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Abstract

Let f,.(k) be the maximum size of a family of distinct k-element sets containing no sunflower
with » members. We give two complementary lower bounds. For each fixed d > 2 and § > 0,
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for all sufficiently large r. The coefficient Hy is optimal within the bounded-extension certificate
class used in the construction. Independently, an effective construction gives
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Wx) (r > exp(exp(40)), k > 1).

Both statements include both parities of r. The constructions share a hierarchical sunflower-
avoidance certificate but use different realization mechanisms. A fixed-motif decomposition
argument gives the sharper fixed-rank coefficient with an unspecified threshold. A fixed-length
fractional correction and one-sided geometric rounding give an explicit growing-rank threshold, at
the cost of a larger average degree deficit. We also determine an exact extremum in a restricted
triple-shadow class for sufficiently large even 7.

1 Introduction

For integers » > 3 and k£ > 0, an r-sunflower is a collection of r distinct sets Aj,..., A, with
A;NA; = C for all i # j. Its core C may be empty. Write f,(k) for the maximum size of an
r-sunflower-free family of k-element sets, over all finite ground sets. Thus the forcing threshold is
fr(k)+1, fr(0) =1, and f-(1) = r — 1. The sunflower lemma guarantees finiteness. Throughout,
r > 3 and ranks are integers; all logarithms are natural unless a base is displayed. Families are
simple unless multiplicities are explicitly specified.

The sunflower conjecture asks for an upper bound C* when r is fixed. This paper concerns
lower bounds, with particular attention to the dependence on the petal count r. We distinguish
two regimes: a fixed seed rank with a harmonic second-order estimate, sharp within a specified
certificate class, and a growing seed rank with a fully specified construction threshold.
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1.1 Motivation and the scale of the problem

The classical sunflower lemma of Erdds and Rado [9] gives
fr(k) < Ri(r = 1)

They conjectured that, for every fixed r, the factorial dependence on k can be replaced by C*. The
conjecture is an upper-bound problem, whereas the purpose of this paper is to understand the
opposite side: how large the exponential base of a sunflower-free family can be, especially when the
number of petals grows.

The disjoint-support product inequality (Lemma 2.3)

frla+b) = fr(a) fr(b)

and Fekete’s lemma, applied to log f,.(k), imply that the extended exponential growth rate

Br = klim fr(k)l/k = sup fr(k)l/k
— 00 kZl

exists, with the value 400 allowed. Thus the root of a good finite-rank seed gives a lower bound for
0, while repeated products, supplemented by rank-one factors, give bounds at every uniformity. The
elementary Erd6s—Rado construction gives 3, > r — 1. The central large-petal question considered
here is whether this lower-bound base can be improved from r — 1 to r — o(1) as r — co.

There are two reasons to keep fixed-rank and growing-rank estimates separate. At fixed rank
one can seek a refined lower estimate

fr(d) > rd — cgr®l 4 od(rd_l),

where the coefficient ¢4 records detailed local losses. Within the product approach used here, an
explicit statement about 5, with an additive loss tending to zero requires the seed rank to grow
with r. Every existence threshold and rounding error must then remain uniform in that growing
rank. The two main theorems address these complementary tasks.

1.2 Past work and related directions

Upper bounds. For three petals, Spencer [20] and later Kostochka [16] improved the Erdés-Rado
estimate while remaining on a factorial scale; in particular, Kostochka proved an upper bound of
the form
logloglog k\*
ck! | —=——=——
loglog k

for an absolute constant ¢ and all sufficiently large k, in the form recorded by [4]. A major change
came with Alweiss, Lovett, Wu and Zhang [4], who proved, in the present notation, an upper bound
of the form

£r(k) +1 < (Cr¥log kloglog k)"

for an absolute constant C, after enlarging C' to cover the finitely many small values of k. Related
counting refinements appear in Frankston, Kahn, Narayanan and Park [11]; Rao’s encoding argument
[19] gives f.(k) +1 < (Crlog(rk))*. Bell, Chueluecha and Warnke [6] then sharpened the general
dependence to

fr(k) +1 < (Crlogk)k (r,k > 2).



The Bell-Chueluecha—Warnke estimate is the strongest published general upper bound in the
unrestricted uniform setting. A 2025 preprint of Fukuyama [13] claims the further estimate

log k

k
< 2 .
fR)+1< <07~ loglogk> (r k> 2)

We record this separately as a preprint claim; none of our arguments depends on it.

Lower constructions and products. The Erdés-Rado block construction gives (r — 1)* sets.
Abbott [1] formalized the disjoint-support product and constructed improved graph seeds. Abbott,
Hanson and Sauer [3] determined the exact rank-two extremum and, by a different substitution
construction, proved f3(k) > 10¥/2-00°gk) - Abhott and Exoo [2] developed further analytic and
computational constructions, including the classical four- and six-petal seeds. Frankl and Wang [12]
later introduced center-size-dependent petal caps and proved product and asymptotic results for
the resulting asymmetric extremal function. Bennett and Priestley [7] studied a random greedy
sunflower-free process on ([Z]), principally in the regime k = n® with 1/2 < a < 1. Their result
analyzes that process and is not asserted there to improve the strongest lower bounds for the
uniformity-only function f,(k) considered here.

Fixed rank and growing petal count. Kostochka, Rodl and Talysheva [17] proved that, for
every fixed d,
fr(d) = (1+04(1))r"  (r — o0).

Their result determines the leading term but not the coefficient of r?~!. Frankl and Wang’s diagonal
specialization recovers this leading asymptotic while their full theorem treats unequal core-size caps
[12]. Our fixed-rank result starts at the next order and therefore does not claim the leading term as
new.

The recent matching-recurrence comparison. Axante, Budala, Chitic, Dumitru and Nacu
[5] introduced matching-constrained recurrences which, in our notation, imply

(r+ M)/Q, r even,

2 Pr =
frzp {(r—i—\/mwl r odd.

Thus p, = 7"—%—}—0(7"*1), improving the graph-product benchmark in both parities. For completeness,
we spell out the fixed-rank consequence against which we compare our coeflicient. Write their petal
parameter as r and their uniformity as d. The Chvéatal-Hanson theorem [8] says that the maximum
number of edges in a graph with maximum degree at most D and matching number at most ¢ is

v 3| [ mm)

At (D,q) = (r — 1,7 — 2) this is
r—1

AT::(T—I)(T—2)+L J:r2—gr+0(1).

For r > 4, Corollary 3.2, Lemma 3.3 and Proposition 3.4 of [5] permit the compatible initial values

az = (r—1)A, + V;lJ (r—1)=7r3=3r> +0(r), by =az+ E, =13 —2r> + O(r).
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Here E, = f.(2) is given explicitly in (5); the second identity follows from their equality between
the relevant intersecting three-uniform extremum and f,(2), together with their disjoint-support
split. Because this choice also has b3 = a3 + by with by = FE,., their scalar recurrence, normally
stated from rank five, is valid at rank four as well:

r—1
bg = 1bg—1 — { 5 w ba—2.

Induction on d therefore gives the fixed-rank consequence

g_d+1

fr(d) > rl L 0402 (d>3).

Indeed, the displayed value of b3 is the base case; at each subsequent step, multiplication of bg_1
by r preserves its second-order coefficient d/2, while the subtracted term contributes another 1/2
because [(r —1)/2] = r/2+ O(1) and bg_o = r*2 + O4(r%3). The comparison with our two main
theorems is made explicit below. Their preprint also supplies new unrestricted upper bounds for
triple families and several finite constructions; our paper does not contain competing general upper
bounds.

Nearby formulations. The nonuniform problem in which the ground set [n] is fixed has a different
extremal function. Naslund and Sawin [18] proved an exponential upper bound for three-petal-free
subfamilies of 2[") by the polynomial method. Results for that Erdés-Szemerédi capacity, as well
as weak, multicolored or vector-space sunflower variants, are not directly comparable with the
uniformity-only function f,.(k) studied here.

1.3 Two complementary lower bounds

Write
d 1
Hy:= Z -
e g
=1
for the dth harmonic number.

Theorem 1.1 (Fixed-rank second-order bound). Fiz d > 2 and 6 > 0. There is a threshold R(d,0)
such that, for every integer r > R(d, ),

fr(d) > Bas(r) := rd — (Hqg + 5)7”d_1 > 0. (1)
For every integer k > 0, write k = ad + b, where a >0 and 0 < b < d. Then
fr(k) > Bas(r)*(r —1)". (2)

The construction for this theorem lies in a class defined by bounded one-point extension degrees.
Proposition 2.2 identifies H; as the second-order coefficient of that class’s extremum. This is a
restricted optimality statement, not an upper bound on unrestricted f,(d). The threshold R(d,d) is
not evaluated.

Theorem 1.2 (Explicit growing-rank bound). For every integer r > exp(exp(40)) and every integer
k>1,

1 loglogr \*
ﬂwzzO_%%%mw> (3)

The displayed additive loss is positive, less than one throughout this range, and tends to zero as
T — 0.



Theorem 1.2 uses a separate construction, not an inversion of the unspecified threshold in

Theorem 1.1. It permits
[logr 500002

At a layer of rank j, its average degree deficit is at most 35./j. Consequently its proved fixed-rank
lower bound uses the second-order coefficient

d -
Ty=Hy+35) ‘/‘11 < (35Vd + 1)Hy,
— d—j
7j=2

rather than H; 4+ §. The two main theorems therefore retain different information: effectiveness
does not recover the sharper coefficient, and the sharper fixed-rank theorem does not supply the
explicit rate.

Corollary 1.3. For every € > 0 there is R. > max{3,e} such that
fr(k) > L(r —e)F (r>Re, k>0). (4)
The threshold is independent of k.

Proof. Put g(r) = 300(loglogr)/(logr)'/4. Since g(r) — 0, choose R. > exp(exp(40)), enlarging it
if necessary so that R. > max{3,e} and g(r) < ¢ for all » > R.. Theorem 1.2 then gives the claim
for k > 1. For k = 0, its right-hand side is 1/2, while f,(0) = 1. O

1.4 Comparison with earlier bounds

The graph extremum of Abbott, Hanson and Sauer [3] is

B, = f(2) = 3 - (5)

It is also stated in [12, Theorem 1.4], whose scalar parameter is 7 — 1 in our notation. Products, as
used by Abbott [1, Theorem 1], give

fr(k) > E7Lk/2j (7” - 1)k mod 2.

The resulting bases are

B {r — % +O0(r~1), r odd,

r— % +O0(r71Y), r even.

In contrast, (3) gives an explicit base  — o(1) for both parities, with a prefactor independent of
k. The fixed additive losses in the graph bases are thus replaced, for sufficiently large r, by a loss
tending to zero.

Against the stronger recent benchmark p, from [5], the r — o(1) base in (3) is eventually larger.
This does not hold throughout the whole displayed cutoff range: at loglogr = 40 our loss is
approximately 0.544799, whereas

ey = T+ +0(r7%), reven,
" % — % +O0(r=2), r odd.
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The simpler condition r > exp(exp(41)) is sufficient for our displayed base to exceed p,. Indeed, the
displayed loss is then less than 0.435: as a function of t = loglogr, it is 300te~%/*, whose derivative
is negative for ¢ > 4, and its value at ¢t = 41 is less than 0.435. Rationalizing the two definitions
gives
r
_ r even,
r+vr2—2r
r—1

r+vVr2—2r+2

and hence r — p, > (r —1)/(2r) > 0.49 in the stated range. At fixed rank, H; < (d + 1)/2 for

d > 3: this starts from Hz = 11/6 < 2 and follows by induction because 1/(d + 1) < 1/2. Therefore

Theorem 1.1, with 0 < § < (d 4+ 1)/2 — Hy, improves the direct fixed-rank consequence of their

recurrence for all sufficiently large . At finite parameters, [5] reports f4(3) > 39 and f4(3) > 153:

our supplementary count 39 matches the former, whereas its count 152 is below the latter.
Already d = 5 and § = 1/60 in Theorem 1.1 yield

r—pp =

r odd,

fr(5) >r° — %TA (r sufficiently large). (6)
Here Hs = 137/60, and the fifth root is r — 23/50 + O(r~1). Its limiting advantages over the odd-
and even-petal graph bases are respectively 1/25 and 29/100.

For fixed d, the leading asymptotic f.(d) = (1 + o04(1))r? was already established by Kostochka,
R6dl and Talysheva [17]; see also [12, Theorem 1.6]. Theorem 1.1 concerns the lower-order term, not
the leading term itself. Neither the base comparison nor the uniform factor 1/2 asserts pointwise
improvement over every existing construction at every rank. For example, for odd r the graph
product remains stronger than (1) at ranks two and four. The explicit threshold in Theorem 1.2 is
enormous, and that theorem makes no assertion for a specified small petal count. These comparisons
do not establish priority over every earlier construction; [15] surveys the construction literature.

1.5 What is novel and what is derived

What is novel. The first new assertion is the harmonic second-order construction in Theorem 1.1.
The fixed-rank asymptotics cited above determine only the leading term [17, 12], while the direct
graph and matching-recurrence benchmarks have second-order losses of order d. Our coefficient is
H; ~logd. The accompanying capacity calculation proves that Hy is optimal within the bounded-
extension certificate class used here. This is a structural optimality statement about the method,
not a determination of the unrestricted second-order term of f,.(d).

The second new assertion is the effective, all-rank estimate in Theorem 1.2. Its content beyond
the fixed-rank theorem is quantitative: the seed rank grows explicitly with r, the construction
threshold is fully checked, and the final prefactor is uniform in k. The proof introduces a fixed
80-term fractional correction coupled to a one-sided vector-balancing and repair argument. This
permits an average layer deficit of at most 351/7 while retaining the maximum-deficit control needed
for the downward hierarchy.

The third new assertion is Theorem 5.1: for sufficiently large even r, the value

is attained and is exact within the stated triple-shadow class. The restriction to that class is
essential; this theorem does not give an unrestricted upper bound on f,(3).



What is derived. Several displayed conclusions are consequences of these new seeds rather than
separate construction theorems. Equation (2) follows from Theorem 1.1 by Abbott’s standard
disjoint-support product [1], with rank-one factors supplying the remainder. Corollary 1.3 is obtained
from the effective theorem by observing that its additive loss tends to zero. The rank-five estimate
(6), the corresponding root expansions, and all comparisons between exponential bases are algebraic
consequences of the stated bounds.

The qualitative conclusion 3, > r — o(1) can also be derived non-effectively from Theorem 1.1.

For fixed d and 6,
_ Hy;+6

Bdﬁ(r)l/d =r + O45(r™h).

