs, and all procedures have finite descriptions.

4.1 Dense contraction

Lemma 4.1 (Dense epoch). For α = α0n
−c ≤ 1 with fixed c ≥ 0, m ≤ M , and the good-NO

promise W ≤ αM , whenever M ≥ n7/4 there is a finite, all-input-fixed-cap, prescribed-error routine
that reports YES or returns a known subset of the current edge list with

mnew ≤M/2, Wnew ≤ αM/2.

Its complete outside tests preserve every YES collision unless detected. Its fixed cap, summed over
logarithmically many dense epochs, is

Õ
(
n1/4+3c + n2/3−c/6 +

√
n
)
. (4.1)
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On every promised NO input, a false YES or failure of either contraction bound has probability at most
the allocated error. On either input sign, an undetected disappearance of a collision has probability
at most its allocated preservation error. These budgets include sampling, finite optimization, and
validation.

4.2 Weighted response for intermediate pieces

Lemma 4.2 (Source-supported weighted marked response). Consider the bipartite matrices of
Proposition 3.3 and a known rational compact polytope F ⊆ [0, 1]N . Impose the frozen constraints
of Lemma 3.4, fix dummy coordinates to zero, and include Bas ≤ θ1. The NO correctness promise
is x ∈ F . Take known rational 0 < K ≤ N , τ > 0, 0 < β ≤ 1, and V ≥ 0; the matrices and polytope
constraints are rational as well. Assume every feasible source vector has count at most the declared
K = O(N/q). For every promised NO marking x and every a ∈ F , assume the quadratic quantity in
(3.6) is at most the declared V , and (3.8) pays the omitted diagonal. The source-supported routine
has all-input cap

Õ

(
1 +

√
F0 + F0

√
K/N + β−1/2

)
, F0 = KV

τ2N
. (4.2)

It reports YES or returns a known retained vertex set P with

e(P ) ≤ CEτN/β2, W (P, x) ≤ CW τN/β, |{v /∈ P : xv = 1}| ≤ COβN. (4.3)

The edge cap is deterministic. Fresh fixed-budget count and incidence-volume validations certify
both other caps on either sign except for allocated error. A failed validation may report YES; on
promised NO inputs its probability is charged to the same error budget. No marking-dependent
validation is free. On promised NO inputs the probability of reporting YES is at most the allocated
error. Source-only proximal entropy is permitted; the cutoff objective still includes both sides. The
constants CE , CW , CO are known, positive, and absolute. All confidence, clipping, precision, and
finite-trial losses are fixed logarithms.

Appendix C proves this statement using the total frozen diagonal mass and source-only entropy.
The scalar τ in the response tolerance remains distinct from τq, and the cutoff objective includes
the unsampled target coordinates.

4.3 Detecting collisions outside the retained set

Lemma 4.3 (Universal bounded-cover-count detector). Let H be any known simple edge-list graph
on at most N labels, let U be a known vertex cover of H, and let 0 ≤ K ≤ N be a declared bound.
There is a finite detector with all-input fixed cap

Õ
(√
N K1/6 +

√
N
)

(4.4)

and error at most ε on every YES marking and every NO marking satisfying
∑
u∈U xu ≤ K. The

clock includes all required validation and error reduction. Its guarantee is uniform under copied-label
restrictions.

In particular, when validated response outputs give K = O(αn) and N = Θ(n), this supplies the
outside clock Õ(n2/3α1/6 +

√
n) used in the global proof. This is a count promise on a specified cover

of an arbitrary graph, not an independence-number or codegree assumption. The all-YES domain is
essential; the count promise restricts only NO inputs.

9



5 Proof of the main theorem

5.1 Algorithm overview

The target query scale is T = n13/20, and the volume parameter has scale α = n−1/10 up to a fixed
constant. After the moment preprocessing of Theorem 2.6, the algorithm works in epochs with edge
budget M and NO-volume allowance L = αM . Each nonterminal epoch halves both allowances, so
there are only logarithmically many epochs.

When M ≥ n7/4, the dense routine performs the contraction. When M is at most a fixed
multiple of T 2/α, the cover-volume terminal solves the remaining graph directly. Between these
regimes, cloning and the exact partition of Section 2 produce almost-biregular pieces. Unbalanced
pieces are handled by smaller recursive calls. Balanced pieces are processed by edge search at low
degree, or by cleanup, extraction, and weighted response at higher degree. Every set of discarded
edges is tested for a collision before deletion.

The response parameters must simultaneously pay for the removed modules, the stochastic
response, and the outside test, while making the retained edge and volume budgets small enough to
sum across all pieces. The next subsection establishes these payments over the entire intermediate
range. We then state the recursive estimate and give the complete proof, including correctness on
both input signs.

5.2 Parameter choices and query costs

All scalar data supplied to the response routine are chosen rational. The displayed power formulas
specify ideal scales: choose rational values within fixed factors for T, α, round the moment allowances
upward, use integer polylogarithmic degree factors, and compute q and β from these actual values.
Define τ by the exact allocation formula (5.5). Round the load threshold upward within a factor
two, choose a rational H within a fixed factor of (5.6), and set t = H/θ exactly. These choices
retain feasibility of the true marking and all cost bounds by the perturbation argument below. They
give a rational response polytope and rational field matrices. All absolute output constants are
fixed positive integer upper bounds, so the allocation constant κ is rational as well. For readability
we use the ideal scale notation in exponent formulas. Set

p = 13/20, c = 1/10 = 4− 6p, T = np, α = α0n
−c, 0 < α0 ≤ β0 < 1. (5.1)

The scalar α is an epoch volume parameter, not the independence number α(G) appearing in the
introduction. For a balanced intermediate piece, let M = nµ and d = nδ. At the level of polynomial
exponents, suppress fixed and logarithmic factors and write L = αM with exponent ` = µ− c. The
terminal and dense boundaries give

2p+ c ≤ µ ≤ 7/4, 0 ≤ δ ≤ µ− 1, ` = µ− c. (5.2)

Moment preprocessing supplies the known allowance Σ2 = Cpn
3−2p log(2n), so (3.9) has exponent

Q = max{0, Lq, Qq}, Lq = 1 + δ − µ+ c, Qq = 2δ + 2p− 2. (5.3)

Choose
β = max{α,min(β0, T

2/(nd))}, b = min{c,max(0, δ + 1− 2p)}, (5.4)
so β = n−b at exponent level. Let J ≥ 1 be a graph-known polylogarithmic upper bound on the
number of pieces in one epoch, and put

τ = καβM

JN
, κ = 1

4 max{1, CE , CW }
. (5.5)

10



Here N = Θ(n) is the padded piece size. This explicit allocation has scale Θ̃(αβM/n) and will be
summed in Section 5. The raw load θ0 = N/(T√q) has exponent ϑ = 1− p−Q/2. From (5.5), τ
has exponent `− b− 1. Define

H = Tτ4q7/2/L, R = p+ 3`− 4b− 4 + 7Q/2. (5.6)

For the ideal exponent calculation in the nonterminal load branch take θ = θ0 and t = H/θ, so
tθ +H = 2H. Real thresholds are permitted in Theorem 1.2; dyadic rounding down by a factor
less than two also preserves tθ ≤ H. Since the actual piece has m = O(nd) and D ≤ d, the three
summands in (1.3) have exponents

P1 = 1
2 + 2

3δ + 1
6ϑ−

1
3R, (5.7)

P2 = 1
2 + 1

2δ + 1
2ϑ−

1
2R, (5.8)

P3 = 1
2 + δ − 1

2R. (5.9)

These are exact affine expressions for the ideal polynomial exponents within each max/min cell.
Constant and logarithmic factors are not being identified with one. Each such factor shifts a
logarithm to base n by O(log log(2n)/ logn). The maps defining Q, b, ϑ,R, Pi use finitely many
affine operations and maxima or minima, and are therefore Lipschitz with absolute constants.
Consequently all upper payments proved below lift to Õ(np) for the actual parameters, and the
strictly positive threshold and diagonal margins survive beyond a fixed base range. The next
argument controls the whole domain, without relying on a grid. This perturbation argument pays
logarithmic losses. The implementations are proved separately in the appendices.

Lemma 5.1 (Entire-domain payment). For every point in (5.2) with δ ≥ u := 2p− 1 = 3/10,

P1, P3 ≤ 13/20, P2 ≤ 3/5, R− ϑ ≥ 1/10, δ − 2b ≥ 1/5. (5.10)

If δ ≤ u, edge search costs Õ(np) without field processing.

Proof. Since Q ≥ Lq, Qq, the following weighted inequalities hold even when a floor is negative:

5
4Q ≥ Lq + 1

4Qq, 2Q ≥ 3
2Lq + 1

2Qq,
7
4Q ≥

3
2Lq + 1

4Qq. (5.11)

Expansion of (5.7)–(5.9) gives

P1 = 2− p/2 + 2δ/3− µ+ c+ 4b/3− 5Q/4,
P2 = 3− p+ δ/2− 3µ/2 + 3c/2 + 2b− 2Q,
P3 = 5/2− p/2 + δ − 3µ/2 + 3c/2 + 2b− 7Q/4.

