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Abstract

We construct a soft spectral decomposition whose loss is charged to the information revealed
about one root endpoint pair. For a half-lazy weighted graph, the leaf multipliers form a squared
partition of unity, every leaf has low base threshold rank, and the total deleted edge mass is
bounded by the component-conditional endpoint entropy. A rational late-time heat selection
supplies the local energy-to-information bound; the entire tree has finite implicit access.

Combining this decomposition with the Guruswami-Sinop marginal-decoding framework
gives an end-to-end Unique Games guarantee governed by the smaller of a vertexwise-information
envelope and a component-entropy envelope. In the general worst case, an instance of optimum
at least 1 — x admits a labeling of error O(y/klog(2/a)/a) in deterministic time ¢©™") times
an input-bit polynomial. The dependence on k remains a square root at fixed «.

1 Introduction

1.1 Overview and motivation

A Unique Games instance assigns a permutation constraint to each record of a weighted graph. If a
directed record e : u — v carries the permutation 7, a labeling ¢ satisfies it when ¢(v) = 7. (£(u)).
For n vertices and an alphabet of size ¢, the near-perfect recovery problem asks for a labeling of
small normalized violated weight under the promise that some labeling violates at most a x fraction
of the total weight. This is the algorithmic regime relevant to Khot’s Unique Games Conjecture
[17]. Our focus is the quantitative relationship between the promised error k, the recovered error,
and the running time.

Spectral algorithms exploit the fact that a highly satisfiable labeling has small constraint energy.
On a graph with suitable expansion or low-dimensional spectral structure, this observation can
be converted into an efficient recovery procedure. On an arbitrary graph, however, one must first
find useful restrictions and account for everything lost between them. Arora-Barak-Steurer [2]
established the subexponential-time decomposition approach, with a detailed near-perfect tradeoff
in Steurer’s thesis [21]. This paper concentrates on the decomposition cost within that approach.

The guiding idea is to charge a split for the information it reveals, not to charge each recursion
level independently. We use soft restrictions: a vertex can occur in several leaves, with nonnegative
multipliers whose squares sum to one. These multipliers specify an actual retained mass for every
edge. A single latent ordered endpoint pair then couples all levels of one decomposition tree, so the
chain rule for mutual information bounds the total information spent. Routing the root connected
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components costs no edge mass, and its information contribution can be subtracted exactly. This
yields the principal structural contribution—an entropy-charged soft spectral decomposition—from
which the algorithmic results follow.

1.2 Principal results and their interpretation

A graph theorem independent of Unique Games. An endpoint law is a probability dis-
tribution ag, on ordered vertex pairs. Here azy = ay,, its marginal is p(z) = Zy azy > 0, and
half-laziness means ag, > p(x)/2. Its walk and scalar Dirichlet energy are P(x,y) = aqy/p(z) and
Ep(f)=14 >y Gy (f(x) = f(y))?. All logarithms and entropies use natural logarithms. Theorem 3.1
takes a rational symmetric half-lazy endpoint law a on at most n vertices, an integer 256 < R < n,
and rational parameters 0 < v < 1/n and 0 < n < 1/4 for the minimum-mass threshold and spectral
cutoff. Write L =log(1/v) and Lr = L/log R. Under 3072nLr < 1/34, it constructs nonnegative
rational leaf multipliers @ with
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where P, is the normalized walk of the corresponding weighted restriction. The rank counts, with
multiplicity, its normalized Laplacian eigenvalues in the inclusive interval [0, n]. Its total deleted
edge mass, equivalently the total scalar multiplier energy, satisfies
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Here F is the root ordered endpoint pair and C' its connected component. Thus the entropy term
concerns uncertainty within components, not the number or relative weights of the components alone.
The tree has depth at most n — 1. Any prescribed path is computable in poly(n,input length, 1/7)
bit operations. The associated sampler reaches leaf b with unconditional probability Z; and dies
with total probability D. Exact rational sampling has expected polynomial bit cost; a bounded
implementation permits an explicitly controlled additional failure probability. The construction
does not list a polynomial-size family of leaves, and no such bound is claimed. Its overlapping
restrictions are not a hard partition of the kind produced by the earlier ABS decomposition.

A complete-labeling consequence. For n > 256, ¢ > 2, an integer 256 < R < n, and rational
0 < k < 1, let OPT denote the maximum satisfied fraction of constraint weight. Under the
promise OPT > 1 — k, Theorem 4.2 combines the graph construction with a finite version of the
Guruswami—Sinop conditional-marginal framework [15, 14]. Set

K I log(100n/k) log(2LR)
v= ="' ag = ————=.
100n’ R log R’ B~ 9log R

The recovered error is O(y/k(Lr + agH,)). The static quantity H,, defined in Section 4, is the
minimum of two static information budgets obtained by integrating residual entropy envelopes. It is
not a pointwise minimum taken before integration. One envelope uses the vertexwise distribution of
endpoint surprisal, and therefore records where information is concentrated; the other uses the origi-
nal component-conditional entropy. In particular, 0 < H, < 2logn. This is not merely a guarantee
for one favorable leaf: it accounts for successive residual instances, interstage edges, and the final
unprocessed mass. The randomized implementation has time qO(R5/8) poly(n, q, bin, 1/k,1log(1/£))
and success probability at least 1 — &£, for supplied rational 0 < £ < 1. The deterministic imple-
mentation has an additional explicit entropy-dependent path-search exponent. Here and below by,
denotes the binary input length, including supplied numerical parameters.




The uniform tradeoff and a promise-free implementation. Theorem 4.4 composes the
preceding algorithm with the Gupta—Talwar logarithmic approximation [13]. This removes the
numerical 1/x cost and absorbs the deterministic path-search exponent in the general worst-case
guarantee. In a common time-exponent parameter, Corollary 4.5 gives
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Here « is supplied as a rational parameter. The constants are absolute, including for parameters
varying with n. Corollary 4.6, stated in the main text and proved in Appendix B.1, removes the
need to supply x: its uniform bound is expressed in terms of the unknown error 1 — OPT. It makes
only O(1 + loglogn) bounded runs of the uniform algorithm; each run has its own finite sequence
of localization invocations.

1.3 Contributions

The new contribution is the loss—rank—information tradeoff of Theorem 3.1 together with its finite
soft-restriction construction. Its proof combines a late-time heat selection that controls energy per
unit of support information (Lemma 3.2), a rational squared partition of unity with quadratic loss
(Lemma 3.3), and an exact posterior coupling that charges all smooth losses to H(E | C') through
the chain rule, without any branchwise entropy-monotonicity assumption. Spectral localization,
heat evolution, threshold rank, and the chain rule themselves are classical [18, 2, 21, 9].