Given € > 0, first choose d and then § > 0 so that (Hy+ d)/d < &; this is possible because Hy/d — 0.
For all sufficiently large r, the theorem and the product inequality give 5, > Bd’g(r)l/ L
Theorem 1.2 is not presented as a second proof of only that qualitative fact; its additional contribution
is the explicit rate, explicit cutoff and uniform pointwise statement for every k. Finally, the finite
certificates in the supplement instantiate the certificate mechanism at selected small parameters.
They support reproducibility but are not used to prove either asymptotic theorem. >

1.6 Overview of the proof strategy

The common certificate. We work with a downward-closed complex KC on N = dr — 1 vertices.
For every i-face e with 1 < i < d we enforce the strict extension budget

INic(e)| < (d —i)r — 1.

If » top-dimensional faces formed a sunflower with core e, their petals would require too many
vertices outside e; the budgets also handle nonempty intermediate cores, while N = dr — 1 excludes
an empty-core sunflower. This reduces the construction problem to building a large complex whose
successive degrees nearly saturate all budgets. Multiplying the incidence inequalities produces the
certificate-class upper bound

1 d
a H(zr —-1)= rd — Hprd™t + Od(rd72),
fi=1

which explains the harmonic coefficient before either realization argument begins.

The fixed-rank realization. For fixed d, we choose a density sequence so that independent
masks produce a complex with the required positive rooted extension counts. At each layer, an
almost-perfect matching theorem of Frankl and R6dl [10] removes most of the deficit. The remaining
divisible demand is encoded as a labelled fixed-family decomposition problem. Lattice membership,
positive fractional decomposability and labelled extendability allow us to invoke the decomposition
framework of Keevash [14]. A bounded residual correction completes the layer without destroying
typicality. Iterating over the finitely many layers makes the mean deficits arbitrarily small and
yields the coefficient Hy + ¢.

The effective growing-rank realization. The preceding decomposition proof has thresholds
depending ineffectively on the fixed rank, so it cannot simply be run with d = d(r). The effective
branch therefore keeps only a closed collection of simplex and double-fan statistics. These counts
give quantitative control of the relevant incidence Gram matrix. An explicit preconditioner and a
fixed 80-term correction move a buffered fractional point close to the desired degree vector. We then



use Banaszczyk’s vector-balancing theorem in the Gram—Schmidt-walk formulation [21], followed by
controlled deletion and repair inside the selected host. The resulting layer has average deficit at
most 35y/7 and a separately bounded maximum deficit. Those two estimates propagate different
requirements: the average controls the number of top faces, while the maximum preserves the fan

counts required at later layers. Choosing
[logr
d= 9216

and verifying N > 2500004 ¢} ey gives the explicit base in Theorem 1.2; the common product
argument extends the seed to every rank k.

The exact triple-shadow construction. For even r, the final branch constructs a pair-shadow
with a prescribed nearly regular degree sequence, corrects its bounded parity leave, and realizes
the remaining triangle demands through the same lattice and decomposition technology used in
the fixed-rank branch. A redistribution step removes duplicate labelled demands. The matching
upper bound inside the restricted class follows by combining the pair-codegree capacities with the
unavoidable shadow-degree parity defect.

1.7 Organization and parameter conventions

Section 2 develops the common certificate, density sequence, and product and deletion principles.
Section 3 proves Theorem 1.1, using rooted typicality, almost-perfect matchings and a labelled
fixed-family decomposition theorem. Section 4 proves Theorem 1.2, using quantitative incidence-
matrix estimates, a fixed-length correction and one-sided vector balancing. Section 5 states the
exact even-petal triple result, separates the scopes of the two main constructions, and describes
the finite certificates. Section A proves the triple-shadow theorem. Finite certificates and their
verification data are supplied separately.

The hypotheses of the two branches are deliberately distinguished. The decomposition branch
requires positive-face typicality for all patterns up to a fixed order, sufficient for labelled extendability.
The effective branch tracks only specified simplex and double-fan patterns and their rank truncations.
The latter condition is not used as a substitute for the former.

In Section 3 and Appendix A, the seed rank and auxiliary pattern orders and accuracies are
fixed before taking a limit. The petal count and prescribed degrees grow with the ground-set size;
constants implicit in O4(+) may depend on d. In Section 4, the global rank d is allowed to grow and all
required parameter inequalities are explicit. The notation z = (1+¢)y means (1 —t)y <z < (1+1t)y.

2 Common framework

A compler on X is a family of subsets of X containing the empty set and every singleton and closed
under taking subsets. Its rank is the maximum size of a face. Write K; for the set of its i-faces.
The rank need not be attained at every vertex. For e € K define

Ni(e)={z e X \e:eU{z} € K}.

For a j-uniform family A and a (j — 1)-set e, write deg4(e) = [{T € A : e C T'}|. Incidences in a
multiset are counted with their multiplicities.



Lemma 2.1 (Sunflower certificate). Let K have rank at most d and | X| =dr — 1. If
|Ni(e)| < (d—i)r—1 (e e K, 1 <i<ad), (7)
then Kq is r-sunflower-free.

Proof. Suppose Ajp,..., A, € K4 form a sunflower with core e, and put i = |e|. If i = 0, their
union has dr vertices, which exceeds | X|. If i = d, all the Ay equal e, contrary to distinctness. For
1 < i < d, downward closure gives e € I; and e U {z} € K for every = € |J,(Ar \ €). The latter
union has r(d — i) distinct vertices, contradicting (7). O

Define the certificate-class extremum explicitly by
C(r,d) == max{|K4| : |X|=dr —1, K is a rank-at-most-d complex on X satisfying (7)},
and put

1 d
Py(r) = = []Gr—1).
ti=1

The value is invariant under relabelling of X, and the maximum exists because there are only finitely
many complexes on any fixed (dr — 1)-element ground set. Allowing at most dr — 1 vertices gives the
same extremum: isolated vertices can be added to reach exactly dr — 1 vertices without changing
the top layer or any nontrivial one-point extension degree.

Proposition 2.2 (Certificate-class capacity). For all integers r > 3 and d > 2, C(r,d) < Py(r).
Moreover, Theorem 1.1 is realized within this class, and consequently
C(r,d) = r? — Hyr? ™ 4 0g(ri™1) (r — oo, d fized).
Proof. Set M; = |K;|. Counting pairs (e,T') with e € K;_1, T € K;, and e C T gives
iMi= Y |Ng(e)| < ((d—i+1l)r—1)My (2<i<d).
eelC;_1
Since M7 = dr — 1, multiplication gives the asserted upper bound. Indeed, the factors encountered

are ((d —i+ 1)r —1)/i for 2 < i < d, together with M; = dr — 1, and their product is Py(r).
Expanding the fixed-degree polynomial gives

d
1
Py(r) = r¢ H (1 — zr) = 7% — Hpr?™ 1 4 Og(ri=?).
i=1

The construction in Section 3.4 gives, for every § > 0 and all sufficiently large r, a member of the
same class with at least r¢ — (Hy + §)r?~! top faces. Hence

C(r,d) — (rd — Hdrd_l)

liggp rd-1 =0
by the upper bound, while for every § > 0,
C , d) — d __ H d—1
lim inf (rd) - (r ) > —4.
r—00 T‘d_l
Letting 6 | 0 proves the stated asymptotic equality. O

This proposition is not an upper bound on f,(d). Exact attainment of P;(r) can fail even for
elementary divisibility reasons: when d = 2 and r is even, Py(r) = (2r — 1)(r — 1)/2 is not an integer.
The fixed-rank construction instead permits the pointwise deficit in (12) to be bounded and the
average deficit in (13) to be arbitrarily small. The pointwise bound preserves rooted extension
counts; the average bound determines the second-order coefficient.



2.1 Uniform products

Lemma 2.3 (Uniform products; Abbott [1]). Let s > 1, let X1,...,Xs be pairwise disjoint, and let
Fi C ()k(l) be r-sunflower-free. Define their disjoint-support product by

i

Fis-xFs:={A1U---UAy: A; € F; for every i}.
This product is an r-sunflower-free (Zle ki)—uniform family of cardinality [T;_, | Fil.

Proof. Disjointness of the X; makes the representation of a product set unique, proving the uniformity
and cardinality assertions. Suppose that r distinct product sets form a sunflower. Fix a block X;
and project the r sets onto it. The projected pairwise intersections are all equal. If two projections
coincide, say in A, then their intersection is A; hence every projected set contains A. All projections
have size k;, so they must all equal A. If no two projections coincide, the r distinct projections form
a forbidden sunflower in F;. The latter alternative is impossible, so the projections are constant on
every block. The original product sets are therefore identical, a contradiction. O

We use the conventions that a rank-zero factor is {@} and that the product of no factors is {@}.
Consequently, for all nonnegative integers a, b, k,

frla+b) 2 fo(a)fr(b)  and  fo(k) > (r =D
The second inequality applies the product lemma to k disjoint copies of the (r — 1)-element rank-one
family; for £ = 0 it uses the empty-product convention.
2.2 The density sequence
Fix an integer d > 2. Define ps, ..., pg recursively by

J j—1 s
[ = e< < Q

At stage j, the exponent of p; is one and all previously defined factors are positive; thus these
equations determine a unique positive sequence.

Lemma 2.4 (Density bounds and the finite shift). For every 2 < j < d, these numbers satisfy

1

Spjﬁlffdd-

[SHN

With the empty product interpreted as Q2 = 1, write
Jj—1 (j—l)
Qj — Hptzfl )
t=2

Then 1/d < Q; <1. If N=dr—1and \j = (d—j+ 1)r — 1, then

Aj _p‘_j—l
Q;jN 7 dQ;N’
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Proof. Let ay, =log(1 —m/d) for 0 < m < d — 1. Binomial inversion in (8) gives, for n = j — 1,

n n
Qp = Z (ﬁ) ]‘ngf+17 ag = 07
/=1

and therefore

j—1 .
(=1 -
logp; = mzzo(—l)J 1 < - )am = ANV 1qy.
For the smooth function a(z) = log(1 — x/d),
G-y = U=
a (z) = d—2)T

The repeated fundamental theorem of calculus consequently gives

dx
—logp;=(j—2 !/ —
g D;j (-7 ) 0,171 (d —x = — xjil)]fl
Throughout the integration cube, 0 < x1 +---+z;_1 < j—1<d — 1, so the integrand is finite and
positive. Hence 0 < p; < 1. Moreover, (8) reads

d—j+1

T
Since all factors defining Q; lie in (0, 1), we have Q; < 1 and thus p; > (d — j +1)/d > 1/d; since
also p; <1, we have Q; > (d—j+1)/d > 1/d.

The integral is at least (j — 2)!/d/~! > d~%: the first inequality uses d — z1 — -+ — x;_1 < d,
and the second uses j < d. It follows that

Qjpj =

7d_d ].
pjge Sl_ﬁa

where the last inequality follows from e <1 — 2 + 22/2 <1 —2/2 for 0 < x < 1. Finally,

A= QiNpy = ((d—j+ Dr—1) - T oy = 221
Division by the positive number Q;N proves (9). O
For example, at terminal rank d = 5,
4 15 128 3645
p2:5, p3:E7 p4:ﬁa P5zm-

The displayed bounds hold simultaneously for every 2 < j < d, with their dependence on d explicit.
The decomposition branch needs only positivity at each fixed rank.
2.3 Rooted patterns and deterministic deletion

A j-set is supported by a lower complex if all of its proper subsets are present. At a rank-j incidence
step, a facet means a (j — 1)-face; it need not be a maximal face of the whole complex. A hypergraph
is linear if distinct edges meet in at most one vertex.
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A positive rooted pattern is a complex P on a finite vertex set W, together with a distinguished
vertex u € W. If K is a host complex on X, a root embedding is an injective map ¢ : W\{u} — X that
sends every face of P not containing u to a face of K. An extension of ¢ is a choice z € X\ p(W\{u})
such that the map ¢,, obtained by setting ¢,(u) = x, sends every face of P to a face of K. No
nonface conditions are imposed. In particular, x must avoid the images of isolated root vertices as
well. This convention is used in both branches.

Lemma 2.5 (Rooted deletion bound). Let j > 2. Let K be a complex of rank at most j, let D C K,
and put K~ := K\ D. Suppose that at most L members of D contain any one (j — 1)-face. Fiz a
positive rooted pattern (P,u) of rank at most j and a root embedding ¢ that is valid in KC~. If b is
the number of j-faces of P containing u, then at most b;L extensions of ¢ in K fail to be extensions
in K.

Proof. Because only j-faces are deleted, K~ is again a complex, and a root embedding valid in C~
is also valid in K. Consider an extension that is valid in  but not in KX~. A required face not
containing the distinguished vertex belongs entirely to the root and remains valid by hypothesis.
A required face of size less than j was not deleted. Thus the failed condition is a deleted j-face
corresponding to some j-face of the pattern that contains the distinguished vertex. For each such
pattern face, the images of its other j — 1 vertices form a fixed (j — 1)-face e of the host. At most L
deleted j-faces contain e, and each determines at most one value of the extension vertex x. A union
bound over the b; possible pattern faces gives at most b; L destroyed extensions. No randomness of
the deleted family is assumed. O

The distinction between average and maximum deletion is fundamental. Average degree loss
controls the number of retained faces, whereas a maximum bound at each facet controls the rooted
extension counts needed to construct the next layer. Neither kind of control is silently substituted
for the other.

3 Sharp fixed-rank construction

In this section the seed rank and all local orders and accuracies are fixed before the ground-set size
tends to infinity. The full positive rooted-pattern condition below is used to establish the extension
hypotheses of the decomposition theorem. It is stronger than the restricted fan conditions used in
the effective construction. Whenever j = 2 below, a displayed list pa,...,p;j—1 is empty and every
product over that list is interpreted as one.

3.1 Rooted extension counts and random masks

Definition 3.1. Fix integers j > 1, h > 1, a number 7 > 0, and densities po,...,p; € (0,1]. A
rank-at-most-j complex K on a ground set X, |X| = N, is (7, h; p)-typical if the following condition
holds. Let P be any complex of rank at most j on a vertex set W with |W| < h, choose u € W,
and fix an injective map ¢ : W \ {u} — X such that ¢(e) € K for every e € P with u ¢ e. For

bi(P,u)={e€P:le|=t, ucel,
the number of z € X \ ¢(W \ {u}) for which ¢ U {u +— x} preserves every face of P is

j
(1+7)N o, (10)
t=2

An empty product equals one. A root is required to preserve faces, but need not preserve nonfaces.
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All pattern vertices, including isolated root vertices, count toward h. Thus (10) includes the
requirement that the new vertex avoid the roots. At rank one its count is exactly N — |W|+ 1, so
the complete singleton complex is (7, h)-typical whenever N is sufficiently large. Successive use of
(10) counts embeddings with several unembedded vertices. For the complete simplex on 1 < ¢ < j
vertices, each face of size t is counted when its last vertex is embedded. Multiplying the i extension
estimates and dividing the number of ordered embeddings by i! gives, if h > jand 0 < 7 < 1,

(1-7)N' & (¢ 1+r = ()
?Hpt(t) §|’Cz’|< Hpt ‘
: t=2
In particular, for 7 < 1/2 these levels are nonempty and have size ©(N?), with constants depending
only on the fixed densities and rank.