Apply the respective inequalities in (5.11) to obtain

P1 ≤ 3/2− p− 5δ/6 + 4b/3, (5.12)
P2 ≤ 5/2− 2p− 2δ + 2b, (5.13)
P3 ≤ 3/2− p− δ + 2b. (5.14)

For u ≤ δ ≤ u+ c = 2/5 we have b = δ − u. The three right sides have slopes 1/2, 0, 1, respectively.
Their values at δ = 2/5 are 13/20, 3/5, 13/20. For δ ≥ 2/5 we have b = c; all three expressions
decrease. This proves the cost inequalities over the full domain.
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Similarly 4Q ≥ 3Lq +Qq implies

R− ϑ = 2p+ 3µ− 3c− 4b− 5 + 4Q
≥ 4p− 4 + 5δ − 4b.

On [3/10, 2/5] the last expression is δ−1/5 ≥ 1/10; above 2/5 it is 5δ−9/5 ≥ 1/5. On the first interval
δ − 2b = 2u− δ ≥ 1/5; above it δ − 2b = δ − 2c ≥ 1/5. Finally if δ ≤ u, then m = Õ(nd) ≤ Õ(n2p).
A search over the known edge list uses O(

√
m) oracle calls to the two-endpoint predicate and is

complete on every marking.

Corollary 5.2 (Three separate payments). In the high-degree, nonterminal load branch, the module
detector costs Õ(T ), the threshold t is at least n1/10 up to logarithms, and the omitted diagonal
satisfies (3.8) beyond a fixed base range. Under Lemma 4.2, the response main and secondary clocks
cost Õ(T ).

Proof. The first two conclusions follow from Lemma 5.1, with the preceding logarithmic perturbation
convention. For the diagonal, Q ≥ Lq gives

logn(τq) = `− b− 1 +Q ≥ δ − b,

at exponent level. Hence τ2q2/d has exponent at least δ − 2b ≥ 1/5. This strict polynomial margin
absorbs the fixed and logarithmic constants in (3.8).

Equations (3.6) and (5.6), together with K = O(N/q) and tθ = O(H), imply

F0 ≤ Õ(HL/(τ4q3)), F0

√
K/N ≤ Õ(HL/(τ4q7/2)) = Õ(T ).

For the secondary clock, θ0 = N/(T√q) > 1 implies q < (N/T )2. Since (5.6) gives F0 = Õ(T√q),√
F0 ≤ Õ(

√
T q1/4) ≤ Õ(

√
N) = Õ(T ).

Also β−1/2 ≤ α−1/2 = O(n1/20). All confidence and composition overheads are fixed powers of
logarithms, as proved by the implementation lemmas.

The module-cost inequalities are tight at (µ, δ) = (7/5, 2/5), where P1 = P3 = 13/20 and
P2 = 3/5.

5.3 Smaller-instance recursion

Lemma 5.3 (Aspect-ratio induction). Fix p > 1/2. Suppose a parent execution uses at most
CJ logk(2n) piece calls in total. Every piece has side sizes 1 ≤ a ≤ b ≤ CNn. Choose a fixed B
with B(p − 1/2) > k + 3 and call a piece unbalanced if a/b ≤ log−B(2n). Under the inductive
cap Asp logK(2s) for every s < n, all unbalanced calls together cost at most (A/4)np logK(2n) for
sufficiently large n, with fixed total error. Balanced pieces must be handled nonrecursively.

The proof is given in Appendix A.

5.4 Completion of the proof

Proof of Theorem 1.1. We combine the proved routines, keeping their promises explicit. Set the
parameters in (5.1); for any fixed finite initial range read all input bits. All calls are assigned
conditional error budgets from a fixed polylogarithmic call bound.

12



1. Initial invariant and epoch boundaries. Apply Theorem 2.6 at exponent p. On a good
NO history, the residual satisfies W = O(n2−p) and S2 = Õ(n3−2p). Edge deletion and splitting
preserve these bounds by Lemma 2.7. Initialize the edge budget M =

⌈
n2⌉ and volume allowance

L = αM . For sufficiently large n, the first-moment bound fits this allowance, since p > c. Each
successful nonterminal epoch replaces M by M/2, retaining an exact edge list and good-NO volume
at most αM/2. There are O(log(2n)) epochs.

2. Dense and final epochs. While M ≥ M1 := n7/4, use Lemma 4.1. Its field exponent
is 1/4 + 3c = 11/20 < p, and its outside exponent is 2/3 − c/6 = 13/20 = p. It supplies the
required halving invariant. When M ≤M∗ := C∗T

2/α, the good-NO volume is at most C∗T 2. Use
Lemma 2.4 with U = V and that declared NO bound. Its cap is Õ(

√
n+ T ); every YES marking is

in its domain, with no volume assumption. Constants C∗ only shift boundaries by O(1/ logn) at
exponent level and are absorbed in the prescribed slack.

3. Exact intermediate partition. For M∗ < M < M1, clone at D = dM/ne, orient every edge
once, and bucket as in Section 2. Apply Lemma 2.8 in each bucket. There are O(log(2n)) orientation
buckets, and each contributes O(log3(2n)) pieces. Choose a predetermined J = CJ log4(2n),
rounded up, that bounds their number in every epoch. Over all epochs there are O(log5(2n)) parent
piece calls. Each piece has actual almost-biregular degrees; no density discarded during trimming is
omitted from the exact edge partition. Use Lemma 5.3 for unbalanced pieces.

For a balanced piece, pad by known zeros to N = Θ(n) labels. Write a, b for its unpadded
side sizes and g0 = 8h2 for the degree-loss factor of Lemma 2.8. From adL/g0 ≤ e ≤ adL and
bdR/g0 ≤ e ≤ bdR, balancedness gives dL/dR, dR/dL ≤ g0 logB(2n). Thus d = max(dL, dR) is a
frozen upper bound, and every real coordinate has frozen degree at least d/g with g = g2

0 logB(2n).
The piece has O(nd) edges. Dyadic caps are at most twice the clone bound, so d ≤ 2 dM/ne.
The global good-NO allowances L = αM and Σ2 = Cpn

3−2p log(2n) therefore give feasible frozen
constraints for the true marking. Preserve these constraints during all subsequent deletions.
Lemma 3.4 gives (3.9). Use the explicit count cap K = min{N,CKN/q} on either side. If K < 1, a
promised NO input has no marked source, and Lemma 2.4 with declared volume zero settles the
piece in Õ(

√
N), with every YES input still in its domain. Otherwise 1 ≤ K ≤ N , as required by

the cleanup call. The exponent domain is (5.2), up to the already allocated logarithmic slack.

4. Low degree and raw-load endpoint. If d ≤ T 2/n, solve the piece by complete edge search,
using the final assertion of Lemma 5.1. Otherwise set β and τ by (5.4) and (5.5), and compute the raw
load θ0 = N/(T√q). The next two branches each make one cleanup call, using the indicated threshold
and count cap K. If θ0 ≤ 1, apply Lemma 2.5 with θ = 1. Then

√
NK ≤ O(N/√q) ≤ O(T ), so

cleanup costs Õ(T ). On a good NO history the remaining source-cover volume is 1>Bxs ≤ N . The
entire source side is a known vertex cover, and Lemma 2.4 solves the piece in Õ(

√
N). No target

volume bound is needed. Cleanup searches the deleted neighbor union before deleting it, so its
preservation is all-sign.

5. High-degree, nonterminal-load module and field step. In the remaining branch θ0 > 1,
use a rational θ ∈ [θ0, 2θ0], where θ0 = N/(T√q). Apply Lemma 2.5 with this threshold. Its cleanup
cap is Õ(

√
N +N/(√qθ)) = Õ(T ). The cleanup proves Bxs ≤ θ1 on good NO histories. Keep the

source marked-volume cap L = αM and impose the known response constraint Bas ≤ θ1. The true
NO marking remains feasible.
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Choose H as in (5.6) and t = H/θ. The positive threshold margin in Lemma 5.1 ensures
t ≥ 1 beyond the fixed base range. Apply extraction with the piece’s frozen source upper bound
Dpiece = d. If t ≤ d, use Theorem 1.2 and completely test all removed modules. Their cap is Õ(T )
by Corollary 5.2. If t > d, remove nothing and use the last branch of Proposition 3.2. Edge deletion
only decreases loads and marked volumes; the original frozen constraints remain feasible.

On the residual, Propositions 3.2 and 3.3 prove the offdiagonal variance and omitted-diagonal
bias. Corollary 5.2 pays both the main and secondary clocks of Lemma 4.2. Invoke that lemma, with
its source-only entropy but all-coordinate cutoff objective, and its charged fresh edge/count/volume
validations.

6. Outside edges and halving. For a response set P , let Hout contain exactly the current edges
with at least one endpoint in U = Vpiece \ P . This known U is a vertex cover of Hout. Test Hout
before deleting its edges. On a successfully validated output,∑

u∈U
xu ≤ COβN,

∑
u∈U

xu degHout(u) ≤ d
∑
u∈U

xu ≤ COβNd.

The latter is an algebraic consequence of the frozen upper degree bound, not a separate volume
assumption. If β = α, use Lemma 4.3 with declared count cap min{N,COαN}, costing Õ(n2/3α1/6 +√
n) = Õ(T ). If β > α, (5.4) gives βnd ≤ T 2: either β = T 2/(nd) or β = β0 ≤ T 2/(nd). Lemma 2.4,

with the declared volume COβNd, then costs Õ(T ). Both detectors have an all-YES domain.
Finally take J to be a predetermined upper bound on the number of pieces in this epoch, and

use (5.5) on each balanced piece i. Its deterministic retained edge cap and validated NO volume
cap satisfy

e(Pi) ≤
CEκ

J
α

βi
M ≤ M

4J , W (Pi, x) ≤ CWκ

J
αM ≤ αM

4J .