The algorithmic theorems are consequences of that graph theorem and of the Guruswami-
Sinop tools [15, 14], with two application-specific arguments: transporting the conditional-marginal
ensemble back through the soft multiplier (Appendix A), and controlling every residual instance from
the immutable input through the vertexwise information envelope of Lemma 4.1. Column selection,
the singleton embedding, and alphabet-efficient low-rank recovery are due to Guruswami—Sinop
[15]; their local hierarchy framework [14] supplies the optimization architecture, and finite-precision
ellipsoid optimization is classical [12]. The logarithmic fallback and its tree-metric method are those
of [13, 10]. Appendix A makes the finite ensemble interface explicit and sharpens the transport by
separating label disagreement from amplitude variation: for a good leaf with cutoff rank at most
R5/3 at 0 < 7 = 1024% < 1/4, a normalized-leaf labeling of error at most 8%, and Ep(®y)/Z;, < 8D,
Corollary A.6 produces a nonempty partial assignment with
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where D is the loss of that invocation’s decomposition tree and I' is the partial assignment’s
internal-violation-plus-twice-boundary mass divided by its assigned vertex mass, measured at the
invocation root. Appendix B supplies the weighted rational fallback, and Appendix C groups
optional whole-tree loss estimates, guarded policy comparisons, and exactly certified flat partitions;
the principal theorems do not depend on Appendix C.

1.4 Related work and quantitative comparison

Polynomial-time recovery and structured graphs. Following Khot’s formulation [17], Tre-
visan [22] gave polynomial-time recovery of a constant fraction of constraints from sufficiently
near-perfect instances with completeness error of order 1/logn. Gupta—Talwar [13] obtained



Result Recovered-error bound Running time and scope

Gupta—Talwar [13] O(klogn) Polynomial; general graphs.
Charikar—Makarychev— O(v/r1logq) Polynomial; nontrivial for small
Makarychev [8] klogq.

Steurer [21, Theorem 5.2]; O(y/k/a3) exp(O(gn®)); general graphs.

ABS approach [2]

Guruswami-Sinop [15, 14] (14 (2+60)/Aj1)R q°/? poly(n); spectral guarantee.
This paper, Corollary 4.5 O( nlog(?/a)/a) q°™") poly(n, ¢, bin); general graphs.

Table 1: Relevant recovery guarantees, with errors capped by one. The displayed thesis benchmark
has a > loglogn/logn; our range is 0 < a < 5/8. Comparison of their error coefficients is on
the common range. Polynomial factors are suppressed in the historical exponential-time entry.
Randomized historical rounding bounds are stated in expectation; constant-success bounds follow
with an absolute constant-factor loss. Alphabet dependence and spectral hypotheses differ.

the logarithmic error guarantee used here, through probabilistic tree embeddings [10]. Charikar—
Makarychev—Makarychev [8] gave the alphabet-sensitive O(y/klogq) bound, which is nontrivial
when klogq is sufficiently small. For weighted instances, the same per-edge estimate gives this
expected-error bound by weighted Jensen’s inequality. These polynomial-time algorithms can be
preferable to our general tradeoff, particularly for small alphabets.

Expansion gives a different source of favorable structure. Arora—Khot—Kolla—Steurer—Tulsiani—
Vishnoi [4] established efficient recovery on expanding constraint graphs. Makarychev—Makarychev
[19] sharpened this to error O(k/hg) when k < c¢\g, where h¢ is edge expansion and A the spectral
gap in their normalization. Kolla [18] developed purely spectral recovery whose time depends on
the relevant label-extended eigenspace. These hypotheses are not comparable with the arbitrary
base graphs treated here.

General decomposition and low-rank hierarchies. ABS [2] is the foundational general
subexponential algorithm; Steurer’s thesis [21] supplies the explicit two-parameter near-perfect
benchmark used below. The use of iterative partial assignments is already present there. Re-
lated divide-and-conquer algorithms were developed by Arora-Impagliazzo-Matthews—Steurer [3].
Barak—Raghavendra—Steurer [7] developed hierarchy rounding through global correlation, obtain-
ing guarantees that recover the ABS constant-satisfaction subexponential regime and exploit low
threshold rank on suitable instances. Guruswami-Sinop [15, Theorem 6.7 and Remark 6.8] give
expected error at most

(1 + 2+ 0) r  in time ¢°U/9 poly(n),
)\7‘+1
where 0 < 6 < 1, the integer r satisfies 1 < r < n, and A1 > 0 is the (r + 1)-st smallest
eigenvalue of the base normalized Laplacian; a zero denominator gives no finite guarantee. Their
Theorems 5.2 and 6.9 provide the column-selection and embedding ingredients used here. The local
solver [14] is important: constructing a full hierarchy with an nP) cost would not give our stated
alphabet-efficient interface. The error coeflicient in our general tradeoff is attributed to the new
decomposition analysis; alphabet-efficient decoding is explicitly inherited.
Table 1 separates those hypotheses and time costs. On the common parameter range, the
comparison with [21, Theorem 5.2] is at fixed completeness error x and the same time exponent
o. The proved error coefficient changes from a3/ there to \/log(2/a)/a here. Their ratio,



1/(a+/log(2/a)), tends to infinity as a — 0. Equivalently, in the asymptotic regime z := /62 — 0,
the new upper bound permits o = ©(zlog(1/x)) to target recovered error O(§), whereas the
displayed thesis formula is balanced at o = ©(z/3). These statements are subject to the respective
parameter ranges. Three qualifications are important. First, this compares proved upper bounds;
it is not a lower bound on an optimized version of the earlier algorithm. Second, neither bound
improves the y/k completeness power at fixed «. Third, the alphabet costs differ: exp(O(gn®)) and
) agree up to constants in the exponent for fixed ¢, but not when ¢ grows.