Lemma 3.2 (Mask and deletion estimates). Fiz j > 2 and an order h > j. Fizx lower densities
P2,...,pj—1 € (0,1) and a compact interval I C (0,1). For every T > 0 there is 19 > 0 with the
following property. Let IC be a rank-at-most-(j—1) complex on X, |X| = N, which is (19, h; p)-typical.
Select each j-set supported by K independently with probability 6 € I, and call the selected family A.
With probability tending to one as N — oo, the complex L :=K U A is (1,h;p2,...,pj—1,0)-typical.
The conclusion is uniform for 0 € 1.
If FC A and
deg 4\ r(€) < pN  for all lower (j —1)-faces e,

then deleting A\ F destroys at most (?j)pN extensions of any positive rooted pattern of order at
most h whose root embedding is valid in KU F.

Proof. Fix a positive rooted pattern (P, u) and a root embedding that preserves all faces of rank at
most j — 1. Condition on the indicators of the required root-only j-faces. If any such face is absent,
this root is not valid in £ and need not be tested. Otherwise truncate P to rank j — 1. Incoming
typicality gives
j—1
S=({1=+7)N Hpi’t
=2

candidate vertices satisfying its lower faces. For a candidate x, exactly b; = b;(P,u) distinct new
indicators must equal one. For two different candidates these sets of indicators are disjoint: every
relevant j-set contains its candidate and otherwise only root vertices. They are also disjoint from the
conditioned root-only indicators. Hence, conditionally, the extension count has binomial distribution
with parameters S and 0% . Its expectation is bounded below by a fixed positive multiple of N. For
any fixed relative error ¢ > 0, Chernoff’s inequality bounds its failure probability by 2 exp(—cN),
uniformly over the roots and 6 € I; when b; = 0, the count is the deterministic value S. Choose 79, ¢
so that (1479)(1+£() is contained in (1+7). There are a fixed number of pattern types and Oy (N"~1)
root maps. The union bound proves the first assertion, including its conditional-root interpretation.
All constants in the Chernoff bound depend on I only through min I > 0; consequently the same
argument proves that the supremum, over 6 € I, of the failure probability tends to zero.

For the second assertion, apply Lemma 2.5 with L = pN. A pattern on at most h vertices
has at most ( ) required new j-faces, giving the displayed bound for every root valid after the
deletion. O

Because every density is bounded below and every order is fixed, the additive deletion error
becomes an arbitrarily small relative error when p is sufficiently small. This estimate is deterministic
and makes no assumption about how F is chosen.
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3.2 Decomposition inputs and their framework

We state the particular external inputs and the definitions needed to apply them. Labelled-complex
terminology below follows [14, Sections 2 and 7]; the ordinary rooted typicality of Definition 3.1 is
our explicit sufficient condition.

3.2.1 Almost-perfect matchings

Theorem 3.3 (Frankl-Rodl, matching consequence). Fizt > 2, a > 3, and n > 0. There are v > 0
and My such that any t-uniform hypergraph on M > My vertices satisfying

(1=v)D < deg(v) < (1+~)D,  deg(u,v) < D/(log M)* (u# v)
has a matching covering at least (1 —n)M vertices.

This is the consequence of [10, Theorem 1.1 and the following remark] that we use. For clarity,
its conversion from a cover is elementary. Apply their covering theorem with error ¢ = n/t. If
a cover has m < (1 + ¢)M/t edges, its redundant incidence tm — M is at most (M. While two
edges intersect, delete one of them. More explicitly, for a collection £ put R(E) = t|€] — |Ugee E|.
If a deleted edge meets another remaining edge, then R(E) drops by at least one; it is always
nonnegative. Thus at most (M deletions leave a matching. Since every cover has at least M/t edges,
this matching has at least M/t — (M edges and therefore covers at least M — t(M = (1 —n)M
vertices.

3.2.2 Labelled complexes and extension requirements

For a finite role set R, an R-complex ® consists of sets ®p C Inj(B, V) for B C R, closed under
restriction of maps. Its vertex set V(@) is the union of the images of its singleton maps. Write ®7
for the unordered images of its maps with t-element domains.

Let X be a permutation group on R. The complex is ¥-adapted if precomposition by restrictions
of elements of X preserves it. It is exactly >-adapted if, for every ¢ € ®p and every bijection
o:B — B,

pa € b < « = o|p for some o € .

We call @ ezactly adapted if it is exactly 3-adapted for some permutation group X on R.

Here is the full extension condition used below. For a positive integer s, let R(s) be the R-complex
of maps v into R X [s] with ¢(i) = (i,x) on their domains. Choose an R-subcomplex P C R(s), a
root set F' C V(P), and an injective map ¢ : F' — V(®) which sends every root-only map of P to a
map of ®. An extension is an injection ¢T : V(P) — V(&) extending ¢ and satisfying ¢+ € ® for
every ¢ € P. Put v = |V(P) \ F| and n = |V (®)|. We call ® (w, s)-extendable if every such rooted
problem has at least wn’ solutions. There are at most |R|s pattern vertices, not merely s.

For an unordered support G C &7, the condition that (®,G) is (w, s)-extendable additionally
permits any specified collection of ¢t~-domain maps of P not wholly in F' to be required to have image
in G. The same lower bound must hold for every such collection. Root-only maps are deliberately
excluded from these additional support requirements. For an integer host vector J > 0, (®,J)
means (@, supp J).

3.2.3 The lattice and positive decomposition theorems

For a family H of ¢t-uniform hypergraphs on the role set [g], write H(®) for their incidence vectors
after embeddings in ®[;. The notation (H(®))z denotes their integer span, allowing negative
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coefficients. A decomposition, in contrast, is a sum with nonnegative integer coefficients equal to
the host vector.

Theorem 3.4 (Clique-lattice input). Fiz j > 2. Let H = (j[z]l) and let ¥ be an S;-adapted

[j]-complex on N wvertices which is (w,3(j — 1)?)-extendable. For a fived w > 0 and sufficiently large
N, a nonnegative integer vector W on W5_; belongs to (H(¥))z if

G-I W) (0<i<j—2 ue (VM)

eJu

This is [14, Lemma 5.20]. In that lemma the required lower bound w > N —1/2 holds eventually
for fixed w. The divisors displayed here are the degrees of (j[z]l) at its i-subsets. Faces u outside the
complex have degree zero and cause no additional condition.

For J >0, (H, ¢,w)-regularity in ® means that, for every H € H and every ¢ € @1, for which

¢(H) < J coordinatewise, there is a weight

wnt™1 < WH,p < winte, ZwH7¢¢(H) =(1=xc)J (11)
H,¢

coordinatewise. The weights are attached to ordered embeddings, not to isomorphism classes of
copies.

Theorem 3.5 (Fixed-family decomposition input). Fiz 1 <t < q and a family H of t-uniform
hypergraphs on [q]. There are constants ng(q) and wo(q) > 0 with the following consequence. Put

3 _ 5 20
hg = 2502, 5, = 2710008° P

Suppose n > ng(q), n7% < w < wo(q), and ® is an exactly adapted, (w, hy)-extendable [q]-complex
on n vertices. If
J e (H(®)z, J=>0,

J satisfies (11), and (®,J) is (w, hq)-extendable, then J has a H-decomposition using embeddings

This is the one-colour specialization (D = 1) of [14, Theorem 7.12]. Motifs may have isolated
vertices. In particular, padding a motif to the full role set does not remove the weight requirement
for embeddings of its isolated vertices. We verify that requirement explicitly.

3.2.4 From ordinary typicality to labelled extendability

Lemma 3.6 (Typed extension lemma). Fiz j,s > 1, 0 < a < b, positive lower bounds for all
densities, and B > 0. Let L be a rank-at-most-j complex on X, |X| = N, which is (1/2,(j + 1)s;p)-
typical. Let'Y be disjoint from X, with aN < |Y| < bN. On roles [j + 1], require the first j roles to
map into X and the last into Y, and require the X -image of every partial map to be a face of L.
This defines ®. If S C L; satisfies degg(e) < B for every (j — 1)-face, put

G=(L£;\S) U{eU{y}:ec L1, yeY}

For sufficiently large N, both ® and (®,G) are (w, s)-extendable for a fized w > 0. Also, @ is exactly
adapted to the permutations of the first j roles fixing the last role.

The untyped [j]-complex of all injections with image a face of L is Sj-adapted and (W', s)-
extendable if L is (1/2,js;p)-typical, for some fized w' > 0.
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Proof. A partial bijection among the first j roles extends to a permutation of those roles fixing
j + 1; the same is true when both its domain and range contain j + 1 and it fixes that role. Such
precompositions preserve both the type constraints and the X-face condition. Conversely, if a
bijection sends a first role to role j+ 1, or role j 41 to a first role, precomposition assigns a Y-vertex
to an X-role, or an X-vertex to the Y-role. This is impossible because X NY = @. These are all
cases, proving exact adaptation to the group that permutes the first j roles and fixes the last.

Consider an arbitrary rooted problem in the preceding definition, including arbitrary additional
positive-support requirements. It has at most @ = (j + 1)s vertices. Project the images of its maps
onto their X-vertices and close under subsets. This gives an ordinary pattern complex of rank at
most 7 on at most () vertices. A valid labelled root induces a valid root for every already imposed
face of this ordinary pattern.

Embed the unrooted vertices in any fixed order. At an X-step, use the induced ordinary pattern
on the already embedded X vertices and the new vertex. Include previously used X vertices as
isolated roots where needed. Typicality supplies at least kKN choices, where x > 0 is a fixed lower
bound for one half of every product in (10) of order at most Q). To meet a positive all-X support
requirement, reject a choice if the face completed at this step lies in S. Its other j — 1 vertices form
a valid fixed facet, so at most B choices are rejected per requirement. There are at most 2€ possible
underlying face requirements. For large N, at least kKN/2 choices remain.

A positive mixed requirement has no restriction beyond having its X-facet in £;_1; this is
already imposed by the partial-map face condition. At a Y-step there are at least |Y| — @Q > aN/2
choices. These observations also cover a mixed map whose entire X-part was rooted originally.
Additional root-only all-X requirements do not occur, by definition.

Write n = N 4+ Y| < (1 + b)N and choose

0 < ko <min{l,x/(2(1+b)),a/(2(1+b))}.
Q

If v vertices are unrooted, sequential multiplication gives at least kgn" > k;{n" extensions. This is

uniform over all patterns and roots. Take w = mg. With no support requirements it also proves
extendability of ®. The untyped assertion follows by the same argument without Y or the deleted
support. ]

3.3 Construction of one layer

Lemma 3.7 (One-layer completion). Fiz j > 2, densities pa,...,p; € (0,1), an output order
hout > j, errors €,n > 0, and Cy > 0. Put

7,0 .
Qj:Hptt_ , L =lem(l,...,J).
t=2

There are hin > hout, Tin > 0 and Ny such that the following holds for N > Ngy. Let K be a
rank-at-most-(j — 1), (Tin, Rin; P2, - - ., Dj—1)-typical complex on X, | X| = N. Let X be an integer with
IN—p;Q;N| < Cy. There is a simple supported j-uniform family F for which

0<A—degr(e) <L-1 (e € Kj—1), (12)
Y. (A—degz(e)) < (L — 1)K, (13)
eE/ijl

and KU F is (€ hout; p2, - - -, Dj)-typical.
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Proof. We may assume €, < 1 by decreasing them. In the proof write ) = @; and B = K;_;.
Choose an order
H > max{hou, (7 + Dhjs1,3i(j — 1)*}-

Take H to be an integer and set hi, = H. Fix a compact interval I C (0,1) having p; in its interior.
A positive margin £ will be chosen below; set

0=X\(QN)+&  D=0QN =\+EQN.

Since A\/(QN) = pj + O(N~1), sufficiently small fixed ¢ and sufficiently large N ensure that 6 € I.
Select a random mask A of supported j-faces with probability 8. By Lemma 3.2, making the
input accuracy sufficiently small gives a mask such that £ := K U A is typical to order H with any
prescribed error 7 > 0. In particular,

degy(e) =(1+71)D (e € B). (14)

To see this last formula directly, the rooted pattern of a single supported j-face has b; = (gj) for
2 <t < j. We specify the order of all remaining parameter choices below.

The bounded residual. Write A\ = Lm + by, where 0 < by < L. For large N, m = ©(N) > 0. Form
the j-uniform auxiliary hypergraph on vertex set B with one edge (]Tl) for each T € A. Its degrees
satisfy (14), and its pair-codegrees are at most one: two distinct facets determine at most one
possible j-set. Also M = |B| = ©(N?71), so D/(log M)* — oo.

Let v be the tolerance supplied by Theorem 3.3 with ¢ = j, a = 4, and error 5. Choose 7 < v/2.
For all sufficiently large N, the codegree bound 1 < D/(log M)* holds. The theorem therefore
supplies a matching covering at least (1 — n)M vertices. Remove only the selected j-faces, retain all
auxiliary vertices, and repeat for by rounds. The degree at each auxiliary vertex falls by at most
one per round. The bounded total change is at most by < L; after enlarging N so that L/D < ~/2,
all remaining degrees lie between (1 —+)D and (1 + 7)D. Pair-codegrees cannot increase. Thus the
theorem continues to apply with the same nominal D in every round. Let S be the union of the
selected faces; use S = @ when by = 0. The union is simple and

degs(e) < by, Z(bo — degg(e)) < nbpM. (15)
ecB

A signed lattice representation for the divisible part. Let ¥ be the untyped [j]-complex of injections
with images in £. Lemma 3.6, with s = 3(j — 1)2, verifies its required extendability. For every i-set
u, 0 <14 < j—2, the degree of the vector L1g at u is L|{e € B: u C e}|, an integer multiple of L.
Since L = lem(1,...,7), it is divisible by j —i. Theorem 3.4 therefore gives integers zp, T € A,
such that

> arl(ry =L1g. (16)
TeA It

Neither positivity nor boundedness of the z7 is needed.