Solved low-degree, terminal, or unbalanced pieces retain no edges. Sum the at most J retained
edge lists, which are edge-disjoint. By Lemma 2.7 their total budgets are at most M/4 and αM/4,
hence in particular M/2 and αM/2. This gives the required simultaneous allocation. Restore
every retained edge through its original edge identifier and merge these exact lists on the original
physical labels; no induced closure is taken. Marked volume is additive over these disjoint edge lists.
Although identifying clones can increase their second moment, the restored graph is an edge subset
of the fixed original graph returned by preprocessing. Its second moment is therefore still at most
the original allowance Σ2. The next epoch starts on at most n original labels and constructs fresh
clones and frozen constraints, so the number of labels does not accumulate over epochs.

7. Correctness on both input signs. On a good NO history, cleanup promises, frozen feasible
sets, the variance bounds, and response validations all apply, and all retained invariants follow.
Conditional first-failure accounting limits false YES or an invalid invariant to the assigned total error.
On a YES input, track an original marked edge. It is in a completely tested low-degree or recursive
piece, in an all-YES cover terminal, in a searched cleanup neighbor union, in a completely tested
removed module, in a guarded outside call, or in the exact retained edge list. All-sign preservation
and all-YES domain clauses prevent an untested disappearance on a good history. The final cover
call detects any retained collision. Off-promise NO children on a global YES input need not have NO
correctness: a YES answer is already globally correct, and an actual YES child has completeness.

All sample caps, optimizer attempts, and abort conventions are those specified by the implemen-
tation proofs. A cap exhaustion may report YES and is charged only on NO inputs. Every branch
has its fixed query cap. Choose the sum of all NO and preservation failure budgets below 1/3, using
a conservative fraction for each class of calls.
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8. Closing strong induction. The explicit balanced work, dense and terminal steps, and global
preprocessing have total cap CBnp logK0(2n). The unbalanced recursive calls are strictly smaller
and their total cap is at most (A/4)np logK(2n) by Lemma 5.3. Choose the aspect cutoff first,
then K ≥ K0, then A large enough to absorb CB and the finite initial range. The contraction uses
p− 1/2 = 3/20 > 0. This proves the unconditional cap (1.2) with bounded error and all-input fixed
clocks.

A Auxiliary proofs

A.1 Preprocessing proofs

These proofs use only the published primitives stated in Section 2, independently of Lemmas 4.1–4.3.

A.1.1 Source-neighborhood cleanup

Proof of Lemma 2.5. If K < 1, return the input graph: promised NO inputs have no marked source,
and this deletion-free operation is safe on all inputs. Otherwise use amplitude estimation [12,
Theorem 12] with an even integer precision MAE ≥ C

√
N of order

√
N , and take the median of a

predetermined O(log(2/ε)) number of repetitions. The predicate is the known source mask AND
the marking bit. For its masked count k =

∑
v∈S xv, the amplitude-estimation guarantee gives

|Nã− k| ≤ 2π
√
k(N − k)
MAE

+ π2N

M2
AE
≤ 0.1

√
k + 0.01

after choosing C large. Confidence amplification makes the probability of violating this inequality at
most ε/8. When k = 0 every repetition returns zero exactly. Nearest-integer rounding gives k̂ = 0
when k = 0, and k/3 ≤ k̂ ≤ 2k when k ≥ 1, on a good transcript. Clip to [0,min(N, 2 dKe)]; on
promised transcripts this keeps the comparison, and always k̂ ≤ 4K. If k̂ = 0, return the graph.

Otherwise request
s =

⌈
(12k̂/θ) log(8N/ε)

⌉
verified uniform marked-source samples, using fixed-budget search trials [13] and the estimate
k̂. For completeness, each trial chooses with equal probability between querying a uniform label
and applying j Grover iterations, with j uniform in {0, . . . ,mtr − 1} and mtr =

⌈
2
√
N/k̂

⌉
; its

measured candidate is always verified. Each trial has cap O(1 +
√
N/k̂). For 1 ≤ k ≤ N/2, put

φ = arcsin
√
k/N . The Grover branch has average success probability

1
mtr

mtr−1∑
j=0

sin2((2j + 1)φ) = 1
2 −

sin(4mtrφ)
4mtr sin(2φ) ≥

3
8 ,

since k̂ ≤ 2k implies mtr sin(2φ) ≥ 2. For k > N/2 the uniform-query branch alone gives total
success probability greater than 1/4. Thus a good estimate guarantees success probability at
least 3/16. Allow only C ′(s+ log(8/ε)) trials; if too few succeed, return YES. A Chernoff bound
pays this failure on promised NO inputs. A fresh trial is symmetric among marked labels, and
Pr(success and output v) = ptr/k for each marked source label v. Equivalently, the success indicator
and a uniform marked label can be coupled independently. Hence, conditional on enough successes
before the cap, their labels are independent uniform samples, conditional on the fixed count estimate.
Future search trials use fresh randomness. Take the trial-cap constant large enough that its
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exhaustion has probability at most ε/8 on promised NO inputs. This is a fixed clock, not an
expected-time sampler.

Let Z be the sampled marked vertices and form the known union U = NG(Z). Search U for a
mark with cap O(

√
N log(8/ε)), verifying any answer. A found label and a sampled neighbor certify

a collision. Otherwise delete U . On a NO marking U is unmarked. On any marking, deleting a
marked vertex requires a failed union search, whose conditional probability is charged regardless of
whether the count estimate was good.

For a vertex having ku > θ marked neighbors in S, its chance of surviving a good capped sample
history is at most

(1− ku/k)s ≤ e−sku/k ≤ (ε/(8N))4.

Union bound over all vertices. If k ≤ θ, the conclusion holds without sampling. The trial cap costs

O

√Nk̂
θ

log(8N/ε) +
√
N log(8/ε)

 ,
which gives (2.4) on every transcript, not only promised ones. The count and trial-cap failures each
cost at most ε/8. Give the verified union search failure budget ε/8. The displayed survival bound,
summed over at most N vertices, is less than ε/8. Thus the overall promised-NO failure is below ε,
and all-sign preservation needs only the union-search budget.

A.1.2 Global degree moments

Proof of Theorem 2.6. Apply Lemma 2.5 with all labels as source, K = n, and θ0 = n1−p. Every
vertex then has at most θ0 marked neighbors on a good NO history. Double counting gives
W ≤ B := nθ0 = n2−p.

Fix a dyadic degree threshold d. At every subsequent invocation recompute Sd = {v :
degcurrent(v) ≥ d}. If its declared marked-volume cap is Lj , its marked count is at most Kj =
min(n,Lj/d). If Kj < 1, there is no marked source on the good promised history. Otherwise clean
up this source at θj =

√
nKj/n

p. Each call costs Õ(np). Its new source volume is at most nθj .
Vertices still of degree at least d belonged to the old source, since degrees only decrease. Thus the
new declared tail cap may be

Lj+1 ≤ B
√
Lj/(nd). (A.1)

The fixed point is L∗ = B2/(nd) = n3−2p/d. For Lj ≥ L∗ the ratio satisfies Lj+1/L∗ ≤
√
Lj/L∗.

The initial declared allowance is B, and d ≤ n, so its ratio to L∗ is at most np. For example,
rn = dlog2 max{1, p log2 n}e+1 rounds suffice: np/2rn ≤

√
2 < 2. If the declared allowance is already

below 2L∗, skip the rounds. If a declared Kj < 1, retain the current graph and record zero tail
allowance; this is valid on good NO histories and deletes nothing on either sign. In particular small
thresholds d ≤ θ0 are already paid by W ≤ B.

Do this for the O(log(2n)) dyadic thresholds up to n. Subsequent deletions cannot spoil an
earlier tail cap. A dyadic threshold immediately below a real d proves (2.6) with a factor two.
Summing shells gives

S2 ≤
∑

d dyadic
2d

∑
v:d≤degH(v)<2d

xv degH(v) ≤ Cpn3−2p log(2n).

The total number of calls is fixed and polylogarithmic. Use the adaptive error convention in Section 2
for their promises and error budgets. The all-sign preservation statement follows from the all-sign
search safety in Lemma 2.5.
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A.1.3 Moment inheritance

Proof of Lemma 2.7. If degrees split as d =
∑
j dj , then

∑
j d

2
j ≤ (

∑
j dj)2 = d2 and

∑
j xvdj = xvd.

Sum at each original label. These same identities apply to degrees in an exact edge partition.
Monotonicity under deletion is immediate for the nonnegative degrees and bits.

A.1.4 Exact almost-biregular partition

Proof of Lemma 2.8. In a current residual with m edges, bucket each side by the dyadic upper cap
of its actual positive degree. Let q ≤ h2 be the product of the numbers of occupied buckets. A
largest bucket pair (A,B) has at least m/q edges. Its caps satisfy |A| ≤ 2m/dL and |B| ≤ 2m/dR.
On a separate copy of this pair repeatedly remove vertices of candidate degree below dL/(8q) or
dR/(8q). Charge every removed edge to its first deleted endpoint. At most

|A|dL/(8q) + |B|dR/(8q) ≤ m/(2q)

edges are lost. The surviving piece has at least m/(2q) > 0 edges, and its final actual degrees meet
the asserted bounds. Rational thresholds below one simply remove isolates.