Other relevant algorithms and analytic tools. Hopkins—Schramm-Trevisan [16] obtain a
subexponential Unique Games gap-distinguishing guarantee using Sherali-Adams linear programs,
without SDP rounding or subspace enumeration. This is an alternative algorithmic framework; its
constant-gap distinction does not by itself give the two-parameter near-perfect recovery guarantee
in (1). Alev-Lau [1] use low-diameter decompositions for minor-free and bounded-genus constraint
graphs. Bafna—Barak—Kothari-Schramm-—Steurer [5] develop rounding for general Unique Games
on graphs with certified small-set expansion. Bafna—Minzer [6] treat affine Unique Games on
the broader class of globally hypercontractive graphs. These graph-class and, in the latter case,
constraint-type assumptions make their guarantees incomparable with the general tradeoff here.
The conditioned shift potential in [5, Definition 3.4] concerns weighted collision probabilities of
relative labels in a sum-of-squares pseudodistribution. Our budget is instead the Shannon entropy
of an actual root endpoint pair, conditioned on its component, and controls recursive deletion.

The analytic ingredients also have established antecedents. Heat evolution and small-support
Rayleigh quotients are central to spectral profile methods [11]; the entropy chain rule and relative-
entropy identities are standard [9]; and the cube analysis in Section 5 uses classical hypercontractivity
[20].

1.5 Overview of our proof strategy

1. Find an informative low-energy split. At a node with all vertex masses at least v and base
cutoff rank exceeding R%®, the lazy walk Q = (I + P)/2 has Tr(Q*") > V/R at the time used in
Lemma 3.2. Select one mean-one density column whose heat evolution g has Ny = HQTHZ > V/R. For

F; =log ||gt\|i >0 and e; = Ep(gr)/ Hgt||i, heat contraction gives e; < 2(F; — Fiy1). Monotonicity
of F} then yields

S L < 2log(Fo/Fr) < 2log(2L).

it b

Selecting a late time and truncating the density turns this estimate into an energy-to-support-
information bound containing log(2LRr). A stereographic parametrization gives a squared partition
of unity with quadratic energy loss. A fixed dyadic mesh preserves the bound while discarding
the heat-vector denominators before recursion; the encoding length of accumulated multipliers still
grows linearly with path depth. These are the local estimates in Lemmas 3.2 and 3.3.

2. Charge the entire tree to one information budget. Draw one root endpoint pair
E = (z,y). At a split, select child i with probability x;(z)x:(y) and otherwise kill the path.
Nonnegativity and the squared partition of unity make these probabilities valid by Cauchy—Schwarz.
Conditional on reaching a node, Bayes’ rule gives exactly that node’s weighted endpoint law. Thus
the chain rule controls the reach-weighted sum of local information by the root entropy, even
though entropy need not decrease along an individual surviving branch. Routing the root connected
components first makes the routing transcript a deterministic code for C' with zero deletion cost,



so its contribution H(C) can be subtracted from the chain rule, leaving the budget H(E | C).
Combining this budget with the local loss-per-information estimate gives Theorem 3.1; cleanup
contributes the explicit 2nv.

3. Decode a good leaf without reconciling overlapping leaves. At an admitted recovery
invocation, the unconditional path law gives a constant probability of reaching a leaf with both
a good restricted witness and small multiplier energy relative to retained leaf mass, as stated in
Lemma 3.5. The finite conditional-marginal construction uses the inherited Guruswami—Sinop
ingredients [15, 14], together with the finite local-fragment implementation proved in Appendix A.
Winner-gap rounding creates an amplitude field with at most one nonzero label coordinate at each
vertex. Multiplication by the leaf multiplier and ensemble coarea then produce a nonempty partial
assignment, selected by its actual rational internal-violation-plus-twice-boundary charge. Keeping
label disagreement separate from amplitude variation sharpens this interface. Only one accepted
partial assignment is committed at a time, so no agreement between separately rounded overlapping
leaves is required.

4. Preserve the information gain through complete recovery. After each accepted partial
assignment, rebuild the residual from the immutable original instance and replace outgoing mass by
identity loops. Lemma 4.1 bounds the resulting entropies through the original vertexwise profile
and component information. Integrating the partial-assignment charges over remaining mass proves
Theorem 4.2, including its stopping and terminal charges. The classical fallback handles parameter
ranges in which localization would have excessive numerical or deterministic search cost. Exact
satisfiability testing and a bounded geometric guessing schedule then give the promise-free corollary,
including termination on false guesses.

5. Delimit what the current analysis does not show. Section 5 computes the full child-or-kill
information and shows that high heat trace alone cannot imply a uniform loss-to-information ratio
K/I = O(n/log R) without a logarithmic loss. Its cube witness already satisfies the low-rank
stopping criterion, however, so the algorithm does not split it. That witness is therefore not a lower
bound for the nodes on which the algorithm performs a smooth split. The hypercontractive estimate
is classical [20]; the channel calculation and the rank-screen qualification specify the limitation of
this argument. Neither a log-free global loss bound nor a better general completeness power follows
from this analysis.

1.6 Organization of the paper

Section 2 fixes the weighted input, normalization, constraint-energy, and soft-restriction conventions.
Section 3 proves the standalone spectral decomposition and its finite access guarantees. Section 4
establishes the residual information envelopes, complete recovery, uniform tradeoff, and promise-free
statement. Section 5 gives the actual-channel analysis and precisely scoped limitation. Appendix A
proves the required finite decoder and its sharper transport, coarea, and direct-multiplier refinements.
Appendix B gives the classical fallback and the proof of the promise-free wrapper. Appendix C
contains the optional actual-loss-sensitive extension. It can be omitted on a first reading without
interrupting the principal decomposition-recovery—limitation narrative.



2 Notation and normalization

Definition 2.1 (Unique Games input). An instance consists of a finite vertex set V' with |V | =n > 1,
an alphabet [q] = {1, ..., ¢} with integer ¢ > 1, and a finite multiset R of records e = (ue, ve, e, We).
Here u,,v. € V, 7, is a permutation of [¢], and w, > 0 is rational. A labeling ¢ : V — [q| satisfies e
when £(ve) = me(l(ue)). W =3 crp we > 0, define
err(ﬁ) = i Z welf(ve)#ﬂe(f(ue)ﬁ OPT =1 — min err(f).
w eER ¢

If W =0, set every labeling’s error to zero and OPT = 1. Loops and parallel record occurrences are
allowed. The input length includes the explicit permutations and all rational weights and parameters.
Running times below count bit operations.

Preprocessing and orientation. Discard every zero-weight record before constructing any
law or operator. If no positive-weight record remains, return arbitrary labels and perform no
normalization. Thus all normalized-law statements below concern the case W > 0. A vertex incident
to no positive-weight record is likewise omitted from every law and operator and receives an arbitrary
output label; n continues to denote the original vertex-count bound. Unless a later transform is
stated explicitly, “record” henceforth refers to this preprocessed multiset.