A typed host with capacity-one face coordinates. Introduce Y, disjoint from X, with |Y'| = m, and let
® be the typed complex in Lemma 3.6 built from L. Its role set is [j + 1]. Use the j-uniform motifs

e G I )
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The (5 + 1)st vertex of Hs is isolated. Define the nonnegative integer vector J on @7 by

J(T):{; ;iﬁ\s’ JeUfy)) =L (ceB, yeY).

These are all coordinate types in @f.

For each Ty, choose any one ordering of 1" on the first j roles, and denote its motif vectors by
H;(T,y). Lift (16) at each label y. The resulting signed sum >, 7 27 H1(T,y) has mixed coordinate
L everywhere and all-X coordinate mzp at T. Fix one label yg € Y and add

> (Lyrgsy — mar) Ha (T, yo).
TeA

This gives exactly J, proving J € ({H1, H2}(®))z. In this signed calculation faces of S remain in
the ambient complex, even though their host capacity is zero.

FEvery ordered positive embedding and its weight. For either motif, an embedding with ¢(H;) < J is
precisely an ordering of a face T' € A\ S on the first j roles, together with a label y € Y. There are
exactly j! such embeddings for each pair (7', y). Assign every one of the H; embeddings weight

and every one of the Hy embeddings weight

Wy =
For a mixed coordinate e U {y} the coverage is

, b
Jlwi deg q\s(e) = L (1 + (T—i— lg)) .

For an available all-X coordinate T' the coverage is exactly mjlwy + mjlwe = a+ (1 —a) = 1. Zero
coordinates receive no positive embeddings. Moreover, D — Lm = by + £Q N, so both w; and wy are
between fixed positive constants times (IV 4+ m)~!. The constants can depend on &; ¢ is fixed here.

Extension conditions and choice of parameters. The ratios m/N lie in a fixed positive compact
interval for large N. By (15), degg(e) < by < L — 1, and the support of J is exactly the family G
in Lemma 3.6. Apply that lemma with s = h;;1 and B = L — 1. It proves exact adaptation and
both extendability conditions for @, J. Its extension constants can be chosen uniformly for 7 < 1/2
and for the above compact interval of mask densities. Choose w > 0 below these constants, below
the lower bounds on (N + m)w;, below the reciprocals of their upper bounds, and below wg(j + 1)
in Theorem 3.5. Set ¢ = w"3+1. Choose 7 smaller than ¢/2 and the matching theorem’s tolerance;
enlarge N until bg/D < ¢/2 and (N + m) =%+ < w. The coverage calculations above now give
>io Wipd(H;) = (1 £c¢)J, and the bounds on wy, w2 give the weight window in (11). Theorem 3.5
now gives a decomposition of J.

Retain the all-X face from each H; copy and adjoin S; call the result F. Each all-X coordinate
has capacity one, so no retained face is repeated, and none lies in S. For a fixed e € B and label y,
exactly L selected H; copies contain the mixed coordinate e U {y}. Consequently

degr(e) = Lm + degs(e) = A — (bo — degs(e)). (17)
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This proves (12)—(13). The final faces lie on X; none of the auxiliary labels is retained.
Output typicality. Equations (14) and (17) give

deg 4\ r(€) SEQN + 7D + by =: pN.

Put )
h -1 J hout—1
Bp=|{ " : q*::HpE t‘1)>0.
j—1 =2
Fix a positive rooted pattern of order at most hoyt and a root embedding valid in K U F. Write Er
for its number of extensions in X U F and

j
p=N]]»
t=2

for the target count. Its root is also valid in the mask complex £. Lemma 3.2 and the mask typicality
estimate show that

|Ex — pu| < N (74 Bp|0 — pj| + Bup)

Indeed, the deletion term is at most Bj,pN, and |§% —p?-j| < bj|0 — pj| < Bp|0 —pj|. Also > q.N,
|0 —pj| <&+ Co/(QN), and p =E£Q + 7D/N + by/N. On the fixed compact interval for 6, these
inequalities give
|Ex — pl
I
where C; depends only on the fixed orders, densities, and Cp, and may be chosen uniformly before
& and 7.

The choices can now be made in a noncircular order. First fix H and I, and hence a valid uniform
constant Cj. Then choose { > 0 small enough that C1§ < €/3 and that p; + 2¢ € I. Next choose
w, ¢, then choose 7 small enough for the decomposition, matching, and output errors. Lemma 3.2
then determines an input accuracy 7y, < min{e, 1/2}, which we may decrease further. Finally choose
Ny to meet all the finitely many size requirements, including C; /Ny < €/3 and Cy/(QNp) < &; the
latter also makes the earlier assertion 6 € I explicit. This proves the quantified lemma. O

<Cié+T4+ N,

3.4 Induction and product amplification

Proof of Theorem 1.1. Fix d,d, and use the densities from Lemma 2.4. Put N = dr — 1. At stage
j=2,...,d prescribe
Nj=d-j+r—1,  Lj=lem(l,...,7).

If @; has the meaning in Lemma 3.7, then

d—7+1 j—1
pjQiN = ————(dr=1), X —pjQ;N ="~
Thus the lemma’s budget hypothesis holds with Cy = 1.
Choose 0 < n; < 1 such that
d
sl (18)
= d—j+1

This is possible because the sum has only d — 1 fixed positive coefficients. To organize the other
constants, start with any fixed output order at least d and accuracy less than 1/2 for stage d. Apply
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the parameter assertion of Lemma 3.7 backwards: the required input order at stage j becomes the
prescribed output order at stage 7 — 1, while the preceding output accuracy is chosen no larger than
the required input accuracy at stage j. There are only d — 1 stages. The rank-one complex satisfies
the resulting first input condition for sufficiently large V. Increase r so that all the finitely many
thresholds hold. Then apply the layers forwards. Lower levels are never changed.

At stage j =i + 1, the degree of every i-face is at most A\;y1 = (d —i)r — 1. Later stages do not
change this layer, so (7) holds in the final complex. Lemma 2.1 excludes every core size. Let M; be
the number of j-faces. By incidence counting and (13),

A (L; —1
ij = Z degle(e)7 My =dr -1, Mj > J 77](. J )Mj_l
BEIC]'_l J
Hence
dr— d
H ((d—j+1Dr—1-n;(L; —1)). (19)

For sufficiently large 7 each factor is positive. After factoring out the leading ¢, the factors have
the form 1 — z;, with 0 < z; < 1, and their sum is obtained by taking

1 B 1+77j(Lj—1)

T YT T d-j+r

9 < i< d).
o (2<j<ad)

Thus
. 77]

The inequality [],(1 —z;) > 1 —>", 4, proved by induction from (1 —xz)(1—y) > 1 —x —y, and (18)
give (1). For k = ad + b, take the product of a disjoint copies of the rank-d family just constructed
and b disjoint copies of the family of r — 1 singletons. Lemma 2.3 gives (2). O]

4 An effective growing-rank construction

This section proves Theorem 1.2 without using the decomposition inputs from Section 3. The
approximate inverse below supplies a fractional vector with a small mean residual. A separate
rounding lemma repairs that residual inside a near-full selected host. The final hierarchy verifies all
hypotheses explicitly, including the rooted counts needed at every later layer.

4.1 Fractional correction from restricted fan counts

All matrix infinity norms in this subsection are induced norms, that is, maximum absolute row
sums. Euclidean operator norms are denoted by || - ||2. Incidence is unsigned. The extra lower-layer
degree cap in the next lemma is essential; it is not inferred from approximate regularity.

Lemma 4.1 (Density-specific approximate inverse). Fiz integers d > 2 and 1 < h < d, and suppose
N > 21604 [or 1 <i < h, let A; be the incidence matriz from i-faces to (i — 1)-faces of a complex
on N wvertices: rows are indexed by (i — 1)-faces, columns by i-faces, and entries record containment.
Assume all singletons are present, and put Q; = AiAlT. Thus Q1 = N as a 1-by-1 matriz. Suppose
there are scalars Ly = N and, for 2 <i <h,

C; = Li - Cti(’i — 1),



such that
Qi =il + Al (A1 + B, |Eif| %2 < NY/20, (20)

Assume additionally that every row of A;—1 has degree at most L;_1. This cap is required only
for the already selected lower layers: the current top layer may be an oversampled mask. Then,
for every 1 < i < h and every real s > 0, there is a symmetric matriz P;(s) such that, with
Ti(s) = I — Py(s)(Qi + s1),

[P ()] % 00 < o TG <2, |Ti(s)]l2 < NV (21)

The parameter d remains the global target rank even when h < d.

Proof. Write

al>1-"->2. (22)

We construct approximate inverses without correcting them at lower ranks. Define

1
P = .
1(s) N +s
For i > 2, put B=A;_1, c = s+ ¢;, and set
1
Pis) = - (1-BTP1(c/ai)B). (23)

Every shift in this recursion is positive. If w = s/L;, then

c/o
¢ = Lij(w+ a;), L/i = w + a;. (24)
i

Thus successive normalized shifts increase by almost one. The identity includes the diagonal
centering term and remains exact when the top L; is a mask prediction.
Let Fj(w) = L;|| P;(L;w)||co. The lower-layer cap gives

|B|| 0o < Lxi—1, |BT|| 00 =i — 1.
Equations (23) and (24) therefore imply

1 1 — D) Fx7—1 i
_ Fi(w) < + (i —1)F *1 (w—i—a). (25)
14w w + a;

Fi(w)

Expand this bound completely. After ¢ descents the numerator is the falling factorial (i — 1);, and
successive denominators are at least w + a,w 4 2a,.... The final rank-one denominator adds 1,
which is also at least a. Consequently

i—1 .
Fi(w)ﬁz (t—1)xt

— [I+q=1""(w +qa)’
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For w > 0, w4 ga > a(w + q). Using (22), and then w + ¢ > ¢ for g > 2, yields

k- 1 220 -1)

Fi(w - .
l—i—wt il +w)

(26)
0

Here (i — 1);/(t+ 1)! = (til) /4. This binomial sum is the main cancellation: bounding each shifted
lower inverse separately would lose it. Since L; + s > (N + s)/(2d),

3d
[1Pi(s)]| + 00 <

N+s’ (27)

For i > 2, it suffices to note the sharper bound 4d2°/[i(N + s)] < d29*1/(N + 5) < 23¢/(N + s);
rank one is immediate. Induction in (23) shows that every P;(s) is symmetric. Therefore

[1Pi(s)]] 2 < [|[Pi(s)]| * oo (28)
We next estimate the residual directly. Set
Ti(s) = I — P(s)(Q; + sI).
Multiplying (23), with no commutation assumption, gives the exact identity
.
Ti(s) = —?ZBTTi_l(c/ai)B — P;(s)E;. (29)

Indeed, multiplication by ¢l 4+ o; BT B gives I + (a;/c) BT T;_1 B; the remaining product is P;E;.
The degree cap also gives

|B|| 2% < (i — 1)L %i — 1, ==

Let e;(w) = ||T;(Lw)||2. By (26), (28), and (20),

i—1 442¢
. A N-1/20
w—i—aieZ 1w+ a) + (14 w)

€1 (w) = 0, ei(w) S (30)

For a loose bound, drop ¢ from the denominator of the last term. Expanding this recurrence, and
using that the normalized shift after ¢ descents is at least w + ta, gives

— 1) * 207

1— 2
1/20
ei(w) < 4dN~ / Z att!(1 + ta)

t=0

4 o (i—1
< d21N71/20 t = 1—2 ? 27t
< 16d3i"INY/20 < gdd \—1/20,

For the second line, use 1+ ta > a(t + 1) and = **1) < 2, and then discard the factor 1/(t + 1).
The final inequality follows from 16d3%~1 < d224+2 < 2% for d > 2.

Every @; has row sum at most ¢/N, since each incident i-face contributes i to that sum and a
fixed facet has at most N one-vertex extensions. Consequently ||Q; + sI||co < iN + s < d(N + s),
and hence

ITi(s) oo < 1+ d2% < 2% ||Ti(s)]2 < N7V (31)

The second bound uses N > 21604
O
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4.1.1 Obtaining the Gram decomposition from restricted fans

We use the following elementary graph estimate.
Lemma 4.2 (Graph degree and codegree estimate). Let L be a graph on n vertices. Suppose
0<p<land0<e<1/2, and

|deg(v) —pn| <en,  |codeg(u,v) —p*n| < en (£ v).
Then

| Adj(L) — p(J = I)|| *2 < V/n + 3en? + 1.
Proof. Put Z = Adj(L) — pJ. For u # v,
(Z?) % uwv = codeg(u,v) — p(deg(u) + deg(v)) + p°n,

so its absolute value is at most 3en. On the diagonal, positive semidefiniteness of Z? and the degree
hypothesis give

0 < (Z%)uw = p(1 —p)n + (1 — 2p)(deg(v) — pn) < n/4 +en.
The absolute row sum of Z?2 is at most n + 3en?. Since Z is symmetric, this bounds || Z||3. Adding
pl costs at most 1 in operator norm. ]

Lemma 4.3 (Fan interface, with the selected-layer cap). Fiz d > 2, let N > 21604 gnd 1 < h < d.
At every 2 < i < h, suppose each (i — 2)-face link has a common scalar size prediction L;_y, its
vertex degrees have common prediction L;, and its distinct-pair codegrees have common prediction
L?/Li_l. Assume that all these counts have relative error at most n < N_1/8, and

L1 =N, N/(2d) < L; <L;j—1 <N.
If every already selected lower layer A;_1 has row degrees at most L;_1, then all hypotheses of
Lemma 4.1 hold. No mazimum-degree cap at Ly is required for the current top mask.

Proof. Fix i, and let L, be the graph link of an (i — 2)-face 7. Its actual number of vertices n is
at most N and equals (1 +n)L;—1. Set p = «; = L;/L;—1. Comparing the given degree prediction
L; = pL;_1 with pn, and the codegree prediction L? /L;_1 = p?L;_1 with p?n, gives errors at most
2nL;—1 < 4nn. Here 41 < 1/2 under the host threshold. Lemma 4.2 consequently yields

| Adj(L;) — oi(J; — I:)| %2 < VN + /127 N + 1.

Embed these matrices on the corresponding facet rows. Two distinct facets occur in a common
i-face precisely when they intersect in one (i — 2)-face and are adjacent in its link. Thus

Qi = diag(D x o) + ZAdj(LT)7 Al A = Z Jr-

Every facet lies in exactly ¢ — 1 link row sets, so > I, = (¢ — 1)I. Therefore
Qi =L —a;(i —1)]I + OéiA;r_lAi—l + E;.