Record only this surviving edge list and delete only those edges from the global residual. Edges
trimmed from the candidate remain available for later extractions. Recompute all degrees and
repeat. After r extractions the residual has at most m0e

−r/(2h2) edges. Once this is below one
the integer residual is empty. Edge disjointness and the degree-sum identity prove all remaining
claims.

A.2 Composition and terminal proofs

A.2.1 OR of unequal clocks

Proof of Lemma 2.3. Group the caps into dyadic bins. A bin containing rk routines of cap at most
2k+1 costs Õ(2k√rk) by bounded-error quantum search [14]. One may instead amplify complete
children to inverse-polynomial error and use a compute–phase–uncompute simulation with a hybrid
error bound. Select the algorithm index coherently; each query is routed to the original physical
address. Disjoint variable sets are not required. Evaluate the logarithmically many bins sequentially,
allocating their errors in advance. Cauchy–Schwarz bounds the sum of bin costs by a logarithmic
factor times the square root in (2.2). Padding clocks is allowed; query histories are not reused as a
free data structure.

Intermediate measurements and classical feed-forward in a child can be deferred and implemented
reversibly, retaining their work registers. For fixed known instance data the constructions have
finitely many measurement transcripts, and every known-data computation terminates on each
transcript. They therefore admit a finite coherent circuit, with shorter query branches padded by
identity queries. This can be computationally expensive but does not increase the query cap. In
particular the recursive composition does not assume free access to the outcome of a measured child
execution.

A.2.2 Known-cover volume terminal

Proof of Lemma 2.4. If H has no edges, return NO without queries. Otherwise U is nonempty. Use
the program in [4, Section 3.2], on the space with orthonormal basis {e0} ∪ {eu : u ∈ U} and target
e0. For each u ∈ U , include a column e0 − eu, available when xu = 1. For each ordered incidence
(u, v) with u ∈ U and uv ∈ E(H), include a separate column eu, available when xv = 1.
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A marked edge has an endpoint u ∈ U ; its two available columns sum to e0, giving positive
witness size at most 2. On a NO marking, put w = e0 +

∑
u∈U xueu. Then e>0 w = 1, every available

e0 − eu annihilates w, and every available incidence column eu also annihilates w, because xv = 1
implies xu = 0. Its negative witness size, the sum of squared inner products with all columns, is
exactly

|U | −
∑
u∈U

xu +
∑
u∈U

xu degH(u) ≤ |U |+ L.

Apply span-program conversion on the partial Boolean domain

{x : GCH(x) = 1} ∪ {x : GCH(x) = 0,
∑
u∈U

xu degH(u) ≤ L}.

The positive and negative witness bounds give query complexity O(
√

2(|U |+ L)) on this domain [3,
Theorem 4][15, 16]. Balance the two witness bounds by rescaling all columns by λ = (2/(|U |+L))1/4:
the positive bound becomes 2/λ2 and the negative bound becomes λ2(|U |+ L), both

√
2(|U |+ L).

The conversion uses a prescribed clock on every oracle input; restricting its correctness domain
does not give an expected-time or promise-dependent stopping rule. Amplification gives (2.3). All
repeated incidence columns have been counted, and no query discovers the promised L.

A.2.3 Aspect-ratio induction

Proof of Lemma 5.3. Split the larger side into r = db/ae blocks of size at most a. Each block with
the smaller side is a complete child instance on at most 2a labels, and 2a ≤ 2CNn log−B(2n) < n

beyond a fixed base range. Amplify each child to error at most
(
ε/(CampRr2 log2(2R/ε))

)2, where
R ≥ 1 is the known maximum number of parent piece calls. Choose the absolute constant Camp large
enough for the compute–phase–uncompute hybrid bound. This uses only O(log(2n/ε)) repetitions.
Indeed, a compute–phase–uncompute call with child error δ has clean-input norm error O(

√
δ). A

hybrid over O(
√
r log(2R/ε)) evaluations therefore contributes at most ε/(10R) for the displayed

choice, after increasing Camp. Allocate the ideal OR’s amplified error the same amount. These
children’s edge lists partition the piece. Quantum OR of their complete inductive algorithms costs,
after amplification,

CA
√
b/a (2a)p logK+2(2n) ≤ C ′Abp(a/b)p−1/2 logK+2(2n).

Shared smaller-side bits are handled by the known address map, not disjoint-variable composition.
The two extra logarithmic factors pay child error reduction and the OR’s confidence amplification;
the parent-call error budgets have already been included. Summing over the parent piece calls gives
total cap

C ′′Anp logK+k+2−B(p−1/2)(2n),
which is at most the claimed quarter for sufficiently large n. Choose B first. Once the explicit
balanced construction has a finite logarithmic overhead K0(B), choose K ≥ K0(B) and then A to
absorb that construction and the finite base range. Every child is strictly smaller, so this closes
strong induction without applying the desired theorem to a same-size copied graph.

B Bounded-cover-count detection
This section supplies the promised-query algorithm used for edges outside a selected vertex set. The
construction is a bipartite specialization of the value-dependent learning-graph method of Belovs [2,
Section 4]. We give its matrices explicitly, so that the marked-count promise, setup normalization,
and absence of a logarithmic conversion loss are part of the proof.
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B.1 The imported adversary characterization

Let f : D → {0, 1}, where D ⊆ {0, 1}m is a finite promised domain. The general adversary bound
has the positive-semidefinite dual formulation

Adv±(f) = min
X1,...,Xm�0

max
x∈D

m∑
j=1

Xj [x, x],
∑

j:xj 6=yj

Xj [x, y] = 1 whenever f(x) 6= f(y). (B.1)

All matrices are indexed by D. We import this formulation and the constant-error query characteri-
zation

Qε(f) = Θε
(
Adv±(f)

)
, 0 < ε < 1/2 fixed, (B.2)

from the general adversary theory; see [15, 16] and the formulation in [2, Definition 1 and Theorem 2].
In particular, a feasible family in (B.1) with objective at most T gives a fixed-cap constant-error
algorithm with O(T ) queries, without an additional logm factor. Only this upper-bound direction
is used below.

B.2 The precise bipartite promise

Let H = (L,R,E) be a known bipartite graph on disjoint label sets L,R, with |L| = a and |R| = b.
For an integer 0 ≤ K ≤ a, write

DK =
{
z ∈ {0, 1}L∪R :

∑
u∈L

zu ≤ K
}
.

There is no restriction on the right marking bits. The promise on the left applies to both output
signs.

Proposition B.1 (Bounded-left-mark primitive). Suppose a ≥ 2, b ≥ 1, and 1 ≤ K ≤ a. For every
integer 1 ≤ r ≤ ba/2c,

Q1/3(GCH |DK
) = O

r√K/a+
√
a+

√
ab

r + 1

 . (B.3)

The implicit constant is independent of H, a, b,K, r.

Proof. If the function is constant, zero queries suffice. Otherwise choose, for each positive x ∈ DK ,
one marked edge (ux, vx) ∈ E, with ux ∈ L and vx ∈ R. These choices index a single family of
matrices over the entire known promised domain; they are not operations performed on the unknown
input by the query algorithm.

Put
B =

(
a− 1
r

)
, p = B−1.

For each r-subset S ⊆ L, fix an order s1(S), . . . , sr(S) independent of the input. Define three
disjoint families of formal query arcs:

1. A setup arc (S, `) for every |S| = r and 1 ≤ ` ≤ r. It queries s`(S) and has preceding loaded
set {s1(S), . . . , s`−1(S)}. The full tag S is retained, even when two setup prefixes happen to
agree.

2. A left-witness arc (S, j) for every |S| = r and j ∈ L \ S. It queries j after the loaded set S.
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3. A right-witness arc (T, j) for every T ⊆ L with |T | = r + 1 and j ∈ R. It queries j after the
loaded set T .

The family tag distinguishes arcs belonging to different stages. For an arc e, write j(e) for its
queried coordinate and Pe for its preceding loaded set.

For a positive input x, use the following B paths, each with weight p: choose S ⊆ L \ {ux},
|S| = r, load S along its tagged setup path, then query ux, and finally query vx. Let χe(x) indicate
that x uses arc e. No arc is repeated on two different paths for a fixed positive x. This is immediate
for setup and left-witness arcs. For a final arc, its preceding set T = S∪{ux} determines S = T \{ux}
uniquely. Thus χe(x) is a 0–1 indicator, without a hidden path-multiplicity factor.

We next specify the Gram matrices. For a setup arc choose positive weights we,0, we,1. For each
assignment σ ∈ {0, 1}Pe , define real vectors indexed by z ∈ DK as follows:

ψe,σ(z) =


w
−1/2
e,1 , f(z) = 1, χe(z) = 1, z|Pe = σ, zj(e) = 1,

w
1/2
e,1 , f(z) = 0, z|Pe = σ, zj(e) = 0,

0, otherwise,

φe,σ(z) =


w
−1/2
e,0 , f(z) = 1, χe(z) = 1, z|Pe = σ, zj(e) = 0,

w
1/2
e,0 , f(z) = 0, z|Pe = σ, zj(e) = 1,

0, otherwise.

Here f = GCH |DK
. On either witness stage every used positive arc queries a 1. For those arcs

retain ψe,σ with a positive weight we,1 and set φe,σ identically to zero. In particular no zero weight
is inserted into a denominator. For each queried label j, set

Xj = p
∑

e:j(e)=j

∑
σ∈{0,1}Pe

(
ψe,σψ

T
e,σ + φe,σφ

T
e,σ

)
. (B.4)

Every Xj is positive semidefinite. The overall factor is p, not p2.