For each remaining record put p. = we/W. Replace its occurrence by the two occurrences

(uevveaﬂ-evpe/2) and (UEvue)W;17p€/2)'

Both occurrences are retained even when u, = v.. Their satisfaction conditions are equivalent, so
this symmetrization preserves the error of every labeling. Let d,, be the total mass of the resulting
occurrences directed from z to y, and put pl(x) = >y Gzy > 0. Then @ is symmetric, has total mass
one, and has marginal p°.

Half-lazification and immutable residuals. Multiply the mass of every symmetrized record
occurrence by 1/2 and add an identity-permutation loop of mass u°(z)/2 at each vertex x. The
resulting scalar endpoint law is
Ay = 3hay + 3Lo=y’ ().

It has total mass one, is symmetric, has marginal x°, and is half-lazy: %, > u%(x)/2. The new
loops are always satisfied, so the error in this normalized record law is exactly err(¢)/2. We retain
constraint records, including nonidentity loops, for decoding; only their scalar endpoint masses are
aggregated for entropy and base-graph spectral calculations.

For a residual vertex set U with ¢t = u®(U) > 0, start again from these immutable half-lazified
records. Keep every record whose two endpoints lie in U; replace each record from z € U to y ¢ U
by an identity loop at x of the same mass; and discard every record whose source lies outside U. The
mass before renormalization is ¢, so divide every retained mass by ¢. The resulting scalar endpoint
law is

U agy + 135:3/ ZzgéU agz

Ay = : (x,y € U).

For x € U, summing row z gives uy(x) = u(x)/t; consequently aV has total mass one. Its off-
diagonal entries are symmetric, while every new boundary loop is its own reverse, so the completed
record law is symmetric. The retained identity-loop mass introduced during half-lazification is by
itself at least pg(z)/2. If an input labeling ¢ has err(¢) < k, then its restriction to U has error at



most k/(2t) in this completed residual: the completion loops are satisfied, and the total violated
mass in the immutable half-lazified law is at most /2. Later arguments sometimes use the weaker
upper bound «/t.

Let Eyy = (Xp, Yy) be a random ordered pair with law a¥, and let Cy be its connected-component
variable in the scalar graph with edges of positive mass. Put Hy = H(Ey) and hy = H(Ey | Cy).
The original pair and its component variable are denoted E° ~ a® and Cp, respectively, and we
write Hyg = H(E®) and hg = H(E" | Cp). Equivalently, to sample Ey;, sample an endpoint pair from
a® conditional on its first endpoint lying in U, then move the second endpoint to the first when it
lies outside U. These completed residuals are the recovery invocation roots; soft leaf weights are
never carried over to the next invocation.

Scalar and constraint energies. Let a = (asy) be a nonnegative symmetric scalar law of total
mass one, restricted to its positive-degree vertices. Write p(z) = Zy Ay > 0, Ppy = agy/p(z), and,
for real scalar fields f, g,

(f.9), =D @) f(z)g(x),  Ep(f) = %Zaxy(f(fﬂ) ~fW)?*=(f,d~P)f),-

The identity follows by expansion and symmetry. In particular P is a self-adjoint Markov operator
in L?(u). If D = diag(u), its symmetric normalized Laplacian is

L=1-DY24D712 =DY3(1 — P)D"V/2,

Thus £ in Euclidean coordinates and I— P in L?(j1) have the same cutoff eigenvalues and multiplicities.
All cutoff ranks in this paper count the inclusive interval [0, 7] unless stated otherwise.

When the law carries constraints, a. denotes the mass of a directed record e : u — v,s0 ) . a. =1
and ayy = D ey @e- The record multiset has a mass-preserving involution e — e that reverses the
endpoints and replaces 7. by 7, !; an identity loop may be fixed by this involution. For a vector
z € RY, define the pullback by (Tez2); = 2, (;)- Fiber fields z, € R? use the degree-weighted norm

22 = 52, 1) |23 and energy
~ ]_ 9
Ep(z) = B Zae l|zu — Tezoll5 -
€

We omit the subscript when the law is specified. A one-hot field z, = €(,), with e; the ith standard
basis vector, has norm one. Its squared difference at a record is zero when that record is satisfied
and two otherwise; hence its energy is exactly the labeling error in the current normalized record
law. At the initial half-lazified root this is half the original input error.

The permutation lift has a directed edge of mass a,. from (u,i) to (v, 7 (7)) for every e and
i € [q]. Reverse records make this lift symmetric. Its degree measure is fi(u,7) = p(u), of total mass
q, not the probability measure p(u)/q. Under the identification f(u,i) = (zy);, its scalar Dirichlet
form, with this unnormalized degree measure, is exactly & p; no factor of ¢ is introduced. A loop at u
with a nonidentity permutation can join different lift coordinates, so it can have positive constraint
energy even though its scalar base-graph energy is always zero.

Soft restrictions and their degree measure. Here a is the half-lazy scalar law at the fixed root
of one decomposition invocation, with positive marginal . For a nonzero nonnegative multiplier ®
on this vertex set, define

Mg = pu(u)®(u)?, Ze =Y an®)®(v), Mo — Zy = Ep(P).



The energy identity again follows by expansion. The raw restricted degree and its normalized
marginal are

do(z) =) azy®@)@(y),  pa(z) = do(x)/Zs.

Here supp® = {z : ®(x) > 0}. These normalizations are well-defined on this support because
half-laziness and symmetry give

do(z) > $u(x)@(x)?,  0< Me/2 < Zo < M.

D[

For the upper bound, sum 2®(z)®(y) < ®(z)? + ®(y)? against ay,. The restricted scalar law
is P, = azy®(x)®(y)/Zs, and its constraint-record masses, when present, are ao®(u)®(v)/Zs.
Vertices with zero multiplier are deleted; on the remaining vertices, pg is exactly the marginal of
a®. In general pug is not ud?/Msg.

For example, on two vertices take a,, = 1/4 for every pair and ® = (1/2,1). Then Mg =5/8,

Zy = 9/16, and dg = (3/16,3/8), giving pue = (1/3,2/3), whereas u®2/Mg = (1/5,4/5). Indeed
e (1/9 2/9) po_ (1/3 2/3)‘
2/9 4/9)° 1/3 2/3
Thus P = 1/3 < 1/2, although the root was half-lazy.