The centering convention here is consistently Adj —«;(J — I); centering at a;J instead would require
a different scalar center.

The diagonal error is at most n/N. To sum the embedded errors, apply their quadratic-form
bounds and use that every facet lies in ¢ — 1 link row sets. This gives

|Eill2 <N + (i — 1)(VN + /12n N + 1)
< 5dy/f N + 2dVN < 7TdN'5/16 < N19/20,

The final inequality is equivalent to N1/80 > 7d, which follows from N > 21604 and 22d > 74 for
d > 2. All remaining hypotheses are exactly the stated density relations and selected-layer caps. [
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4.1.2 Fixed-length correction

A fixed number of correction terms makes the remaining fractional error small in mean while
retaining a separate maximum-error bound.

Lemma 4.4 (Fixed-length approximate right inverse). Under the hypotheses of Lemma 4.1, fix a
rank j < h < d and write A = Aj, Q = AAT. There is a matriz R such that

400d
IR 00 <

For every vector b on the M facet rows with ||b||oc < €N, the residual ¢ = ARb — b satisfies

1 €
S lal <5 gl xoo < 2N, (32)
v

The construction uses exactly 80 correction terms, independently of the global rank d and the facet
count M.

Proof. Take the symmetric approximate inverse P = P;(0) supplied by Lemma 4.1, and put
T =1— PQ. Its bounds are

|P| * 0o < 2%/N,  |T|2< N~V |T|oo < 2%

The transpose infinity bound also holds, but not because T is symmetric: indeed 7T = I — QP and
1Qloc < N, s0
|TT| % 0o <1+ jN|P|| oo < 2%

Set m = 80 and
Pp=(I+TH+---+T"HP, R=ATP,.

The identity T'P = P(I — QP)" shows that each TP is symmetric. Thus P, is symmetric, and
both residual orientations are explicit:

PnQ=I1-T", — QPp=1—(TT)"

Consequently ¢ = —(T'7)™b. The norm bound is

80] 2319d 2400d
<

IR] % 00 < AT 00 37 st = 07T 5 o[ P s 00 < o < 2 (42 2).

The Euclidean bound |(T7)%]y < N~2, followed by Cauchy-Schwarz, gives

||C.I||2 2 [10]]2 ||2
aAr Qv N N.

The transpose infinity bound separately gives ||¢|loo < 232°%eN. There is no independence assumption
on the coordinates of q. O
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4.2 One-sided rounding with a small mean residual

We use Banaszczyk’s vector-balancing theorem in the explicit form stated as Theorem 1.1 of [21]:
vectors of Kuclidean norm at most one have a signed sum in 5K whenever the convex body K has
standard Gaussian measure at least one half. The body used below is symmetric. The argument is
for existence, without a claim of computational efficiency.

Lemma 4.5 (One-sided rounding with a small mean residual). Let H be a simple linear j-uniform
hypergraph on M vertices, where M > 1 and j > 2 are integers, and let D > 0. Let A be its unsigned
incidence matriz. Define

I [\/mw QF = 277 1(j 4 1)100-1), 52@’

U= /210g(1000M), B, =10U +1),  R.=2LQ" +2jU, (33)

b=80log(j + 1), P, = 10/j R, + 2b, a = log(100M1).

Suppose the degrees and integer capacities \, satisfy

D < degy(v) < (1+4+6/2)D, 0 < degy(v) — A, <6D/2. (34)
Assume
20000 log(1000M L),
10000 log(1000M),
>
D zmaxy 160 p, 13 1og(1000), (35)
4000Q/j B

Suppose x € [0, 11FH) satisfies

As=A-1tg  t=lalxoo< go- q:A;;\qU\sl(}w. (36)
Then H has a simple subhypergraph F such that
degp(v) < A, for every v, (37)
23 — degp(v) < 357, (38)
Ay — degp(v) < 251/j B x % +6b+3a+ 7+ (175 + 1)t for every v. (39)

Proof. We construct a Gaussian-large body with covers in every near-full subhost, round the given
fractional vector into it, and then perform a prefix deletion and two repair rounds.

Elementary tail estimates. We record the bounded-variable inequality used below. If martingale
differences Z; have |Z;| < ¢ and a deterministic upper bound V' on the sum of their conditional

variances, then
52
P Zi > < —_ . 4
(Z 2 Z) < exp l 2(V+cz/3)] (z>0) (40)

1
Indeed, the elementary series bound
2

w
e <1+w+ 7y
2(1 — fwl/3)
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gives an exponential-moment upper bound exp(s?V/(2(1 — sc/3))) by conditional iteration, for
0 < s < 3/c. Markov’s inequality with s = z/(V + ¢z/3) proves (40); zero variance is deterministic.
This includes independent bounded variables after centering. For an independent Bernoulli sum 7T
we also use the product bound

Ee’? < exp((e® — 1)ET).

It gives the two-sided multiplicative Chernoff estimate 2e~1P*/3 at relative deviation 0 < p <1and
mean u, and at s = 1 gives the pointwise deletion estimates below.

Two separate certificates and a robust body. Let C be the finite collection of subhosts H’ on
the same vertices obtained by removing at most 6D edges at each vertex. Each has minimum degree
at least (1 — &)D. For every such subhost require a vector z € RM to have separate nonnegative
edge certificates y*, vy, supported on H’, with

Ayt > 2y, Ay > (—2) *+,
M
J

51 41
Sy <M yF<R/D,  max(Ayyt)v < Bx (41)
v
e

-2

Intersect these requirements over C and add the slab
>
v

Call the result K. Swapping the certificates proves symmetry. For a nonnegative certificate, Ay > 2z
is equivalent to Ay > z, so convex combinations of certificates prove convexity. Compact certificate
boxes give closedness under limits. The two load bounds imply |z,| < B, giving boundedness. A
sufficiently small constant edge weighting certifies a neighborhood of zero in each permitted subhost:
its loads are bounded below by the positive minimum degree and above by the original maximum
degree, while its mass and individual edge weight tend to zero with the constant. Finiteness of C
gives a common neighborhood, which may be shrunk to satisfy the slab. Thus K is a symmetric
convex body. We do not assert that a single certificate of mass 5M/(2j) covers |z|.

<4vVM. (42)

Gaussian levels, including the random zero level. Let G, be independent standard Gaussians
and put
ul = (Gy) x+, u, = (=Gy)*+, St={v:G,>m}, S, ={v:G, <—-m},
gm =P(G>m) = JP(G|>m) (0<m <L), hy=(uy—L).

The zero level is random for both signs. Conditional on a vertex being active at a fixed sign and
level, its incident edges have disjoint other vertices by linearity. Its induced degree is therefore
binomial with success probability ¢/-*.

We have L > 3 and L? < 8log(j + 1) +2 < 10log(j + 1). Integrating the Gaussian density on
[L, L +1/L] and its negative counterpart proves P(|G| > L) > e~L°: the logarithm of this integral
lower bound divided by e L s

L?/2 —log L +log\/2/m — 1 — 1/(2L?),
positive at L = 3 and increasing thereafter. Hence

qu_l > 2—(j—1)e—(j—1)L2 > 1/Q+- (43)
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Chernoff at relative deviation 1/4 and a union bound over both signs and all vertex-level pairs have
failure at most
4M Lexp[—D/(48Q™)] < .001

by the first host bound. Outside that event the induced degrees lie between .75 degy, (v)gl, !
and 1.25degy, (v)g/ L. Every permitted subhost retains at least .74 degy (v)gl, !, since 6D <
01 degy (v)gi L.

On a fixed permitted subhost use level weights

ém,i) = 3' 1 (e - Sr%)a
2Dgin

and zero on the other edges. Each active vertex receives load at least 1.11 and at most (15/8)(1 +

§/2) < 1.9. Summing levels covers min(u;, L). The respective active-level counts are bounded by

Yj_:(Gv)*‘i‘"i'l*{GvZO}? Y_:(_GU)*++1*{GUSO}

v

Writing 4 = E|G| < 5/6, each has mean (1 + u)/2 < 11/12 and variance 1 — (u — 1)%/4 < 1.
Chebyshev shows that

NvF<M, YV <M (44)
v v

fail jointly with probability at most 288/M. The first host bound implies D > 10°, and linearity
gives

M—-1>(G-1)D, M>105  M>5005, M >1000(j —1). (45)
Thus 288/M < .001. On (44), each sign’s level mass is at most 1.9M/j, its maximum edge weight
is at most (3/2)LQ™T /D, and its vertex loads are at most 1.9(uf + 1).

Gaussian tails and simultaneous robustness. For either sign,

1 2 1
Eh:l: < - —L=/2 < -
v VER AP

Markov gives combined failure at most 2j/(j + 1)? < 4/9 for

LM __M
zv:hvgzj, Zhvgzj. (46)

v

The coordinate event max, |G,| < U fails with probability at most 2M U2 = 002.

Let N, denote the vertices other than v sharing an original edge with it. Then |[A,| < 2(j —1)D.
For a fixed sign the independent clipped variables min(h:, U) on this neighborhood have expectation
sum at most jD/(j + 1) < 2D/9 < D/2 and variance sum at most UD/2. Equation (40), with
increment bound U and deviation at least D/2, gives

P ( > min(hE, U) > D) < e~ D/E),
’LUGN'U

The second host bound pays the union over both signs and all vertices with failure below .001. This
clipped-variable estimate is unconditional. Intersecting its event with the coordinate event then
bounds the actual neighboring tail sums by D.
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On every permitted H’ add separate tail certificates

fail = _ 3 hiE
‘ 4= degyy(v)

Their own contribution at v is h. Linearity bounds the other contributions by D/((1 —§)D) < 2.
Each sign has total edge mass exactly Y, hi < M/(27) and maximum edge weight at most 2jU/D.
Combining levels and tails gives each sign mass at most 2.4M/j < 5M/(2j), maximum edge
weight at most R, /D, and vertex loads at most 1.9(U 4+ 1) + U + 2 < B,. These conclusions hold
simultaneously for every permitted subhost on the same Gaussian events. No subhost union bound
is used.

Finally >, G, is Gaussian of variance M, so the slab (42) fails with probability at most
2¢78 < .001. The full Gaussian failure sum is

.001 +.001 +4/9 + .002 + .001 + .001 < 1/2.

The terms account for level degrees, level masses, tail masses, the coordinate maximum, neighboring
tails, and the slab. Thus K has Gaussian measure greater than one half.

Rounding the arbitrary fractional vector. Normalize every incidence column by /7. The
published vector-balancing theorem applies to each subset of columns, giving a signed sum in
5vJK. For a vector with denominator 2", alter the odd-numerator coordinates by plus or minus
27" according to such a signed sum. Both choices stay in [0, 1], and all new numerators are even.
Repeat at denominators 2771 ... 2. The accumulated error belongs to

55 (znjl 2i> K C5\/jK

by convexity and 0 € K. Approximate a real vector x by dyadic vectors, pass to a subsequence
with constant zero-one output, and use closedness. We obtain Z € {0,1}#*) such that

> X,

By (45), the last absolute sum is less than M. On every permitted subhost there is a positive
certificate satisfying

X = A(Z —z) € 5\/jK, |X,| < s:= 5B, < 20/jM. (47)

95M 5y R, :
Ay> Xy, Yy < VA \/g , max(Ay) xv < 5B x. (48)
e

We next verify that a suitable selected host belongs to the permitted class before using its supported
certificate.

A prefix at coordinates with residual greater than one. Let H( be the host selected by Z.
At each vertex with ¢, > 1, independently choose a uniform subset of k, = [g,| distinct incident
edges of Hgp and mark them. Put k, = 0 at vertices with ¢, < 1. Delete the union of the marks to
obtain H;.

The choices are well defined. The fourth host bound gives s < §D/8. The first gives D >
2010g(1000M L), hence a + 1 < 6D/10. Also ¢t < §D /200, so

degy,(v) = A —14+q+ X, >D—6D/2—1—t—s>DJ2.
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Every nonzero quota obeys k, < 2¢, < 2t < D/2. For fixed u, each other origin shares at most
one edge with u by linearity. The contributions are independent Bernoulli variables, of individual
probability at most 4¢/D and mean sum at most 8(j — 1)¢. The exponential-moment bound and
e — 1 < 2 give a prefix choice, with failure probability at most Me™® = .01, whose incident losses
C, satisfy

Co<2+16(j — )t +a<1Tjt+a, > Co<j> k<25 laul. (49)
v v v

The total bound holds for every choice; overlapping marks only reduce actual losses. Fix a choice
with the pointwise bound. Charging a ceiling only when g, > 1 is essential for this total bound.
The number of original edges absent at each vertex after the prefix is at most

11 1 17 1
5D/2+1+t+5+17jt+a§6D<++++)

—36D<5D.
2 200 & 100 10

10

Thus H; € C. Let h, = (degy, (v) — Ay)+ be its integer overflow. When ¢, < 1, the overflow before
prefix deletion was at most (X,);+. When ¢, > 1, all its own marked edges disappear, and

deng(v) — XA <Xy +q—1-— [QU—‘ < X,.
Thus h, < (Xy)+. Choose the certificate (48) for this now fixed H;. It covers h and is supported

on edges actually present. Only its positive sign is used in the repair.

Independent deletion and the exact residual moment. Set 8= 4log(j+ 1) < b. Indepen-
dently delete each edge of H; with probability

Pe = 2Ye + ( b (50)

1-6)D

Then p. < P,/D < 1 by (35). Let T, be the deletion count and u, = ET,. The current host has
minimum degree (1 — §)D and maximum degree at most 2D, giving

2hy + B < py < 10\/jB. + 36, (51)
For the residual integer overflow h! = (hy, — Ty)+,

E27" = ] (1 - pe/2) < e7/2,

esv

ER v = Z*m =1"P(T, < h, —m)

hy
< ¢~ (1-log2)hy,—5/2 Z 27 < B2 = (J+ 1)_2'

m=1

The conclusion is immediate if h, = 0. Markov shows that

iy KW xv< M (52)

fails with probability at most j/(j +1)? < 2/9. No independence of the residual variables is asserted.
The Bernoulli exponential-moment bound also gives, with simultaneous failure at most Me~% = .01,

Ty < 24y +a < 20/jBxx+6b+a for every v. (53)
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Local residual sums by bounded conditional influence. For each u put W, = 3" s, My
It depends on at most 4jD? independent edge-deletion bits: there are at most 2(j — 1)D relevant
vertices, each with at most 2D incident original edges. Changing one bit alters at most j summands,
each by at most one. Expose the bits in any order. Coupling the same future bits with the current
bit fixed at zero and one shows that the difference A; of conditional future expectations has absolute
value at most j. The Doob increment is (B; — p;)A;, with absolute value at most j and conditional
variance at most p;j2 < P,j2/D. Its predictable total variance is at most 4P,j2D. Equation (40)
consequently gives
P(W, > EW, + D) < exp[—D/(10P,j*)].