Cross-output constraints. Fix a positive x and a negative y in DK . For an arc used by x, its
contribution to Xj(e)[x, y] when xj(e) 6= yj(e) is p if x|Pe = y|Pe , and zero otherwise. This follows
directly from the reciprocal weights in the Gram vectors. On each of the B paths for x, at least one
queried bit differs between x and y: otherwise yux = yvx = 1, contradicting that y is negative. The
first differing bit contributes exactly p to the filtered sum in (B.1). Earlier bits are not in that sum,
and after this first disagreement the preceding assignments no longer agree, so all later contributions
are zero. Because no used arc belongs to two paths for this fixed x, summing gives∑

j:xj 6=yj

Xj [x, y] = Bp = 1.

Symmetry gives the same constraint with the signs reversed. There is no required equality for a
pair with equal outputs. Hence (B.4) is feasible for the dual.

Setup diagonal budget. Use the same setup weights on every setup arc:

we,0 =
√
a/K, we,1 =

√
K/a. (B.5)
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For clarity, the four setup charges from one matching assignment are

zj(e) = 0 zj(e) = 1
f(z) = 1 and χe(z) = 1 p/we,0 p/we,1

f(z) = 0 pwe,1 pwe,0

At any fixed input and arc there is exactly one matching preceding assignment σ; summing over σ
creates no additional diagonal factor.

If a positive x has kx ≤ K marked left labels, its witness ux is one of them. A uniform setup
set S ⊆ L \ {ux} has expected marked count r(kx − 1)/(a − 1). The positive setup diagonal is
consequently (

r − r(kx − 1)
a− 1

) 1
we,0

+ r(kx − 1)
a− 1

1
we,1

≤ r
√
K/a+ rK

a

√
a/K = 2r

√
K/a.

We used (kx − 1)/(a− 1) ≤ K/a, which follows from 1 ≤ kx ≤ K ≤ a.
For a negative y with ky ≤ K marked left labels, all

(a
r

)
setup sets occur in the negative diagonal,

regardless of the chosen witnesses for positive inputs. Each left coordinate occurs in
(a−1
r−1
)
such sets.

Thus the negative setup diagonal is exactly(a
r

)(a−1
r

) r [(1− ky/a)we,1 + (ky/a)we,0] ≤ a

a− r
r

(√
K/a+ K

a

√
a/K

)
≤ 4r

√
K/a,

because r ≤ a/2. The factor a/(a− r) is retained explicitly; no assumption r = o(a) is needed.

Left-witness diagonal budget. Every positive input uses B left-witness arcs, so its total diagonal
at this stage is 1/we,1. There are

(a
r

)
(a− r) arcs in this stage. A negative input contributes at most

pwe,1 per arc, giving total at most

p

(
a

r

)
(a− r)we,1 = awe,1.

Choose we,1 = a−1/2. Both signs then have stage budget at most
√
a.

Right-witness diagonal budget. Again a positive input uses B arcs, with diagonal 1/we,1.
There are

( a
r+1
)
b possible arcs, so the negative diagonal is at most

p

(
a

r + 1

)
bwe,1 = ab

r + 1 we,1.

Taking we,1 =
√

(r + 1)/(ab) bounds either sign by
√
ab/(r + 1).

Combining the three stages, the objective of (B.4) is at most

4r
√
K/a+

√
a+

√
ab/(r + 1).

The imported conversion (B.2) proves (B.3). No intermediate stage is an error-prone algorithm, so
there is no stage-by-stage amplification or associated logarithmic cost.
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B.3 Padding, endpoint cases, copies, and confidence

Corollary B.2 (Uniform bounded-mark interface). Let H be a known bipartite graph with at most
N labels per side, and let K ≥ 0 be a known marking cap. On the domain where at most K left
labels are marked, on both signs, graph collision has a fixed-cap algorithm of query complexity

O
(√

N (K + 1)1/6
)

(B.6)

for constant error. The bound remains valid for known repeated labels and known-zero dummy labels.
Error at most δ is obtained with an additional factor O(log(2/δ)).

Proof. An empty side or an empty edge set gives the constant-zero function. Replace K by
min{bKc, |L|}, which leaves its Boolean promise unchanged and can only decrease the claimed
bound. If this cap is zero, the promised function is identically zero and needs no queries. Known-zero
labels pad both sides to size N without increasing the number of marked labels. Cases N ≤ 1 are
direct constant-size computations. For N ≥ 2 and 1 ≤ K ≤ N , take

r = max
{

1,
⌊

N

2(K + 1)1/3

⌋}
.

Then 1 ≤ r ≤ bN/2c, r ≤ 1 +N/(2(K + 1)1/3), and r + 1 ≥ N/(2(K + 1)1/3). Consequently

r
√
K/N ≤ 1 + 1

2
√
N (K + 1)1/6,√

N2/(r + 1) ≤
√

2N (K + 1)1/6.

Proposition B.1, applied to the padded graph, proves (B.6).
For repeated labels, first construct the algorithm with independent label bits and then restrict

to assignments in which copies of an original variable agree. A copied-label query is simulated
by computing its known original address, querying that bit, and uncomputing the address. In
a coherent superposition containing known-zero dummy labels, a controlled swap can route the
bit-query target to an auxiliary |+〉 register on dummy branches. The oracle acts trivially there
because X|+〉 = |+〉. Thus each padded query slot uses at most one original bit query; no controlled
unknown unitary is assumed for free.

Finally, constant-error decision amplification by a fixed number of repetitions gives the stated
O(log(2/δ)) factor. The constructed algorithm has a fixed query cap even when physically run
outside its promised domain; only its correctness guarantee is then absent. Conditional on a prior
classical transcript fixing the known graph and the cap K, the same pointwise guarantee applies
whenever the actual input satisfies the promise. No union bound over all possible transcripts is
required for this later call.

B.4 A count guard and the universal cover theorem

The preceding primitive assumes a left-mark cap on both input signs. A gap-counting guard converts
it to the all-YES domain required in the main algorithm.

Theorem B.3 (Universal bounded-cover-count detector). Let H be a known simple edge-list graph
on at most N labels, let U be a known vertex cover, and let 0 ≤ K ≤ N be a declared real bound.
There is a finite quantum detector with all-input cap

O
(√

N (K + 1)1/6 log(2/ε)
)

and error at most ε on every YES marking and every NO marking satisfying
∑
u∈U xu ≤ K. The

guarantee is uniform under known copied-label restrictions.
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Proof. Empty graphs return NO without queries, so assume N ≥ 1. Write t =
∑
u∈U xu and

k = bKc. First represent H as a bipartite graph B with left side a separate copy of U and right
side a separate copy of V (H). Include (uL, vR) for each u ∈ U and each original edge {u, v}. Copy
the original marking to both sides. Every edge has an endpoint in U , so collision in B is equivalent
to collision in H. An edge internal to U may give two bipartite edges, which does not affect this
equivalence. Each side has at most N labels, and the number of marked left labels is exactly t.

If k = 0, search U for any marked label, using a fixed-cap bounded-error OR algorithm with
error ε. This costs O(

√
N log(2/ε)) queries. Every YES marking has a marked endpoint in U ,

whereas every promised NO marking has t = 0. Thus the test has the required partial-domain
correctness even though it need not decide collision on the excluded NO markings.

Assume now k ≥ 1. If k ≥ |U |, apply Corollary B.2 to B with cap |U |. Otherwise count marked
labels in U , padding the counting universe to N by known-zero labels. The amplitude-estimation
theorem of [12, Theorem 12], specialized to counting, gives an estimate t̂ with

|t̂− t| ≤ 2π
√
t(N − t)
M

+ π2N

M2

with probability at least 8/π2 using O(M) queries. Choose in advance

M =
⌈
32π

√
N/k

⌉
.

The displayed error is at most
√
tk

16 + k

1024 ≤
t+ k

32 + k

1024 ≤
t+ k

16 . (B.7)

A median of a predetermined odd number O(log(2/ε)) of independent estimates satisfies (B.7)
except with probability ε/2. Its query cap is fixed on every input.

If t̂ > 2k, output YES. Otherwise invoke Corollary B.2 on B with cap k′ = min{|U |, 4k} and
error ε/2. On the good estimation event, two implications justify this rule. First, if t ≤ k then

t̂ ≤ t+ t+ k

16 ≤ 9
8k < 2k,

so the guard does not accept a promised NO input. Second, if the guard does not accept, then

15t− k
16 ≤ t̂ ≤ 2k, hence t ≤ 33

15k < 4k.

Together with t ≤ |U |, this proves the cap t ≤ k′ on both input signs before the primitive is invoked.
For a promised NO marking the good counting event therefore leads to an on-promise primitive

call, which returns NO except with probability ε/2. For an arbitrary YES marking, acceptance by
the guard is correct; otherwise the same good event places the primitive call on its promise domain,
where it returns YES except with probability ε/2. In either case the total error is at most ε. No
correctness assertion is needed for NO markings with t > K.

The count guard costs O(
√
N/k log(2/ε)), and the primitive costs O(

√
N (k′ + 1)1/6 log(2/ε)).