All accumulated multipliers and their masses above refer to the fixed invocation root; local heat
and split computations instead use the current normalized node law. A Unique Games recovery root
has identity-loop mass at least half its degree. Descendants need not retain that pointwise fraction
relative to their new degrees, as the example illustrates even for scalar diagonal mass. At every node
Q = (I + P)/2 is used for analytic laziness: reversibility and the fact that a self-adjoint Markov
operator has spectrum in [—1, 1] give 0 < @Q =< I on the node’s L?(u) space. Its scalar Dirichlet form

satisfies £g(f) = Ep(f)/2. Using this heat operator does not apply a second half-lazification to the
constraint objective.

Entropy conventions. All logarithms are natural unless a base is displayed. For a finite random
variable with probabilities p., entropy is —>_ .., - P- logp.; zero-probability summands are omitted
also in conditional entropy and mutual information. Endpoint entropy concerns the scalar ordered
pair, not the record identity, permutation, or labels. Since a positive-mass endpoint pair never joins
distinct connected components, its component variable is a deterministic function of either endpoint.
In particular, H(Ey | Cy) = H(Ey) — H(Cy), and similarly at the root.

Global notation. Table 2 lists the symbols that are used across sections; symbols introduced
inside a single statement or proof are local to it. Vertices are always u, v, x,y; the scalar ratios
Lr = L/log R and Ar = logn/log R carry the subscript R so that they cannot be confused with
vertices.



n, ¢, bin number of vertices, alphabet size, binary input length

u,v,2,y; E=(X,Y), C vertices; the random ordered endpoint pair and its component
a, u, P, Ep endpoint law, marginal, walk, scalar Dirichlet energy
a®, 1, E°, Cy half-lazified input law with its pair and component variables

a¥, uy, By, Cy, t = u°(U)  completed residual on U and its mass
Hy, hy, Hy, ho, Hmax H(Ey), H(Ey | Cy), their root values, and 2logn

Ep, T, constraint energy and permutation pullback

Dy, xi, Mo, Zs, 1o leaf and local multipliers; mass, retained mass, degree law

R, n, v rank parameter, spectral cutoff, minimum-mass threshold

L, Lg, J log(1/v), L/log R, log(2LR)

D, K;, Z;, Ngm deleted mass; kill and reach probabilities of node ¢; smooth-child count
K, K, Ko input, invocation, and decoder error parameters

ay; By, By; H, entropy coefficient; exact/rational stage budgets; static budget

r internal-violation-plus-twice-boundary charge of a partial assignment
AR, By, logn/log R and Agr(1 + log(2AR))

Table 2: Symbols used across sections.

3 Entropy-charged spectral decomposition

The construction below is a graph theorem: it does not use a labeling promise or an alphabet. Its
output is an implicitly accessible family of overlapping weighted restrictions, not a hard partition.

Theorem 3.1 (Soft spectral decomposition). Let a be a rational symmetric endpoint law on at most
n vertices, with positive marginal p and az, > p(x)/2. Fiz an integer 256 < R < n and rational
O0<v<1l/n,0<n<1/4. Put

L =log(1/v), Lr=1L/logR, J =log(2LR),

Assume 3072nLr < 1/34. There is a deterministic finite binary tree whose internal nodes carry
nonnegative rational local multipliers xo,x1 satisfying x3 + x3 = 1, with each child support a
nonempty proper subset of its parent support. Its leaf products ®y, extended by zero to the root,
satisfy

Z@b(x)z = 1, Mb = Z,u(x)fbb(x)Q, Zb = Zazyéb(m)fbb(y), Mb/2 S Zb S Mb-
b T T,y

Each normalized restriction b, = a.,®y(x)®y(y)/Zy has positive degrees and

Y
rank 1o, (I — P) < R*%. (2)

The cutoff is inclusive and the projector is taken in the weighted Hilbert space. If E ~ a, and C is
its root connected-component variable, write h = H(E | C). Then

. nJ
D = Ep(Py) =1— Zy < 1-— 191488 h+2 . 3
Xb: P( b) zb: b_mln{ %:amca log R + nl/} ()
In particular D < 1/2, >y My =1, and h < 2logn.
The tree has depth at most n — 1. Any specified path can be computed in poly(n, b, 1/n) bit
operations, with absolute polynomial degree; by, includes the encoding of v and 1. An exact sampler,
with expected polynomial bit cost, reaches leaf b with unconditional probability Zy and otherwise dies.
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For any integer s > 1, a capped version has at most 27° additional failure probability and bit cost
polynomial also in s. For the exact sampler, let Ngm count smooth child-1 choices before the sampler
reaches a leaf or dies; then ENgy < 4h/log R. Write Ngy(b) for this count along the path to leaf b.
For every integer k > 0, every leaf with Ngy(b) < k can be found deterministically in at most

min{k,n—1} n—1
DY ( ) (4)

=0 J
path simulations. Full-tree enumeration is not claimed to be polynomial.

Here and below, H and mutual information use natural logarithms. We prove the theorem
through two local estimates and one global information calculation.

3.1 A rational choice of heat time

Lemma 3.2 (Rational heat localization). Suppose a current node has a rational normalized
symmetric endpoint law, all marginal masses at least v, and rank 1jg,\(I — P) > R®/8. With the

parameters of Theorem 3.1, a rational computation finds a nonzero rational vector g* > 0 and
rational A such that

A < 44
log(1/) = T

_ f ~1/4 f 2
¢ := p(suppg’) < R™/7, Ep(gh) < A Hg Hu n < X< 3072nLg,

where T = ||logy R]/(32n)] and log R/(128n) < T < log R/(167).
Proof. Let Q = (I + P)/2. It is positive semidefinite in L?(1) even when the current node is not
half-lazy. Here L > 1, so n < 1/104448. Writing ¢ = |log, R| > 8, we have ¢ > Ilog, R and
0/(64n) < T < ¢/(32n); these imply T' > 2 and the stated bounds, using 1/2 < log2 < 1 to convert
between binary and natural logarithms. Every eigenvalue of I — P at most 1 contributes at least
(1 —1/2)*" > exp(—2nT) > R™Y/® to Tr(Q*T), where log(1 —n/2) > —n for 0 < n < 1/4. Thus
rank failure implies Tr(Q?*T) > V/R.