Moreover EW,, < 2jD/(j +1)2 <4D/9 < D. The third host threshold and a vertex union bound
thus yield
Wy, < 2D for every u (54)

with failure below .001. This argument uses the independent deletion bits, not independence of the
overlapping residuals.

Total first-deletion incidence. Let V be the total incidence loss of this deletion round. Near-
regularity and (48) give

. 1+0/2
EV <2

<2j Z@: Yot s
where (14+6/2)/(1—6) < 9/8. The independent summands of V' are bounded by j and have variance
sum at most jug. Applying (40) at additional tolerance \/jM gives

P(V > po + /jM) < exp[—M/(60+/7)] < 1/10.

The denominator estimate uses 2(25 + 4.5 4+ 1/3) < 60 and log(j + 1) < /4; the last inequality
uses M > 1000(j — 1). For completeness, v/z — log(1 + z) is positive at z = 1 and has derivative
(Vz—1)2/(2y/z(1 + 2)) > 0, proving this logarithmic inequality for every j > 1.

The four first-deletion good events have total failure at most .1 +2/9 + .01 4+ .001 < 1. Fix a
simultaneous good realization of (52), (53), (54), and

V< (26\/j+ glog(j + 1)) M. (55)

All prefix choices and the supported certificate were fixed before the independent edge-deletion
experiment.

-9 .
BM < (25\/5+ 5 log(j + 1)) M =: po,

Final uniform repair at overfull vertices. At each remaining overfull vertex v, independently
choose a uniform h-subset of its remaining incident edges and mark them. Delete the union of
these marks to obtain F'. The choices exist and enforce all capacities: an overfull degree exceeds
Ay > (1 =6/2)D > 0, and all its own h], marked edges disappear. For fixed u, each other origin
shares at most one edge with u by linearity. Its contribution is a Bernoulli variable, and the choices
at distinct origins are independent. Their mean sum is at most

L <

(1-6/2)D —
The Bernoulli exponential-moment bound and a vertex union bound give a final choice with at most
6 + a such other-origin marks at every vertex, with failure at most Me~* = .01. Multiple marks on
one edge only overcount actual deletions. For every final choice the total incidence cost is at most
J >, hl, < M. The first-deletion realization is already fixed, so this conditional selection changes
none of its bounds.

3.
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Average and pointwise deficit bookkeeping. Initially A — degy,, =1 — ¢ — X. Equation (47)
bounds its signed total deficit by (2 4+ ¢)M. Add the prefix cost (49), the first-deletion cost (55),
and the final cost at most M. The final average deficit is at most

265 + = 1ogg+1)+3+(2;+1)q<305f+ <33f<35f

Here (25 + 1)q < 1/40 and 121/40 < (5/2)v/2 < (5/2)V/7.
For the maximum deficit, write Y, for the final marks from other origins. Its own final marks
cancel any remaining own overflow, so

Ay —degp(v) < (A — degyy, (v)) x ++ T, + Y,.
The first term is at most 1+ ¢t 4+ | X, | + C,. The bounds for X, Cy, T,,Y, now give
Ao — degp(v) < 25V B * %+ 6b+ 3a + 7+ (175 + 1)t.

This proves all conclusions directly from the stated mean-error hypotheses. O

4.3 The quantitative hierarchy

The parameters below simultaneously guarantee the restricted fan counts, the fractional cube
margins, and the hypotheses of the mean-error rounding lemma. The rank parameter d is global
throughout the construction, including at all truncated lower-rank stages.

We prove Theorem 1.2 in this subsection. Write

We prove the theorem with all numerical interfaces explicit. The matrix input is Lemma 4.4,
with its hypotheses inherited from Lemma 4.1. In particular its rank parameter is a fixed global d
even when the current complex is truncated at a smaller rank. The geometric input is Lemma 4.5,
which allows a small mean fractional error. We denote its local level and robustness parameters by
@ and J; below. No exact-feasibility claim is made about an uncorrected approximate fractional
solution.

4.3.1 The closed collection of rooted positive patterns

For 1 <t <d, let S; be a complete simplex on t vertices, with one free vertex w and its other ¢ — 1
vertices rooted. For 2 <t < d, let Dfan be the union of the simplices on

P = o U{u,w}, Q =oU{v,w}, lo| =t — 2.

Here u,v,w are distinct and outside o, and w is free. The root is o U {u,v}; it requires the two
simplices on o U {u} and ¢ U {v}, not the t-face o U {u, v}.

At stage a, retain the rank-a truncation of every one of these patterns. A root is valid if it is
injective and every root-only required face is present. An extension is a choice of w outside the
root satisfying all required positive faces. There is no nonface condition. Truncation followed by
truncation is the earlier tracked pattern, so the collection is closed under all restrictions used in the
induction. It contains at most d + 1 vertices per pattern and at most 2dN? labeled rooted tests at
any one stage.
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The numbers of required new s-faces are respectively

FOE (fﬁ) bo(DE") =2(§ji> - (tji)

The stage-a prediction of a pattern F' is []%_, pgS(F). Consequently, by the exact density identities

of Lemma 2.4,
d—t+1 (d—t+1)>
da ’ dld—t+2)

The double-fan identity divides the square of the size-t simplex product by the size-(t — 1) simplex
product. At ¢t = 2 the latter is an empty product. Each full prediction is at least 1/(2d). All
truncated predictions are at least their full predictions, because ps < 1. There are at most B = 2¢
required new faces in any pattern, each containing the free vertex.

We say the selected rank-a complex has error at most 7, if every valid rooted test has its number
of extensions equal to its fixed ps prediction times N, with relative error at most 7,. This is a
positive, non-induced notion of typicality.

P(S;) = P(DP") = (56)

4.3.2 Global suppressions and stage amplification

Fix d > 2 and put N = dr — 1. Define

B = 2d, K = 2400d’ J= 2320d’

Y= @)
Q. =20"1(d+ 1)@, Ay =10°d"B, G =10°d°Q.d", (57)

R — 9500d H = p.

Impose the entirely numerical threshold

N = dr — 1 > R'004 = 990000&", (58)
For 1 <a <d set
N—I/SR(z—d
Tg = ———vm, o = E, €q = ba . (59)
100G Ag 12842 K

Only €, with a > 2 will be used. The global factor G is not part of the ratio of consecutive stage
tolerances.
For all d > 2, elementary logarithmic estimates give

logy G < 20d%,  logy Ag < 13d, Q.<G<R'<H,

2 2 6,78 1 (60)
R > 12800d°K Ay, R > 20484°K Ay, R >10%d%, ~> R\
For example, using logy(d + 1) < d,
logy G < 20 4 2d + (d — 1) + 10d(d — 1) + d?* < 20d>.
Also logy Ag < 20 + 3d < 13d, and log,(12800d> K Ag) < 14 + 415d < 500d. It follows that
Ta—1 < 611/167 Tl)faa € = N_I/S/H (CL > 2)7
<& <Tu < NTV/B §<L §<ﬁ (2<j<d) (®1)
€a >Ga > Ta > ) a = yad a=gy >J]>a),
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where §; = [100 - 277 1(j 4 1)!°G=D]=1. For the common lower bound, the smallest used ¢, is
€2 > N7V/8R'=4/G by R > 12800d>°K Ag. Also 71 > N~Y/8R=?/G. Use G < R?. The last two
upper bounds use the factors d? and Q, in G.

The threshold also implies

N > 21604 log N > max{d, 6}, log N < N'/3 < /N,
VN/H > R* > 160000d", (62)

N3/% >6002dH, N7 /H>d+1, N >100d, N > 4d>.
The first and last bounds follow directly from R'00¢ = 250000d* ' The middle power estimates follow
by subtracting 2d from respectively 50d, 37.5d, and 87.5d in powers of R, and using R > 10%d%. For
the logarithmic inequality put z =log N > 6: z — 3log z is positive at 6 and increasing thereafter.
These estimates also imply (log N)3/2 < v/N. In particular N/(4d) > d and N > 6d; combining the
latter with A\, > N/(2d) gives A\, —1 > N/(3d) at every stage.

4.3.3 Masking and the full lower-rank matrix interface

Begin with all N singleton faces. Every rank-one test has N minus its root size extensions. Its
relative error is at most d/N < 71. Suppose the selected rank-(a — 1) complex has error at most
Tq—1 and satisfies all earlier degree caps. Put

a—1 _
(sfl) )\a
Aa=(d—a+1)r—1, Qa:S:Hst v, ea:QaN"i‘gaa Diop = Ao + EaQaN.
By Lemma 2.4,
1 Aa a—1 N
~<Q, <1, =Py — ——, Mg > —. 63
gS@Qe= O.N _Pe7 4Q.N 2d (63)

The lower bound £,N > N7/8/H > d gives 0, > p,: indeed (@ —1)/(dQq) < a—1 < d < &N. The
upper bounds p, < 1 —1/(2d%) and &, < 1/(4d?%) give

L

1
<9, <1- + <1,
9q ="a <

- 4qc
Independently retain every supported a-face with probability 6.

Replacing p, by 0, in a test’s prediction cannot decrease it. Thus the new prediction is at least
1/(2d). For a fixed root, condition on its root-only mask indicators. Distinct candidate free vertices
use disjoint new mask indicators, so their extension count is a sum of independent indicators. If the
truncation has no new a-faces, this count is deterministic; otherwise it is binomial. In either case its
mean is at least 7N, because 7,—1 < 1/2 and the new prediction is at least 1/(2d). Its inherited
relative error is at most 7,1 < €,/16. A Chernoff bound with tolerance €,/2 therefore bounds the
probability of relative error greater than ¢, by

2exp(—e2yN/12).

The conditional estimate bounds the unconditional probability of the conjunction that this root is
valid and its test fails. No independence across different tests is asserted. The union bound succeeds

because
EyV/N > NYAR™44-1 > R2ld=1 5 94, (64)
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Indeed log N < v/N and log(4d) < dv/N imply e2yN/12 > log(4d) + dlog N, which pays for the at
most 2dN? tests. Fix a mask satisfying all these tests.

Here is the precise check of the matrix input for this mask, with truncated rank h = a and the
same global d. Let A; denote the incidence of i-faces and their (i — 1)-facets. Use

N(d—i+1)
d

For i < a the single and double fans of the selected lower complex give link size, vertex degree, and
distinct-vertex codegree predictions

Li=N, L= (i<a),  Lq=Diep. (65)

L
szla Lza m7

respectively, with relative error at most 7,—1. For i = a the mask fans give the same three predictions,
now with relative error at most ¢,. The codegree denominator is correct because the intersection
simplex of the two top faces has rank a — 1: the top mask density occurs twice, whereas that
intersection density is divided out. The root does not require the face o U {u, v}.

We have N/(2d) < L; < L;—1 < N. For the top monotonicity, L,—1— L, is at least N/d—§,N > 0;
for earlier ranks it is immediate. Every selected lower incidence has the additional exact row cap
required by the inverse:

t—2

deg Ai—1 < N1 = Li—1 — < Liy B<i<a). (66)

For i = 2, the sole row of A; has degree exactly N = L;. No such selected-row assumption is
imposed on the top mask A,. This condition follows from the integer caps of the induction, not
merely from approximate regularity. All errors are at most N~1/% and N > 21604 The number of
selected faces at every lower rank is at least IV, as checked below. Lemma 4.3 therefore supplies the
Gram decomposition and all hypotheses needed for Lemma 4.4.

4.3.4 A buffered fractional point and its residual

Aim at A\, — 1, not at A\,. Start with the constant edge vector

Ay — 1
xTo = .
0 Dtop

Its degree residual b = (A, — 1)1 — A,z has infinity norm at most €,/N. Apply Lemma 4.4, and put
x = 29 + Rb. Then

A= Q= D1 +a, o=zl o0 < Keo = o,
_ 1 < €a L < N = §&aN (67)
Q-—M;|QU|_N7 t =gl x 00 < Jeq = 19842 250d"

There is no coordinate independence assumption on q.
The corrected vector really belongs to [0, 1]E. Since A\, — 1 > N/(3d) and Dy, < N, we have
xg > 1/(3d). Moreover
|y GQuN 1 &
Diop d
The correction in (67) is smaller than both margins. This explicitly accounts for the unit buffer
required by the prefix deletion.
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4.3.5 All geometric thresholds and the pointwise residual

Let H be the a-uniform facet hypergraph of the mask: its vertices are selected (a — 1)-faces, and each
masked a-face gives its boundary as an edge. It is simple and linear, since two distinct (a — 1)-faces
can be together in only the a-face equal to their union. Write j = a, let M be its vertex count, and
choose D = \,. Since ¢, < &,/(2d),

6;D
D < degy(v) < D+26N <D+ ’7 <2D. (68)

The lower bound uses Diop — € Dtop > D + &, N/d — €,N. The upper near-full bound follows from
€2 < 6;/(8d) and D > N/(2d).
For completeness, use the exact geometric notation

Q=271 +1)00 Y L=T[/dlog(j +1)],
U = /210g(1000M),  Bgeo = 10(U + 1),

Rgeo = 2LQ + 25U, bgeo = 801log(j + 1),
Py = 10v/jRgeo + 2bgeo,  ageo = log(100M).

Because M < N7, Q < Q. < H, and log N > max{d, 6},
log(1000M) < 4dlog N, log(1000M L) < 5dlog N,

L<3Vd, U<3ydlogN,  Bge <40y/dlogN,
Rgeo < 6VdH +6d%2\/log N, Py < 200d*H/log N.

The four lower bounds on D in Lemma 4.5 are consequently at most

2000Q log(1000M L) < 10000dH+/N,
1000U log(1000M) < 12000d%/2v/N,
100Py;% log(100M) < 80000d°H+/'N,
4000Q+/j Bgeo < 160000dH /N .