Since k ≥ 1, k′ ≤ 4k, and k ≤ K, their sum is the claimed bound. Both constituent algorithms have
fixed all-input caps; off-promise behavior cannot lengthen an execution. The copied-label argument
in the preceding corollary applies to both the counting predicate and the bipartite primitive.

Theorem B.3 establishes the universal bounded-cover-count interface without an additional
hypothesis. Appendix C proves the dense-epoch and weighted-response routines. This proof requires
no computational certificate.
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C Contraction implementations

C.1 Dense contraction

The dense part of the construction uses ordinary sampling of marking bits. In particular it does not
require the source-supported stochastic response used for intermediate pieces. We give its proof,
including the simultaneous edge and marked-volume contractions.

Lemma C.1 (Cutoff regularizer). For 0 < b ≤ 1/8, define continuously on [0, 1]

hb(u) = −u log u− (1− u) log(1− u) + u

u+ b
+ 1− u

1− u+ b
− 1

1 + b
.

Then hb(0) = hb(1) = 0, 0 ≤ hb < 2, and, on (0, 1), h′′b ≤ −4. Also h′b(0+) = +∞, h′b(1−) = −∞,
and h′b(3b) ≥ 1/(32b). Consequently the endpoint tangent loss

Λb(s, u) = hb(u) + (s− u)h′b(u), s ∈ {0, 1},

is nonnegative and satisfies Λb(1, u) ≥ 5/(256b) when 0 < u ≤ 3b.

Proof. Direct differentiation gives

h′b(u) = log 1− u
u

+ b

(u+ b)2 −
b

(1− u+ b)2 ,

h′′b (u) = −1
u
− 1

1− u −
2b

(u+ b)3 −
2b

(1− u+ b)3 ≤ −4.

The endpoint values and slopes follow from these formulas. Concavity and symmetry imply
0 ≤ hb(u) ≤ hb(1/2) < log 2 + 1 < 2. For b ≤ 1/8, the logarithmic term in h′b(3b) is nonnegative,
and 32b2 ≤ (1− 2b)2, so

h′b(3b) ≥
1

16b −
b

(1− 2b)2 ≥
1

32b .

The tangent-loss conclusions follow from concavity, the zero endpoint values, and 1− 3b ≥ 5/8.

Lemma C.2 (Container from a volume allowance). Let H be a known simple graph on N ≥ 1
vertices, with adjacency matrix A. Fix known rational L ≥ 0, τ > 0, 0 < b ≤ 2−40, and 0 < ε < 1/2.
There is a finite routine of all-input query cap

O
(
(1 + L/τ2 + b−1/2) log(2/ε)

)
that reports YES or returns a known set P . Every returned set has eH(P ) ≤ 3τN/b2. Except with
probability ε, on either sign every returned set has at most 216bN marked labels outside it. On every
NO input with WH(x) ≤ L, except with probability ε, the routine returns a set and

WH[P ](x) ≤ 3τN/b.

Proof. Set C = (−A− τI)+ and B = A+ τI +C � 0. Both matrices are determined by the known
graph. A uniform label i ∈ [N ] and one bit query produce the entire vector Y = NCeixi. Its mean
is Cx. Functional calculus gives C2 � A2, and hence, on the promised NO domain,

E‖Y − EY ‖22 ≤ N
∑
i:xi=1

(C2)ii ≤ N
∑
i:xi=1

degH(i) ≤ NL.
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Each coordinate of Cei is known, so evaluating this vector does not require a separate marking
query for each coordinate.

For L > 0, average s = d1600L/τ2e independent samples. The expected squared error is at most
NL/s. With r = τ

√
N/10, Markov’s inequality shows that the average lies within distance r of

Cx with probability at least 15/16. Form b0 = d32 log(4/ε)e independent averages. Hoeffding’s
inequality implies, with probability at least 1 − ε/4, that more than 3b0/4 of them are within r
of Cx. Choose an average whose closed 2r ball contains more than b0/2 averages, or choose any
average if none qualifies. On the specified good event such a choice exists, and its 2r ball contains a
good average. The selected value ẑ therefore satisfies

‖ẑ − Cx‖2 ≤ 3r < τ
√
N. (C.1)

For L = 0, take ẑ = 0: on the promised domain every marked column of C has squared norm zero
by the same diagonal inequality. The chosen sample cap is fixed even off the NO promise.

Minimize on the cube the known function

Φ(z) = zTBz − 2ẑT z − τ
∑
v

hb(zv).

Its Hessian on the interior is at least 4τI, and the infinite inward slopes of hb exclude a boundary
minimizer. Thus it has a unique interior minimizer z, satisfying 2Bz − 2ẑ = τh′b(z). Assume now
the input is NO and (C.1) holds. Put d = z − x and e = ẑ − Cx. Since xTAx = 0, comparison of
Φ(z) with Φ(x) yields

zTAz + dTCd ≤ τ
(
|x| − ‖z‖22 +

∑
v

hb(zv)
)

+ 2eTd ≤ 5τN. (C.2)

Here ‖d‖2 ≤
√
N and 0 ≤ hb < 2; both terms on the left are nonnegative. Stationarity also gives

the exact identity∑
v

Λb(xv, zv) =
∑
v

hb(zv)−
2
τ
zTAx+ 2(|x| − zTx)− 2

τ
dTBd+ 2

τ
dT e. (C.3)

Its left side is nonnegative, B � 0, and zTAx ≥ 0. Consequently∑
v

Λb(xv, zv) ≤ 6N, xTAz ≤ 3τN.

By Lemma C.1, fewer than 384bN marked coordinates satisfy zv < 3b.
Compute z̃ with ‖z̃ − z‖∞ ≤ b/8, and let P = {v : z̃v ≥ 2b}. Then

{v : zv ≥ 3b} ⊆ P ⊆ {v : zv ≥ b}.

By (C.2), eH(P ) ≤ 5τN/(2b2). Furthermore,

bWH[P ](x) ≤
∑
v∈P

xv
∑

u∈P :uv∈E(H)
zu ≤ xTAz ≤ 3τN.

These estimates also show that at most 384bN marked labels lie outside P on the NO good-field
event.

Check the known edge bound eH(P ) ≤ 3τN/b2; report YES if it fails. Next apply fixed-
budget quantum approximate counting to xv1v/∈P . Using a constant multiplicative gap, it costs
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O(b−1/2 log(2/ε)) to return LOW or HIGH such that, except with probability ε/4, LOW implies
a count at most 12288bN , whereas HIGH implies a count at least 6144bN . This follows from
amplitude estimation with additive error O(√p/T+1/T 2) at T = Θ(b−1/2), amplified by independent
repetitions. Both outcomes may be valid in the overlap. Return YES on HIGH and P on LOW. A
NO good-field input forces LOW when counting succeeds. Conversely, on either sign LOW validates
the asserted outside-count bound independently of field accuracy. All claims follow by the union
bound.

For finite computation, take rational parameters; fixed-factor conservative rationalization pre-
serves the stated bounds. Matrix spectral data and sample means are algebraic and can be computed
to certified precision. The objective is effectively continuous on the compact cube, including its
entropy endpoints. Finite rational grid search with certified objective gap 2τ(b/8)2 suffices for
optimizer error at most b/8, by strong convexity. Known rounding error can be absorbed by the
strict slack in (C.1) and the cutoff inclusions. This may require large computation, but no further
marking queries. Thus every branch has a finite description and the displayed fixed cap.

Proof of Lemma 4.1. The current graph is always represented as an edge subset on the original n
labels. Set b = 2−40α, L = αM , and τ = b2M/(6n). Apply Lemma C.2. Every returned set has at
most 3τn/b2 = M/2 induced edges. On the promised NO good event its induced marked volume is
at most 3τn/b = bM/2 ≤ αM/2. Its query cost is

O
(
(1 + n2/(Mα3) + α−1/2) log(2/ε)

)
.

Test the original edges having at least one endpoint outside P . Their outside endpoints form a
known vertex cover. The fresh validation in the container construction bounds its marked count
by 216bn on either sign, except for allocated error. Theorem B.3 therefore tests this edge list in
Õ(
√
n+ n2/3α1/6) queries. If the detector reports YES, report YES; otherwise retain precisely the

known original edges of H[P ].
Every original collision is either in the outside test or in this retained edge list. The first case is

detected except for its charged error, and the second case survives. On NO inputs satisfying the
volume promise, both simultaneous contractions hold and all false YES probabilities are within the
allocated budgets. Conditional on any previous transcript, the current graph and declared caps are
fixed, so fresh errors can be summed by first-failure accounting.

Finally M ≥ n7/4 implies n2/(Mα3) = O(n1/4+3c). The validation term α−1/2 = O(nc/2) is
absorbed in this power. Halving M gives O(logn) epochs; allocate the prescribed total error across
them and absorb the resulting fixed logarithmic factors.

C.2 Source-supported weighted response

C.2.1 Statement and known-data preparation

Let A be the adjacency matrix of a known simple graph on N ≥ 2 labels, and let I be a known
subset of source labels. For a vertex set P , write

e(P ) = |E(G[P ])|, W (P, x) =
∑
v∈P

xv degG[P ](v).

An independent Boolean marking is a vector x ∈ {0, 1}N with xTAx = 0.

Theorem C.3 (Source-supported weighted response). Let F ⊆ [0, 1]N be a known rational compact
polytope, and let S be its independent Boolean points. Let 0 < K ≤ N , τ > 0, and 0 < β ≤ 1 be
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known rational parameters. Let T be a known nonnegative rational diagonal matrix and let C,R be
known rational matrices satisfying

C � 0, M = A+ T + C � 0, Rji = 0 unless i, j ∈ I.