For density columns g;; = Q'1;/u(i), reversibility gives >, u(7) ||gTZ||i = Tr(Q*"). Choose a
column maximizing Np = HgTHi Every g; is nonnegative with mean one, Ny = 1/u(i) < 1/v, and
Nr > V/R. The spectral expansion writes N; as a nonnegative combination of p, 0 < p < 1, so Ny

is nonincreasing and log-convex by Cauchy-Schwarz (with p = 1 also for p = 0). Set F; = log N;
and e; = Ep(gi)/Ny. Since I —Q* = I — Q,

Fy <L, F,>Fr>3logR >logl6, et < 2(1 — Nyp1/Ny) < 2(F; — Fyya).
For positive F; > Fy11, the last difference divided by F; is at most log(F;/F;+1). Consequently

T-1

> et/ Fy < 2log(Fo/Fr) < 2. (5)
=0

There are at least T'/2 integers in the range |7/2] <t < T, so some such time has e,/ F} < 4J/T.

At each candidate time form gg = (g; — N;/4) 1. Markov’s inequality gives ¢; < 4/N; < R/, while

Hmin(gt,Nt/éL)Hi < Ny/4 follows from min(g;, N;/4)? < (Ny/4)g; pointwise. The reverse triangle
2

inequality now gives Hng > /Ny — /Ny /2, so gf # 0 and Hng > N;/4. The scalar positive-part
It 1

map is 1-Lipschitz and therefore decreases energy. Hence

Ep(gh)

< 46t, 10g(1/§t) Z Ft/2

11



For clarity, log-convexity makes d; = F}; — F;1 nonnegative and nonincreasing. Thus td; < > ., ds =
Fy — F;, and every candidate ¢ > T'/3 satisfies e; < 2(Fy — F;)/t < 6L/T.
2
No transcendental comparison is used to select a time. Compute Ay = max{n, € p(gi1 )/ H gf H } and
m
my = |logy Ni| by rational power comparisons, and minimize A;/m;. Here m; > 4 and my;log2 <
Fy < 3mylog?2. Also 81T < Llog R < Fy, so n/F, < 1/(8T) < J/(4T), where J > log2 > 1/2. The
good time from (5) therefore has \;/F; < 17.J/T; rational selection loses at most 5/4. Indeed, for a
minimizing time s and the good time ¢, As/Fs < As/(mglog2) < N\/(mylog?2) < (5/4)M\/F;. The
chosen pair obeys \/Fs < 22J/T and hence the claimed ratio because log(1/¢s) > Fs/2. Finally
2
nT < logR/16 < L/16, so at every candidate the bounds Sp(gf)/ Hng < 4de; < 24L/T and
m

n < L/(16T) give Ay < 24L/T < 3072nLpg. All vectors are rational matrix powers; their bit bounds
are supplied in the construction below. O

3.2 A squared partition with quadratic loss

Lemma 3.3 (Rational squared split). Let the current rational node and g*, X, satisfy the hypotheses
and conclusion of Lemma 3.2; in particular, every current marginal mass is at least v. One can
compute nonnegative rational multipliers with proper nonempty supports and x2 + x3 = 1 such that,
in the current normalized law,

pi =Y aayxi(@)xi(y), K =1—po—p1 <34\p1, p(suppxi) <s.
z?y

Every multiplier coordinate has O(log(1/n) + log(1/v)) bits, independently of the heat vector’s
denominator.

Proof. For ¥ = g*/maxgf, first use x; = 29/(1 + ¥?) and xo = (1 — 92)/(1 + ¥?). Writing
S(9) = (1= 9?)/(1 +0%),20/(1 + 9?)), we have [|S(9) — S(s)ll3 = 4(9 — 5)*/((1 +9*)(1 + %)) on
[0,1]. In particular S is 2-Lipschitz, and x; > 9. Thus, with M; = HXlHi,

K =E&p(xo) +Ep(x1) < 4Ep(V) < 4ANM;.

Choose the smallest integer j > 0 for which the dyadic mesh A = 277 satisfies A% < nr/10000,
and round ¥ down to this mesh, and apply the same map, denoting the results by primes. The
vector perturbation v = S(¢) — S(¢) has pointwise Euclidean norm at most 2A. Reversibility
gives Ep(v) < 2 ||1)Hi < 8A2 with vector energy defined as the sum of its coordinate energies. The
squared triangle inequality in edge space and vertex space gives

K' < 2K +16A2, My < 2M] + 8AZ.

A coordinate at which ¢ = 1 remains equal to one after dyadic rounding, so the minimum-mass
hypothesis gives M| > v. Asn <\ <1/34,

K' <16AM] + (64 + 16)A? < 17AM].

For the last inequality use (64X + 16)A? < 18nr/10000 < AMj. Since p} = M| — Ep(x}) > (1 —
17\) M/, we have p} > M/ /2, giving K’ < 34\p). The nonzero vector g* has proper support because
¢ < R1/4 < 1/4. Hence 9 attains both zero and one. Rounding retains these values and cannot
enlarge the small support; both child supports therefore remain nonempty and proper. Minimality
of j gives j < 1+ 31ogy(10000/(nv)). Thus the dyadic numerators have O(log(1/n) + log(1/v)) bits,
and the displayed rational map has the same bound. Drop the primes. O
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3.3 Construction, entropy accounting, and finite access

Proof of Theorem 8.1. Fix vertex order and every tie-breaking rule. Apply the first applicable rule
at each current node:

1. At a singleton, stop.

2. If disconnected, split off the first connected component using its indicator and complementary
indicator, and recurse on both children.

3. Otherwise compute the inclusive rank r, and stop if r® < R®.

4. If the rank test fails and a current marginal mass is below v, isolate its first such vertex by an
indicator split (“cleanup”), and recurse on both children.

5. Otherwise use Lemmas 3.2-3.3 and recurse on both children. Call this a smooth split.

Every tree edge strictly reduces the nonempty support, so the depth is at most n — 1. Each leaf

satisfies the rank bound: a singleton has rank one, and every other leaf passes the exact rank test.