Here (log N)3/2 < /N was used in the third line. All four are at most 80000dSH+/N for d > 2.
By (62), vV N/H > 160000d", so D > N/(2d) exceeds them. Notice that Q. has only been bounded
by H, not by R; the latter would fail uniformly as d increases.
The additional mean and maximum residual conditions also hold:
_ 1 1 &N 0N 0;D
< = < < < < -
N — 100j 128d% — 1024d® — 100

(69)

Apply Lemma 4.5. It supplies an actual selected a-face family with cap \,, average deficit at most
35y/a, and maximum deficit at most

Ea = 25\/&Bgeo + Gbgeo + Sﬂgeo + 7+ (17(1 + 1)t

The preceding bounds imply
§aN
16
Indeed the residual part is at most 18d &, N/ (12842 280) < ¢,N/16. Also
3001d log N < a
N - 27

E, < 3000dlog N +
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because it suffices that N3/8 > 6002dH, already included in (62). Therefore

E,+d _9
< =&, a 1
N S b <é (71)

The pointwise residual need not be O(log N): its larger O(,N) term has been explicitly budgeted
here.

These inequalities justify the face-count condition used above. Every selected facet degree is at
least

N N
—E,> — — > >
Aa Ea_Qd ﬁaN_4d>d

Hence incidence counting gives M, > M,_1, where M; is the number of selected i-faces. Starting
with M1 = N, every lower face layer used as a matrix row set has size at least IN. There is no
reliance on a logarithmic-only deficit bound.

4.3.6 Propagation after arbitrary admissible rounding

Fix the selected output just constructed. At any selected (a — 1)-face, the number of removed mask
faces is at most

(fa + Ea)N + B,

By Lemma 2.5, a positive rooted test loses at most B times this maximum facet deletion in its
extension count. The change from mask prediction to the fixed density prediction is at most
B|0g — pa|N, and

|9a_pa| < £a+d/N'

Since every prediction is at least 7, the new relative error is bounded by

a Bza a E d N a
Cat BRGt et (Bt /N) 5B _ggipe o 7 (72)
Y

y

Here (71) was used. A root valid in the output was already valid in the mask and in the previous
truncated complex, so every count invoked is among the tests already controlled.

This closes the induction simultaneously for every fan truncation. Only maximum deletion
counts, not a distributional assertion about rounded families, have been used. In particular the
selected lower row caps needed at the next matrix step remain the exact integer caps supplied by
the repair lemma.

4.3.7 Cardinality, sunflower avoidance, and all uniform ranks

The average conclusion of the repair lemma gives

Ag —
Mlzdr—l, MazﬂMa_l (2§a§d)

a
Let
T,=H +35§:L<(35\/&+1)H < 3642
a=Hq i —ar1” 4= )

where Hy = E;-i:l 1/i. Factoring the successive main terms produces the losses

1 1+35ya d T,
=— o= ——NV8 (2<a<d), .
G I ek v SR CELE LD DE
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The threshold estimate in the next display makes their sum less than 1/100, so every z, lies in [0, 1].
Therefore [],(1 — z4) > 1 — >, 24 gives

My > r¥(1 = Ty/r).
The threshold gives the stronger estimate
36d° 1
< < .
N+1 100
Indeed N > 250000d* - 360043 ; taking binary logarithms reduces the latter comparison to
log,(3600) + 3log, d < 12 + 3d < 5000042

x:=Ty/r <

For 0 < z < 1, integrating the derivative of (1 — z)%/? gives

1 /= T
1—(1— 1/d:7/ 1—pYilg < =
a—a)/ =2 [Ta—nita s ot
Consequently, using (100/99) - 36 < 37 and T,;/d < 36(1 + log d)/\/g, we obtain
1007y 1+ logd
MY > > 37— 227
T Nz

The resulting downward-closed complex has N = dr — 1 vertices, and every selected c-face,
1 < ¢ < d, has at most (d — ¢)r — 1 one-vertex extensions. Lemma 2.1 therefore makes its top faces
an r-sunflower-free family.

Now suppose loglogr > 40. Write L, = logr, v = log L,, and choose

d= {\/Lr/%GJ . (74)

Write y = /L, /256 = €“/2/256. Since u > 40 and e > 2, we have y > 2'2 > 81. Thus d = |y| > 2
and d >y — 1> (80/81)y. The threshold is permitted because

log(R'%%) = 50000(log 2)d* < 50000d> < L,, N =dr—1>r.

(73)

The sharper floor estimate and the exact scale of y give

1 161 U U
<16/ = Ly Y4 < — - 1/4 1+logd < = +1—8log2 < —.
N Lr 0 Tlogd =g R
For the strict numerical comparison, the two squared constants are 259.20 < 259.21; the last

inequality uses log2 > 1/2. Substitution in (73) gives

loglogr

(log ) /4’

since 37 - (161/10)/2 = 297.85 < 300. The displayed loss is less than one on the whole range:

log 300 + log u — u/4 is decreasing for u > 40 and is negative at 40, using log 300 < 6 and log40 < 4.
By Lemma 2.3, products extend this one seed to every uniform rank with an absolute factor 1/2.

Put b =7 — gm(r). Then My > 0% and r — 1 < b < 7. For k= qd+t, 0 <t < d, take q independent
copies of the rank-d family and a product of ¢ families of r — 1 singletons. Then

MY > —297.85 L > r — 300

folk) > b9 (r — 1) > 0F(1 —1/b)471 > %b’“,

because b > r — 1 > 2(d — 1). The estimate r — 1 > 2(d — 1) follows, for example, from N > 4d>
and r = (N + 1)/d, which were established in (62).
This completes Theorem 1.2.
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5 Further consequences and scope

5.1 An exact even-petal triple-shadow extremum

The pair-shadow of a triple family is the graph of pairs contained in at least one triple. The
pair-codegree of a pair is the number of triples containing that pair.

Theorem 5.1 (Triple-shadow extremum). For every sufficiently large even integer r,

11, r 1

fr(3)>U(r) = {7’367" +3+3J.

The value U(r) is the exact mazimum within the class of triple families on at most 3r — 1 vertices
whose pair-shadow has maximum degree at most 2r — 1 and whose pair-codegrees are at most r — 1.

We give the full proof in Appendix A. This restricted optimality statement is not an upper
bound for unrestricted f(3). Since

11 3
U P =r— 067, VE=r— 3400 (reven),
its cube-root product base improves on the even-r graph-product base by 5/36 + O(r~!). It is

separate from the all-parity construction in Theorem 1.1.

5.2 Scope of the constructions

Theorem 1.1 asymptotically attains the harmonic second-order coefficient within the certificate class
of Proposition 2.2. Its decomposition inputs are applied with all required lattice, regularity, and
extension conditions verified in Section 3. The unspecified existence thresholds of those inputs are
not used quantitatively.

Theorem 1.2 has a different dependency chain. It uses a fixed 80-term approximate correction
and repairs the remaining small mean error inside the selected host. The effective construction
threshold is N > 250000d2, and the final one-sided rounding lemma bounds the average deficit by
35+/7 while separately controlling its maximum. These estimates allow d of order /logr and yield
the rate in (3). They do not assert exact fractional feasibility before the residual repair, or a better
fixed-rank coefficient than Theorem 1.1.

The external inputs of the paper are correspondingly different. The fixed-rank argument uses
the matching, lattice, and design decomposition theorems stated in Subsection 3.2; the exact-triple
argument uses the lattice and design decomposition theorems; and the effective argument uses
the vector-balancing theorem stated in Section 4. Restricted fan counts are not used to infer the
stronger labelled extendability needed for designs.

All three stated results give lower bounds for the unrestricted function f,.(k). The two optimality
assertions concern only their specified certificate and triple-shadow classes. In particular, no
matching upper bound for the unrestricted exponential base (3, is asserted. The constants and
cutoff in (3) are conservative.

5.3 Finite certificates and reproducibility

The accompanying document sfr_combined_finite_supplement.pdf contains a structural four-
petal certificate with 39 triples, additional verified certificates for r = 6, 8,10, 12, and the associated
data and exact verification instructions. These finite examples are independent of the unspecified
asymptotic thresholds. They are not claims of unrestricted optimality, and no numerical search
result is used to prove any theorem in this paper.
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A Proof of the exact triple-shadow extremum

In this appendix ¢ = r — 1 is odd and N = 3¢+ 2 = 3r — 1. A graph G on N vertices is
common-neighbourhood typical at density p to order h with error 7 if

() Na(v)

vES

=1+tr)pP¥IN (S CV(@), |S]<h).

The empty-set intersection is V(G). When counting injective extensions, excluding a fixed number
of other root vertices changes these counts by Op(1). The clique complex truncated at rank three
then satisfies Definition 3.1 with po = p, p3 = 1, with a slightly larger error. A required triangle
contributes no additional restriction once all its edges are present: when the new vertex is embedded,
its required incident edges are precisely a common-neighbourhood condition on a fixed set of root
vertices.

A.1 A typical shadow with the prescribed degree sequence

Lemma A.1. For every fixed order and every positive accuracy, all sufficiently large odd q admit
a graph G on N = 3q + 2 vertices and a matching P covering all but one vertexr vy such that
G — P is 2q-regular, deg(vo) = 2q, and all other degrees in G are 2q + 1. The graph G is
common-neighbourhood typical to the prescribed order and accuracy at density p = 2/3.

Proof. Work on the cyclic group Zy. Among the Dy = (N — 1)/2 distance classes {d, —d} with
d # 0, choose ¢ classes uniformly and include every edge with a chosen distance. The resulting
graph B is exactly 2¢g-regular.

The common-neighbourhood count for S = @ is deterministic. Now fix S of size s > 1. Except
for O4(1) vertices z, the distances from x to the elements of S are nonzero and belong to distinct
classes. Indeed, equality of two such classes for distinct a,b € S forces 2x = a + b; this equation
has a unique solution since N is odd. For a nonexceptional = the probability of being a common

o = () +orh

where (a)s =a(a—1)---(a —s+1). Thus the expected common-neighbourhood size is (¢/Dg)*N +
Os(1).

Changing the selection by one swap of distance classes changes this size by at most 4s: each of
the two classes affects at most two possible neighbours per member of S. Expose the ¢ selected
classes in a random order. Conditional completions after two possible choices at any step can
be coupled by swapping those two classes. The corresponding Doob martingale differences are
therefore bounded by 4s. The bounded-differences inequality gives a tail at most 2 exp(—cst2/N)
for a deviation ¢t. Apply the same argument to the unchosen classes to control the complement
B. Taking t to be a fixed positive multiple of N, the exponential tail dominates the polynomial
number of sets S. A union bound over all sets of every size up to the prescribed fixed order therefore
shows that B and B simultaneously have arbitrarily accurate common-neighbourhood estimates at
limiting densities 2/3 and 1/3, respectively. Consequently a choice of B with both sets of estimates
exists for all sufficiently large N.

We record why B — v has a perfect matching, for any predetermined vg. More generally, suppose
a graph L has degrees (p’ + O(7))N and codegrees (p?2 + O(7))N, with p’ > 0 fixed. For S C V (L),
put dg(v) = |Np(v) N S|. Counting degrees and ordered pairs in S gives

> _ds(v) = p'N|S| + O(rN|S]),

neighbour is
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and

> ds(v)? =3 deg(z) + ) [Np(x) N Nr(y)| = p?N|S|* + O(rN|S|* + NIS|).
v eSS :E?y;ées
7Y

Expanding the square therefore gives

> (ds(v) = p'|S])* < C(rN|S|* + NIS]).

v

For any fixed o > 0, sufficiently small 7 and large IV, there cannot be disjoint sets S, T of sizes at
least N with no edge between them: the left side would be at least |T'|p’?|S|?, a contradiction.

Partition V(L) \ {vo} randomly into equal parts Ay, By. Hypergeometric concentration and a
union bound give a partition in which every vertex of Ag U By has at least SN neighbours in the
opposite part, for a fixed 0 < 8 < p//4: conditionally on the side containing a vertex, its expected
opposite-part degree is (p'/2 + O(7) + O(N~1))N. Use the preceding no-empty-pair property with
a < (. Hall’s condition follows for S C Ag: for 0 < |S| < SN it follows from one vertex’s degree;
for BN < |S| < |By| — BN, a violation would leave a set By \ N(S) of size at least SN with no edge
to S; and for |S| > |Bg| — SN, every vertex of By has a neighbour in S. The empty set is harmless.
Hall’s theorem supplies the required perfect matching.

Apply this to L = B and let P be the resulting matching. Then G = B U P has the required
degree sequence. Adding a matching changes the common-neighbourhood count of an s-set by at
most s. This preserves all the prescribed typicality estimates for large V. ]

A.2 The upper bound and a bounded parity leave

For the upper bound in Theorem 5.1, pad the ground set of an admissible triple family to N vertices.
A vertex link is a graph with at most 2¢ 4+ 1 vertices and maximum degree at most ¢: its vertices
are shadow neighbours, and the degree of a shadow neighbour is the codegree of the corresponding
pair. Hence the link has at most

edges. Since N and 2g + 1 are odd, the handshaking lemma forbids every vertex of the pair-shadow
from having degree 2q + 1. Some vertex therefore has shadow degree at most 2¢ and hence link size
at most ¢%. Summing link sizes yields

qg—1

3| F| < (N - 1) +¢* = N&, — 5

(75)
Its floor after division by three is U(r), as stated. Indeed, with ¢ = r — 1 and N = 3¢ + 2 the
unfloored quantity is

NE —(q—1)/2 64 +T7¢>—2¢—1 4 11, 1

r
3 6 —T_FT +§+§

We next attain this bound. Choose G, P, vy from Lemma A.1, at an order and accuracy to be

fixed below. Write N2 ) ) N1
(Q'; )_7 a:]P[: _‘
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Let ¢ € {0,1,2} satisfy ¢ = gE — a (mod 3). There is a triangle-free graph D C G such that
|ID| =a+4¢, A(D)<5, degp(v)=degg(v) (mod?2) for every v. (76)

To construct it, choose a matched vertex u with mate u/. Among the neighbours of u other than u’, vy,
at least 2q — 1 vertices occur in the other (3¢ — 1)/2 matching pairs. At least (2¢—1) —(3¢—1)/2 =
(¢ — 1)/2 of those pairs have both endpoints adjacent to u. For large ¢, choose ¢ such pairs a;b;
(with no choice needed when ¢ = 0). In P replace each a;b; by a;u, bju. The result is one star with
20 + 1 edges together with disjoint matching edges. Each replacement increases the edge count by
one, preserves the degrees of a;, b;, and increases the degree of u by two. The parity vector of P
already agrees with that of G: both degrees at vy are even, and both degrees at every other vertex
are odd. The resulting graph is triangle-free and has maximum degree 2¢ + 1 < 5, so (76) holds.

A.3 A residual triangle multiset
Write ¢ = 6m + b, where b € {1,3,5}. Consider the pair-multiplicity vector

It is nonnegative, its vertex degrees are even, and its total weight bE — |D| is divisible by three.
Indeed, b is odd and degp(v) = degg(v) (mod 2), while

bE—|D|=¢gE —a—-{¢=0 (mod 3).