Assume, for fixed absolute constants CT , B, that∑
i∈I

ai ≤ K,
∑
i

Tiiai ≤ CT τN (a ∈ F), (C.4)

|((R− C)x)T (a− x)| ≤ BτN (a ∈ F , x ∈ S), (C.5)∑
j,i

ajxiR
2
ji ≤ V (a ∈ F , x ∈ S), (C.6)

where V ≥ 0 is a known rational bound. Put F0 = KV/(τ2N). For every prescribed 0 < ε < 1/2,
there is a finite procedure with all-input query cap

Õ
(
1 +

√
F0 + F0

√
K/N + β−1/2),

where the suppressed factors are fixed powers of log(2N) and log(2/ε). It reports YES or returns a
classical vertex set P . Every returned set obeys the deterministic edge bound

e(P ) ≤ CEτN/β2.

Except with probability ε, on either input sign a returned set also obeys

W (P, x) ≤ CW τN/β,
∑
v/∈P

xv ≤ COβN.

On every input x ∈ S, the probability of reporting YES is at most ε. The constants CE , CW , CO
depend only on CT and B and may be chosen explicitly in advance.

All required NO inputs lie in S. The theorem does not assert NO correctness for independent
markings outside F . Rationality is an effective-description condition, not a numerical conditioning
assumption. The diagonal T = τqI used in the main construction satisfies (C.4) whenever the frozen
constraints give

∑
i ai ≤ CTN/q.

Enumerate S using known graph and polytope data. If it is empty, the algorithm can report
YES without queries. Otherwise replace F by P = conv(S). This preserves every promised NO
input and all the displayed assumptions. It is a finite, query-free computation, although it can be
exponential in N . For each coordinate not fixed on S, choose two points of S attaining zero and
one. Their average, denoted a(1), uses at most 2N points and has every nonfixed coordinate in
[1/(2N), 1− 1/(2N)]. If no coordinate is free, use the unique point. Fixed coordinates are handled
on their known face throughout.

For K < 1, every promised source bit is zero and the field Rx is zero. The zero-field construction
below applies immediately. Hence in the sampling argument assume K ≥ 1. Append the source
slack

a0 = 2K −
∑
i∈I

ai ∈ [K, 2K]

and use generalized relative entropy on I ∪ {0}:

D(p, a) =
∑

i∈I∪{0}
[pi log(pi/ai)− pi + ai].
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Identically zero coordinates are omitted. Both augmented vectors have mass 2K, so the linear terms
cancel. For any x ∈ S,

D(x, a(1)) ≤ K log(2N) + 2K log 2 =: R. (C.7)

Indeed each marked free source contributes at most log(2N), fixed marked coordinates contribute
zero, and x0/a

(1)
0 ≤ 2. This gives the required radius without assuming a well-conditioned description

of F .

C.2.2 Cutoff losses and weighted identities

It suffices to prove the result for 0 < β ≤ 1/64. For larger β ≤ 1, run the procedure with 1/64;
multiplying the edge and volume constants by at most 642 gives the stated bounds and only changes
absolute query constants.

Use the cutoff function of Lemma C.1, with parameter β:

hβ(u) = −u log u− (1− u) log(1− u) + u

u+ β
+ 1− u

1− u+ β
− 1

1 + β
, 0 ≤ u ≤ 1,

with the continuous endpoint convention. Its properties are hβ(0) = hβ(1) = 0, 0 ≤ hβ < 2, and
h′′β ≤ −4. Concavity gives nonnegative endpoint tangent losses

Lh(b, u) = hβ(u) + (b− u)h′β(u) ≥ 0, b ∈ {0, 1}, 0 < u < 1.

For completeness, when u ≤ 3β,

Lh(1, u) ≥ (1− u)β
(u+ β)2 − 1 ≥ 1− 3β

16β − 1 ≥ 1
32β .

The first inequality discards the nonnegative entropy loss − log u and the nonnegative tangent
contribution (1− u)2/(1− u+ β)2 of the second rational term. The last inequality uses β ≤ 1/64.
The upper bound hβ < 2 follows from log 2 + 2− 1/(1 + β) < 2, and differentiating gives h′′β ≤ −4.
At a fixed Boolean coordinate both ai and xi equal that endpoint; its loss is defined as zero, with
no singular derivative evaluated.

Write H(a) =
∑
i hβ(ai). For a fixed field z define

G(a) = aTMa− τH(a), Fz(a) = G(a)− 2zTa.

The known part G is strongly convex on the free coordinates. For x ∈ S, d = a− x, e = z − Cx,
and g = ∇Fz(a)Td, direct expansion and convexity give

J := aTAa+ dTCd ≤ xTTx− aTTa+ τH(a) + 2eTd+ g, (C.8)

Lh(x, a) + 2
τ
aTAx+ 2

τ
dTMd = H(a) + 2

τ
xTT (x− a) + 2

τ
eTd+ g

τ
. (C.9)

Here Lh(x, a) is the sum of coordinate losses. To verify the first identity before applying convexity,
expand

Fz(a)− Fz(x) = J + aTTa− xTTx− τH(a)− 2eTd

and use Fz(a)− Fz(x) ≤ g. For the second, expand

g = 2dTMd+ 2aTAx+ 2xTT (a− x)− 2eTd− τ∇H(a)Td.
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This uses xTAx = 0. By (C.4), xTTx ≤ CT τN and xTT (x− a) ≤ CT τN . Thus if

|eT (a− x)| ≤ B′τN (a ∈ P) (C.10)

for an absolute B′, and a random feasible a satisfies Eg ≤ τN/64, then

EJ ≤ (CT + 2 + 2B′ + 1/64)τN, (C.11)

E
[
Lh(x, a) + 2aTAx/τ + 2dTMd/τ

]
≤ (2 + 2CT + 2B′ + 1/64)N. (C.12)

Every quantity on these left sides is nonnegative. These estimates depend on the total frozen
diagonal mass, even though the stochastic field and entropy below are supported only on I.

C.2.3 Clipping and a fixed-budget source count

Suppose V > 0. Clip every entry of R to [−b, b], where b = 16V/(τN), and denote the result by R̄.
The elementary bound |Rji − R̄ji| ≤ R2

ji/b gives, because both a and x are feasible,

|(a− x)T (R− R̄)x| ≤ b−1∑
ji

(aj + xj)xiR2
ji ≤ 2V/b = τN/8. (C.13)

Clipping preserves (C.6) and source support. If V = 0, weighted Cauchy–Schwarz below shows
aTRx = xTRx = 0 for all feasible a and promised x; the field can be omitted on the promised
domain and no count or sampling is needed.

Let k =
∑
i∈I xi and take C0 = 220,

∆ = N

C0F0
.

Fixed-budget amplitude estimation followed by median amplification produces a rational estimate
k̂, clamped to [0,min(2K,N)], with

|k̂ − k| ≤ .1
√
k∆ + .01∆ (C.14)

except with prescribed error. Its cap is O((1+
√
F0) log(2/ε)). Indeed the usual amplitude-estimation

count error is 2π
√
k(N − k)/J + π2N/J2 with a fixed positive success probability above 1/2. An

even J ≥ C
√
N/∆, a sufficiently large absolute C, and arbitrarily fine rational rounding give (C.14)

with slack. Clamping cannot increase error when k ≤ K. The count uses the masked source marking
predicate, implementable with O(1) physical marking queries per invocation.

Weighted Cauchy–Schwarz yields, uniformly over a ∈ P,

|aT R̄x| ≤
√
KkV , |xT R̄x| ≤

√
KkV . (C.15)

If k̂ ≤ 2∆, the good-count event implies k ≤ 3∆. Use z = 0; the additional comparison bias is at
most 2

√
3∆KV = 2

√
3/C0 τN . Thus (C.10) holds with B′ = B + 1. Minimize the known objective

G to a certified first-order gap τN/1024, and apply the validations below.
If k̂ > 2∆, the good-count event implies k > ∆ and .89k ≤ k̂ ≤ 1.11k. Define the effective mean

field z = (k̂/k)R̄x. The further deterministic comparison error is at most

2
√
KV

(
.1
√

∆ + .01∆/
√
k
)
≤ .22

√
∆KV = .22τN/

√
C0.

Together with (C.5) and (C.13), this proves (C.10) with B′ = B + 1 also in the high branch. The
algorithm never computes k or z exactly; they are fixed quantities used only to analyze the noisy
updates.
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C.2.4 Source-only implicit updates and a paid sampler

Condition on a good count transcript in the high branch. For a fresh uniform marked source label i,
use the known classical column

Z = k̂ R̄ei, EZ = z.

If a is determined by the previous successful labels and u = 2(Z − z), then

E
∑
j∈I

aju
2
j ≤ 4k̂2V/k ≤ 8k̂V, |uj | ≤ 4k̂b. (C.16)

Choose
η = τN

4096k̂V
, L = max

{
1,
⌈1024R
ητN

⌉}
.

Starting at a(1), perform L known-data implicit updates

a(t+1) = arg min
a∈P

{
η[G(a)− 2ZTt a] +D(a, a(t))

}
. (C.17)

The entropy divergence involves sources and their slack only. The objective G and cutoff term still
involve every free coordinate. Hence the target coordinates have a known convex optimization step
without an uncharged target-dependent stochastic field.