In particular, cleanup ensures the minimum-mass hypothesis whenever a smooth split is performed.
For any accumulated multiplier ®, persistent root diagonal mass gives

do(x) = 3" ary (@) B(y) > Lu(2)d(x)
)

Here @ is the product along a node’s path, extended by zero outside its support; the root product is
1. The upper bound Zg < Mg follows by applying 2®(z)®(y) < ®(x)? + ®(y)? and summing. Thus
Zg >0, Mg/2 < Zg < Mg, and all retained degrees are positive. The normalized node marginal
is dg/Zp, not u®?/Mg. Induction on the finite tree gives the squared partition of unity. Index
internal nodes by their binary prefixes t. If Z; = Zg, is a node’s root mass, define, in its normalized
law,

Pri =Y ab,xei(@)xei(y), Ki=1—pio—Dpea.
z,y

Then Zy; = Zipi; and Zy — Zyy — Zyy = Zi K. Therefore
Y My=1, D=1-3% Zy=) ZiKi=) Ep(Ps). (6)
b b t b

Here is the information calculation with its exact posterior law. Draw one latent endpoint pair
E = (z,y) from the root. At a reached internal node ¢ choose child ¢ with conditional probability
Xt,i(z)x¢,i(y) and die with the remaining probability. These probabilities are nonnegative and sum to
at most one by Cauchy—Schwarz, because 3_; xt.i(2)? = 3 ; x.i(y)? = 1. Let = = (20,21, . ., Zn-2)
be the transcript of outcomes, padded by a fixed symbol after death or arrival at a leaf. Three facts
drive the calculation.

(a) Exact posterior. Conditional on E = (x,y), the probability of reaching the node with
binary prefix t is the product ®;(x)®;(y) of the local probabilities along its path. Hence the
unconditional reach probability is Z; = 37, @z ®:(2)®:(y), and by Bayes’ rule the conditional
law of E given that ¢ is reached is a,,®:(z)®;(y)/Z;, which is exactly the node law a’.

(b) Padding carries no information. Conditional on a prefix that has died or reached a leaf, the
next outcome is constant.

13



(¢) Routing is a code for C. Let Ry be the set of indicator nodes used before a path has been
restricted to one root connected component; it is empty if the root is connected. On a realized
path these routing decisions form an initial segment. Let = be their outcome sequence,
padded by a fixed symbol after routing ends. Routing has no death because a positive-mass
endpoint pair never straddles two components. Consequently = is a deterministic prefix code
for C, and the map from C' to its codeword is injective. After routing ends, every subsequent
node lies inside one root component. Thus = is a function of Z, and Z' and C determine
one another, even if the path later dies.

Let I; be the mutual information, under the node law a’, between the endpoint pair and the
child-or-death outcome at ¢. The chain rule for mutual 1nf0rmat10n, applied depth by depth and
then decomposed over the prefixes of each depth, gives

E) =Y I(E;Z,|E<)=>_ Y Prreach t] I(E;Zy | reach t) = Y ZIy, (7)
t

k>0 k>0 |t|=k

where the last sum runs over internal nodes only: by (a) the conditional law given a reached prefix ¢
is a’, so the corresponding term equals Z;I;, and by (b) dead and terminal prefixes contribute zero.
Applying the chain rule to the routing decision tree and using (c) gives Yz, Z¢ly = [(E;E") =

H(C). Because ='' is a function of = and generates the same sigma-algebra as C,
I(B;E) — I(E;E") = I(B;E | EY) = I(B;E | O).
Subtracting the routing contributions therefore yields

Y ZI,=I1(E;Z|C)<H(E|C)=h. (8)
t¢Ro

The initial routing contribution H(C) is not charged to h; later component cuts may consume
conditional information but cost no mass. At a smooth node, outcome 1 forces both endpoints into
Sy :=supp x¢,1- Put s; = p14(S;), and denote the support mass returned by the heat lemma at this
node by ¢;. Then Lemma 3.3 gives s; < ¢; < R~'/%. The prior probability z = al(Sy x Sy) is at most
s¢. The relative-entropy support bound yields I; > p; 1 log(1/s¢): indeed, for a distribution supported
on an event of prior probability z, its divergence from the prior equals its divergence from the
conditioned prior plus log(1/z), and here z; < s;. The other outcome contributions are nonnegative.
Lemma 3.3 gives K; < 34\p;1 and Lemma 3.2 gives \; < (44.J/T)log(1/s) < (44J/T)log(1/ss),
so Ky < (1496.J/T) pt1log(1/s) < (1496.J/T)I; at every smooth node. With 7' > log R/(128n) this
gives

4h
gR’

Z Zth S 14;)_‘6J Z Zt-[t S ]_9].488%h7 Z tht 1 ~ 1
t smooth t smooth 08 t smooth

The equality for ENg, counts a smooth child-1 transition even on a path that subsequently
dies. Its upper bound uses log(1/s;) > logR and 3 gnooth Ztlt < h. Cleanup at z costs
Ky =234, afvy < 2v. Moreover, 3 ceanup 2t 15 the expected number of cleanup nodes reached
by the sampler, which is at most the maximum depth n — 1. Their total contribution is therefore
less than 2nv. This proves the entropy bound; h < H(E) < log(n?) because there are at most
n? ordered endpoint pairs. Finally, the vectors (®;(x));, are nonnegative and have unit Euclidean
norm, so k(z,y) = >, Pp(x)Pp(y) lies in [0,1] by Cauchy—Schwarz and has k(z,z) = 1. Hence
D=3, azy(l —k(z,y)) is at most 1 — 37, azz < 1/2.
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For completeness, the construction is rational in the bit model. At a node with rational symmetric
raw matrix A and positive degree matrix D, count the nonpositive eigenvalues of (1 —n)D — A.
Congruence by D~'/2 identifies this count with the inclusive normalized cutoff rank. Rational
symmetric elimination uses a nonzero diagonal as a one-dimensional pivot; if all remaining diagonals
vanish, a nonzero off-diagonal supplies an invertible two-dimensional pivot of negative determinant.
An all-zero remainder contributes only zero eigenvalues. The signs of the one-dimensional pivots
and the inertia (1,1) of each two-dimensional pivot determine the count, including all zeros. To
bound bit length, clear the input denominators once. Each Schur complement entry is a quotient of
determinants of submatrices of the permuted original integer matrix, whose pivot block is nonsingular.
Hadamard’s determinant bound gives polynomial bit lengths for these integers. Reducing rational
entries after each operation therefore keeps all pivot computations polynomial in the node’s encoding
length. Thus neither an exact irrational eigenbasis nor a numerical equality test is needed.

All accumulated multipliers have O(nj) bits per coordinate because Lemma 3.3 replaces every
heat vector by a dyadically rounded local multiplier; j = O(log(1/n) + log(1/v)) is fixed by the
root parameters. Compute raw node weights directly from the root law and these products. Raw
weights, their sums, and normalized degrees then have polynomial encoding length, regardless of
how small Zg is numerically. If bg is a common integer denominator for the current rational @,
each entry of Q! has denominator dividing bég; numerators have O(tlogbg) bits up to polynomial
dimension terms. Since 7' = O(log R/7n), the heat computation and its rational score comparisons
have the promised cost. Only the rounded multipliers are propagated; the heat denominators are
discarded. The support-depth bound gives the same polynomial cost for a path.