These are precisely the triangle divisibility conditions.

We apply the lattice and decomposition inputs from Subsection 3.2 to obtain a multiset of
triangles 7y whose pair-incidence vector is Jy. Here are the required checks. Throughout put
p = 2/3. If b = 1, use the clique complex of G — D truncated at rank three. Deleting a graph
of maximum degree five changes every common-neighbourhood count of a fixed s-set by at most
5s, so this complex is extendable. The host is the simple graph G — D. Theorem 3.4 with j =3
supplies its lattice membership, and weight 1/(6p? N) on each ordered triangle covers every edge by
1+0(r+ N1,

If b = 3 or 5, use the clique complex of G. The support of Jy is all of G. Give an ordered triangle
with underlying set T the weight

b—|E(T) N E(D)|
6p2 N ’
The numerator is at least b—2 > 1, since D is triangle-free. Each underlying triangle has six ordered
embeddings. For an edge uv, summing over its common neighbours gives coverage

(77)

(b = Lyven)|Ne(u) N Ne(v)| — ZwENg(u)ﬁNg(v)(luweD + Lywep)
p*N '

The subtracted sum is at most ten. This equals Jo(uv)(14+O(7+ N~1)). Theorem 3.4 again supplies
membership in the triangle lattice.

In both cases the ambient complex is exactly Ss-adapted, because every bijection between
subsets of the three roles extends to a permutation in S3. Its extensions follow by sequential
common-neighbour choices. The positive graph support is the entire edge level of the corresponding
ambient complex, so the support extension condition imposes nothing further. The weights are
bounded above and below by fixed positive multiples of N~!'. Choose the extension and weight
constant w first, then the required regularity accuracy, then the initial graph accuracy and N.
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Theorem 3.5, applied at uniformity two with the single triangle motif on three roles, gives 7y. This
role count is fixed and is unrelated to the petal parameter ¢ = r — 1 used in this appendix. We do
not assume that its unordered triangles are distinct.

Let S be the simple support of 7g, and let R = Tg — S be its multiset of additional copies. Since
dS + OR = Jy coordinatewise, every pair occurs at most b times in either S or R. If degg (v) counts
triples with multiplicity, then

_ bdegg(v) — degp(v)

b(2q+1
degr (v) < degrs (v) = . < et

< 2N.

The last inequality uses b < 5 and N = 3¢ + 2.

A.4 Redistributing duplicate demands

Partition the multiset R into m classes Ry, y € Y, so that each class has maximum vertex degree
at most K = 1000. A greedy assignment works: at an endpoint of a new triple at most 2N/ K
classes are full, so at most 6 N/K classes are forbidden by its three endpoints. For sufficiently large
g, m > N/25 > 6N/K. The first inequality already holds for ¢ > 20, since b < 5, and the second
follows from K = 1000. Assign the triple to any remaining class.

Let d,(e) be the pair-incidence vector of R,. Then

> byvw) 2K, 0< ) dy(e) <b. (78)
wWHV Y

Indeed, the first left-hand side is 2degg, (v), and the second is OR(e) < Jo(e). Each dy is itself a
sum of triangle vectors. The intended pair demand at label y will be 61 () + .

Use four roles, the first three in X = V(@) and the last in Y, and let ® contain precisely the
injective partial maps whose X-images are cliques in G. Take

Hy, = {123,124,134,234},  H, = {123}.

Give an all-X triangle T host capacity one if T ¢ S and zero if T € S; give the mixed coordinate
{u,v,y} capacity 6 + d,(uv) for every edge uv € G. These capacities are at most eleven because
dy(uv) < b < 5.

For each y, the vector 61p ) + 0y is triangle-divisible: its vertex degrees are even and its total
weight is divisible by three, while d, is itself a sum of triangle vectors. Explicitly, its degree at v is
6 degq(v) + 2degg, (v) and its total weight is 6E + 3|R,|. It therefore lies in the triangle lattice by
Theorem 3.4. Lift its signed representation to H; copies with label y, then correct all-X coordinates
with signed Hs copies, as in the explicit lattice construction in Lemma 3.7. This proves integer-span
membership for the typed host. Again, S remains in the ambient complex for this signed calculation.

For every admissible ordered H; embedding with underlying triangle 7" and label y, use weight

6 + Zee(g) 5y(6)
wT,y = 6p2N .

There are six orderings for every (7, y). For a mixed coordinate e = {u, v} at label y, the coverage is

(6 +dy(e)){w € Ng(u) " Ng(v) : {u,v,w} ¢ S}
p:N

+ O(K/N).
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At most b common-neighbour choices are excluded by S, and (78) bounds the remaining cross terms
by 4K/(p*N). The coverage is therefore (6 + d,(e))(1 + O(r + N~1)), uniformly. For an available
all- X triangle T, the total H; coverage is exactly

6m + Zee(g) Zy 5y(e) 3
p2N == Z + 0(1)

aT =

uniformly in 7', since the double sum lies between zero and 3b. More explicitly,

b 8
PPN=8m+—_—+-, 0< Y Y 4(e)<3b<15,

39
ec(3) ¥

so ar = 3/4 4+ O(N~!) uniformly and 1 — ar is bounded away from zero for all sufficiently large
N. Weight (1 — ag)/(6m) on every ordered Hy embedding of T' makes this coordinate’s coverage
exactly one. Both kinds of weights are uniformly positive of order (N +m)~! for large N.

The support is exactly the one in Lemma 3.6 with j = 3, the clique complex of G, and the
bounded pair-degree family S. That lemma proves exact adaptation and both extension conditions.
Its linear-size label hypothesis holds because |Y| = m and m/N — 1/18. Choose w, then the
required accuracy, then the initial graph accuracy and finally N, exactly as in Lemma 3.7. The
fixed constants here, including K, do not depend on N. Theorem 3.5, now applied at uniformity
three to the two motifs on four roles, decomposes the typed host. Again, the number of roles is
fixed independently of the petal parameter.

Retain the all-X triangle from each selected H; and adjoin S. Capacity one makes the result F
simple. For each pair e and label y, exact filling of the mixed coordinate (e,y) counts precisely the
retained H; triangles containing e. Its pair-incidence vector is therefore exactly

OF = 6mlpg) + Y 6, +0S
Yy
= 6m1E(G) + JR + 9S
=6mlg) + Jo = 91e@) — 1emD)-

In particular,

|]__|:qE’—3a—£: LqE—aJ _ LN&’q—(q—l)/2

. T v,

where ¢F —a = N&; — (¢ — 1)/2 by direct substitution. The equality with U(r) is the polynomial
expansion displayed in the upper-bound calculation above. The ground set is X, not X UY', and its
size is 3r — 1. The pair-shadow is contained in G, so its maximum degree is at most 2g + 1 = 2r — 1,
while every pair-codegree is at most ¢ = 7 — 1. An empty core would require 3r vertices, a singleton
core would require 2r shadow neighbours, and a pair core would require r triples on that pair. These
three proper core sizes are excluded by the preceding strict bounds; a core of size three would force
identical triples and is impossible because F is simple. Together with (75), this proves Theorem 5.1.

Use of AI: We prepared a list of proof strategies and techniques used in several papers related to
sunflower conjectures and related problems in extremal combinatorics. We fed this to multiple Al
tools (Claude, ChatGPT and two open-weight models with open-source harnesses) and prompted
these Al tools to improve the lower bounds. When an Al tool was hallucinating, stuck, or going
in the wrong direction, we stopped that Al tool, corrected the intermediate .md files, added more
specific new ideas and switched to a different Al tool with more detailed fresh prompts. Equations
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written by one Al tool were critiqued, verified and expanded by a completely different Al tool in
an iterative manner, till we were satisfied with their correctness and details. The author is solely
responsible for the correctness of the proofs.

References

1]

[2]

[10]

[11]

[12]

[13]

[14]

[15]

H. L. Abbott, Some remarks on a combinatorial theorem of Erdds and Rado, Canadian
Mathematical Bulletin 9 (1966), 155-160. doi:10.4153/CMB-1966-019-1.

H. L. Abbott and G. Exoo, On set systems not containing delta systems, Graphs and
Combinatorics 8 (1992), 1-9. doi:10.1007/BF01271703.

H. L. Abbott, D. Hanson and N. Sauer, Intersection theorems for systems of sets, Journal of
Combinatorial Theory, Series A 12 (1972), 381-389. doi:10.1016,/0097-3165(72)90103-3.

R. Alweiss, S. Lovett, K. Wu and J. Zhang, Improved bounds for the sunflower lemma, Annals
of Mathematics 194 (2021), 795-815. doi:10.4007 /annals.2021.194.3.5.

E. Axante, C. Budala, D. Chitic, B. Dumitru and M. Nacu, Sunflower-free uniform families:
recursive constructions and explicit bounds, arXiv:2609.06175v1 (2026). arXiv record.

T. Bell, S. Chueluecha and L. Warnke, Note on sunflowers, Discrete Mathematics 344 (2021),
article 112367. doi:10.1016/j.disc.2021.112367.

P. Bennett and A. Priestley, The sunflower-free process, arXiv:2509.16355 (2025). arXiv record.

V. Chvatal and D. Hanson, Degrees and matchings, Journal of Combinatorial Theory, Series B
20 (1976), 128-138. doi:10.1016/0095-8956(76)90004-6.

P. Erdés and R. Rado, Intersection theorems for systems of sets, Journal of the London
Mathematical Society 35 (1960), 85-90. doi:10.1112/jlms/s1-35.1.85.

P. Frankl and V. R&dl, Near perfect coverings in graphs and hypergraphs, European Journal of
Combinatorics 6 (1985), 317-326. doi:10.1016/S0195-6698(85)80045-7.

K. Frankston, J. Kahn, B. Narayanan and J. Park, Thresholds versus fractional
expectation-thresholds, Annals of Mathematics 194 (2021), 475-495.
d0i:10.4007 /annals.2021.194.2.2.

P. Frankl and J. Wang, New bounds on families without large sunflowers, Electronic Journal of
Combinatorics 32(2) (2025), P2.43. doi:10.37236/13277.

J. Fukuyama, Sunflower bound with a sub-logarithmic base, arXiv:2510.19037v2 (2025). arXiv
record.

P. Keevash, The existence of designs I, arXiv:1802.05900 (2018). arXiv record; author-hosted
version. The theorem numbering used here is that of the version dated 16 February 2018.

A. V. Kostochka, Extremal problems on A-systems, survey, author-hosted version dated 25
October 2011. Author-hosted text.

44


https://doi.org/10.4153/CMB-1966-019-1
https://doi.org/10.1007/BF01271703
https://doi.org/10.1016/0097-3165(72)90103-390103-3)
https://doi.org/10.4007/annals.2021.194.3.5
https://arxiv.org/abs/2609.06175
https://doi.org/10.1016/j.disc.2021.112367
https://arxiv.org/abs/2509.16355
https://doi.org/10.1016/0095-8956(76)90004-690004-6)
https://doi.org/10.1112/jlms/s1-35.1.85
https://doi.org/10.1016/S0195-6698(85)80045-780045-7)
https://doi.org/10.4007/annals.2021.194.2.2
https://doi.org/10.37236/13277
https://arxiv.org/abs/2510.19037
https://arxiv.org/abs/2510.19037
https://arxiv.org/abs/1802.05900
https://people.maths.ox.ac.uk/keevash/papers/designsII.pdf
https://people.maths.ox.ac.uk/keevash/papers/designsII.pdf
https://kostochk.web.illinois.edu/docs/2000/survey3.pdf

[16] A. V. Kostochka, A bound of the cardinality of families not containing A-systems, in The
Mathematics of Paul Erdds II, Algorithms and Combinatorics 14, Springer, 1997, 229-235.
doi:10.1007/978-3-642-60406-5__19.

[17] A. V. Kostochka, V. Rédl and L. A. Talysheva, On systems of small sets with no large
A-subsystems, Combinatorics, Probability and Computing 8 (1999), 265-268. Publisher text.

[18] E. Naslund and W. Sawin, Upper bounds for sunflower-free sets, Forum of Mathematics, Sigma
5 (2017), el5. doi:10.1017/fms.2017.12.

[19] A. Rao, Coding for sunflowers, Discrete Analysis (2020), paper 2. doi:10.19086/da.11887.

[20] J. Spencer, Intersection theorems for systems of sets, Canadian Mathematical Bulletin 20
(1977), 249-254. doi:10.4153/CMB-1977-038-7.

[21] N. Bansal, D. Dadush, S. Garg, and S. Lovett, The Gram—Schmidt Walk: A Cure for the
Banaszczyk Blues, Theory of Computing 15 (2019), article 21, 1-27.
doi:10.4086/t0c.2019.v015a021. Theorem 1.1 states the Banaszczyk vector-balancing theorem
with constant 5.

45


https://doi.org/10.1007/978-3-642-60406-5_19
https://doi.org/10.1017/S0963548399003818
https://doi.org/10.1017/fms.2017.12
https://doi.org/10.19086/da.11887
https://doi.org/10.4153/CMB-1977-038-7
https://doi.org/10.4086/toc.2019.v015a021

	Introduction
	Motivation and the scale of the problem
	Past work and related directions
	Two complementary lower bounds
	Comparison with earlier bounds
	What is novel and what is derived
	Overview of the proof strategy
	Organization and parameter conventions

	Common framework
	Uniform products
	The density sequence
	Rooted patterns and deterministic deletion

	Sharp fixed-rank construction
	Rooted extension counts and random masks
	Decomposition inputs and their framework
	Almost-perfect matchings
	Labelled complexes and extension requirements
	The lattice and positive decomposition theorems
	From ordinary typicality to labelled extendability

	Construction of one layer
	Induction and product amplification

	An effective growing-rank construction
	Fractional correction from restricted fan counts
	Obtaining the Gram decomposition from restricted fans
	Fixed-length correction

	One-sided rounding with a small mean residual
	The quantitative hierarchy
	The closed collection of rooted positive patterns
	Global suppressions and stage amplification
	Masking and the full lower-rank matrix interface
	A buffered fractional point and its residual
	All geometric thresholds and the pointwise residual
	Propagation after arbitrary admissible rounding
	Cardinality, sunflower avoidance, and all uniform ranks


	Further consequences and scope
	An exact even-petal triple-shadow extremum
	Scope of the constructions
	Finite certificates and reproducibility

	Proof of the exact triple-shadow extremum
	A typical shadow with the prescribed degree sequence
	The upper bound and a bounded parity leave
	A residual triangle multiset
	Redistributing duplicate demands