For exact updates the three-point Bregman identity gives, for fixed x ∈ S and gt =
∇Fz(a(t+1))T (a(t+1) − x),

ηgt ≤ D(x, a(t))−D(x, a(t+1))−D(a(t+1), a(t))
+ ηuTt (a(t+1) − x).

Split the final term at a(t). Only uTt (a(t) − x) has zero conditional mean. For the dependent part,
coordinatewise entropy conjugacy gives

ηuTt (a(t+1) − a(t))−D(a(t+1), a(t))

≤
∑
j∈I

a
(t)
j (eηut,j − 1− ηut,j) ≤ η2∑

j∈I
a

(t)
j u

2
t,j .

The first inequality maximizes each coordinate over the nonnegative orthant; the slack has zero
noise. The second uses |ηut,j | ≤ 64/4096 < 1 and ev − 1− v ≤ v2 for |v| ≤ 1. Summing, using (C.7)
and (C.16), and dropping a nonnegative final divergence proves

E
1
L

L∑
t=1

gt ≤
R
ηL

+ 8ηk̂V ≤ τN

1024 + τN

512 .

Choosing a uniformly random update therefore supplies the required expected residual. This
calculation does not assert independence of the new iterate and its sample.

Finite optimization. The exact minimizer in (C.17) has every nonfixed cube coordinate in (0, 1).
Otherwise moving toward the positive feasible point a(1) decreases the negative entropy contribution
by order s log(1/s) while smooth terms change by O(s). This contradicts minimality. At each step
it suffices to find a rational feasible point whose every nonfixed coordinate lies strictly between
zero and one and whose certified variational-inequality gap is at most ζ = ητN/1024 for the known
convex objective in (C.17). The maximum of its gradient pairing against b ∈ P is attained at a point
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of the enumerated finite set S, so it is a known-data finite calculation. Interval evaluation certifies
the logarithms. Interior rational feasible points with arbitrarily small gap exist by continuity near
the exact minimizer; enumerating and refining such points terminates. Explicitly, for the known
objective Ψt in (C.17), certify

max
b∈S
∇Ψt(a)T (a− b) ≤ ζ.

Search for a point with gap strictly below ζ so that interval certification terminates; existence follows
by approaching the exact minimizer. This criterion also implements the zero-field minimization,
using Ψ = G and tolerance τN/1024. The Bregman bound gains at most ζ/η = τN/1024 per
averaged step, leaving Eg < τN/64. This finite procedure incurs no further marking queries.

A fixed-cap verified uniform sampler. Each independent trial mixes, with probability 1/2
each, a direct uniform-label query and a Grover experiment from the uniform N -label state. In the
latter choose the number of Grover iterations uniformly from 0, . . . ,m− 1, where m = d2

√
N/k̂e.

Measure a label and verify its source marking. Every trial costs O(1 +
√
N/k̂) queries on every

input. On the good-count event its success probability is bounded below by a positive absolute
constant. For k ≤ N/2, put φ = arcsin

√
k/N ; the Grover branch has mean success probability

1
2 −

sin(4mφ)
4m sin(2φ) .

Since m ≥ 2
√
N/(1.11k) and sin(2φ) ≥

√
2k/N , this is at least 3/8. For k > N/2 the direct branch

succeeds with probability at least 1/2. Thus the mixed trial succeeds with probability at least 3/16
in all cases. Conditional on success its label is exactly uniform over the marked source set, by the
symmetry of uniform initialization and the masked marking oracle.

For L successful labels allow only C(L+ log(2/δ)) trials, with a sufficiently large absolute C.
The probability of failing to obtain L labels on a good count transcript is at most δ by a binomial
tail bound. For fixed input and count transcript each trial factors into a success indicator and an
independent uniform successful label. Different trials are independent. The cap event depends only
on the indicators. Consequently the successful-label sequence remains iid uniform conditional on
obtaining L successes before the cap, exactly as required above.

On every transcript entering this branch, k̂ > 2∆ and k̂ ≤ min(2K,N), so the capped trajectory
has, including fixed logarithms, query cost

Õ

(
1 +

√
N/k̂ + Rk̂V

τ2N2 (1 +
√
N/k̂)

)
= Õ

(
1 +

√
F0 + RV

√
K

τ2N3/2

)

= Õ

(
1 +

√
F0 + F0

√
K/N

)
.

The final equality uses (C.7). This is an all-input cap; an incorrect count or an off-promise input
can cause a capped trial failure but cannot extend the runtime. Reporting YES upon such failure is
charged to the NO failure budget.

C.2.5 Conversion and all-sign validation

Take a random update as above and set explicitly

U = CT + 2 + 2(B + 1) + 1/64, Z0 = 2 + 2CT + 2(B + 1) + 1/64,
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C1 = 12U, C2 = 6Z0, C3 = 12Z0.

Equations (C.11) and (C.12) and Markov’s inequality give failure probability at most 1/12 for each
of the following three bounds. Thus all hold simultaneously with probability at least 3/4:

aTAa ≤ C1τN, xTAa ≤ C2τN, Lh(x, a) ≤ C3N,

For Pa = {i : ai ≥ 2β}, nonnegativity and the cutoff losses imply

e(Pa) ≤
C1τN

8β2 , W (Pa, x) ≤ C2τN

2β ,
∑
i/∈Pa

xi ≤ 32C3βN.

The same implications hold deterministically for the approximate zero-field minimizer on its good
count event. All iterates are rational, so thresholding is an exact finite computation.

Write AW = C2τN/(2β) and AO = 32C3βN . Choose

CE = C1/2, CW = 2C2, CO = 128C3

for β ≤ 1/64. Reject a proposed set if its known edge count exceeds CEτN/β2. For any remaining
set perform two fresh count tests, each with fixed query budget and a constant-factor gap between
its accept and reject thresholds. The first counts marks in [N ] \ Pa, using the ambient N labels
and thresholds 2AO, 4AO. The second counts marked oriented incidences of G[Pa], using a known
universe of size 2e(Pa) and thresholds 2AW , 4AW . An incidence query is one marking query to its
known tail. The deterministic edge filter makes the ratio of the second universe size to its threshold
O(1/β); the first has the same ratio. Amplitude estimation therefore implements each overlapping
LOW/HIGH test in O(β−1/2 log(2/δ)) queries. Here is an explicit gap test, including thresholds
below one. For a known universe of size m and parameter A > 0, return LOW without queries
when m ≤ 4A. Otherwise use amplitude estimation with J ≥ 100π

√
m/A, rounded up to an even

integer, and median amplification. Its estimate k̂ of the marked count k obeys

|k̂ − k| ≤ 0.02
√
kA+ 0.0001A

except for the assigned error. Return LOW if k̂ ≤ 3A and HIGH otherwise. If k ≤ 2A, the upper
error bound gives k̂ < 3A; if k > 4A, the lower bound gives k̂ > 3A. Thus the desired guarantees
hold for every A > 0, without an integrality assumption. The cap is O((1 +

√
m/A) log(2/δ)). Since

m/A = O(1/β) in both applications, it is within the asserted validation budget.
The count tests have the following overlapping guarantees outside their allocated bad events:

LOW implies the true count is at most 4A, and HIGH implies it is at least 2A, with A = AW or AO
as appropriate. Consequently a candidate whose true count is at most A passes, and every returned
LOW certifies the declared cap on every marking. This is why all-sign count and volume guarantees
follow even though the stochastic comparison proof is only for promised NO inputs.

Perform the initial count with error at most ε/8 and then r = dlog2(8/ε)e independent trajectories,
each with fresh sampler coins and validations. Give each sampler cap error at most ε/(8r), and each
of the two validations in an attempt error at most ε/(16r). Return the first validated candidate;
if none passes, report YES. Conditional on a good promised-NO count transcript, couple every
trajectory to its ideal iid successful-label stream. Each ideal candidate has failure probability at most
1/4, independently across attempts, so all ideal candidates fail with probability at most (1/4)r ≤ ε/8.
On the complement of all sampler and validation errors any good candidate is returned or an earlier
valid candidate has already been returned. The error sum is at most ε/8 + ε/8 + ε/8 + ε/8 < ε.
On arbitrary input signs only the 2r validation error events are needed to guarantee the caps of a
returned set; their sum is at most ε/8. All branches and trial counts are capped in advance. This
completes the proof of Theorem C.3.
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C.2.6 Application to the manuscript’s Schur field

For target-by-source incidence B, use

A =
(

0 B
BT 0

)
, T = τqI, C = 0⊕ BTB

τq
, R = 0⊕ BTB − diag(du)

τq
.

The Schur identity gives C � 0 and A + T + C � 0. The frozen total feasible count gives (C.4),
and the stated source cap gives its source-count part. For a source marking count at most K and
maximum source degree d,

|((R− C)x)T (a− x)| ≤ dK/(τq).

Thus the manuscript’s condition τ2q2 ≥ C0d, together with K ≤ CKN/q, supplies (C.5) with an
absolute constant. The residual codegree estimate supplies (C.6) uniformly over feasible responses
and promised NO inputs. All known polytopes and scalar choices can be taken rational. The
theorem therefore proves Lemma 4.2 under its stated frozen mass and variance premises. Section 5
verifies these premises for every invocation and combines this routine with the other proved
algorithms.

Use of AI: The author prompted Claude and ChatGPT interactively and verified the proofs
manually.
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