Computational sampling uses only the rational probabilities pg, p1, K; the latent pair is not
sampled or needed. Express these probabilities with a common integer denominator B. For B > 1,
draw [log, B] fair bits, accept the resulting integer if it is below B, and otherwise repeat; B =1 is
deterministic. The accepted integer is uniform on {0,..., B — 1}, and the acceptance probability
is greater than 1/2. Assigning consecutive intervals of the appropriate integer lengths gives an
exact draw in expected polynomial bit cost. There are at most n — 1 draws on a path. For the
confidence parameter s in the theorem, cap each draw at r = s + [log, n] attempts. This adds
failure probability at most n27" < 27° and gives a polynomial bit budget. This is an additional
failure event coupled to the exact sampler, not a renormalization of the surviving leaf law. To
obtain (4), fix any vertex z in a leaf support and record the absolute depths at which its path takes
smooth child 1. Depths are numbered 0,...,n — 2. At every indicator split, including cleanup,
follow the unique child containing x; at a smooth split follow the recorded choice. Abort if x leaves
the selected support. The pair consisting of z and the recorded depth subset reconstructs its leaf
exactly. Enumerating vertices and depth subsets gives the asserted count and covers every required
leaf. O

Definition 3.4 (good leaf). Fix an invocation root carrying a Unique Games witness of error at
most k > 0, and let D be the total loss of its decomposition tree. A leaf b is good if the witness has
error at most 8% in the normalized leaf law a” and £p(®;)/Z;, < 8D. Both conditions are exactly
the hypotheses of the leaf decoder, Corollary A.6.

Lemma 3.5 (A good leaf under the unconditional sampling law). If the root carries a Unique
Games witness of error at most K > 0 and D < 1/4, the exact sampler of Theorem 3.1 reaches a
good leaf with probability at least 1/2.

Proof. Let v, be the root-law mass of violated constraint records weighted by ®y(x)®y(y). The
witness error in the normalized leaf is v,/Zp,. Since k(x,y) < 1 recordwise, Y ,vp < K. Also
>0 Zu(Ep(Py)/Zy) = D by (6). Under the unconditional leaf law each bad event has probability
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at most 1/8 by Markov’s inequality. The two bad-leaf events and death are the only excluded
outcomes, so

Prlreach a good leaf] >1—D — & — 1 > 1.
When either bound is zero its nonnegative summands vanish, so the same conclusion holds without

division by that bound. O

The theorem also gives an exact deleted-edge interpretation. Put al® = ag, (1 — k(z,y)) and
doss(z) = y aloss. This is a nonnegative symmetric measure of total mass D For any such measure
m, use the unnormahzed quadratic form

= 2 Y My (@)~ F))
z,y

In particular & ess involves no division by D and is zero when D = 0. For every real-valued f on
the root vertices, restricting f to a leaf support in terms involving P,, we have

f) = Z Zbng(f) + galoss(f)v
> Ep(Ppf) = Z Zv€p,(f) + Zdloss > <&p(f)+ DIIfIE

b

The first identity follows from ayy, = agzyk(x,y) + afis. For the second, expanding its left side
gives 3, p(x) f(x)? — > zy Qayk(,y) f(2) f(y); the sum of leaf energies has the same cross term and
diagonal coefficient >, azyk(z,y) = p(z) — d°s5(z). Finally &y ess(f) > 0 and 3, d'°%(x) = D give

the inequality. Thus D measures actual omitted edge mass, not an auxiliary entropy potential alone.

4 Entropy-sensitive recovery of a complete labeling

4.1 The immutable information envelope

Throughout this section n > 256 and ¢ > 2. As in Section 2, zero-total-weight inputs are returned
immediately with arbitrary labels; the normalized-law definitions and profile-dependent guarantees
below concern positive-total-weight inputs. Put E° ~ a®, Hp., = 2logn, Hy = H(E°) and
ho = H(E® | Cy). For every positive-degree vertex define

1 1
Ty = () Z agy log PO T(t) = Jax, Z,u T)rgzy  (0<t<1).
y:aQ,>0 rYy 3 ;O(xycjzz_t z

The fractional relaxation defines the profile at every mass, not only at masses attained by actual
vertex subsets. For 0 < s,¢t < 1, with hpjy(s) = —slogs — (1 — s)log(1 — s) and zero terms omitted,
define

v(s) = min { Hyax, max {0, min {7 (s)/s + log s, (Hyo — hpin(s))/s}}},

G(t) = sup ~(s),  Hg= % (/01 \/G(t)/tdt>2,

t<s<1

¥(0) = 0(1+ Slog(1/0)* (0<0<1),  ¥(0) =0,
H, = min{Hg, Hynax®(ho/Hmax) }-
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The quantities r, include vertex surprisal, not merely transition-row entropy. The supremum
defining G is needed because v need not be decreasing. The integral defining Hg is improper at
zero; it converges because 0 < G(t) < Hpmax and t~1/2 is integrable. No value of 7(0) is needed.
These functions describe the guarantee and are not oracles used by the algorithm.

Lemma 4.1 (Residual information bounds). The profile T is continuous, nondecreasing and concave,
with endpoints 0, Hy, and T (t)/t is nonincreasing on (0,1]. Every nonempty completed residual of
mass t satisfies

tHy < T(t)+tlogt,  tHy < Ho— hoin(t),  thy < ho.
Consequently
hy < Hy < G(t), Hy < G(t) < min{Hpax, T (t)/t}, hy < min{ Hmax, ho/t}.
In particular Hy < Hg < Hpax and hg < Hpax®(ho/Hmax) < Hmax-

Proof. Ordering vertices by decreasing r, fills the maximizing fractional set in that order: moving
mass from a lower value to an unsaturated higher value cannot decrease its objective. Thus 7 is
piecewise linear with nonnegative decreasing slopes. Concavity and 7 (0) = 0 imply that 7 (¢)/t is
nonincreasing. Moreover, T (1) = >, u°(z)r, = H(E®) = Hy, so this ratio is at least Hy on (0, 1].
This also proves the asserted endpoints and continuity.

Condition E° = (X,Y) on X € U and map (X,Y) to (X, X) when Y ¢ U. This deterministic
map has output law Ey. Its input entropy is

HE | X eU)=t""> p(x)ry +logt.
zelU

Entropy decreases under a deterministic map, and the indicator of U is feasible in the fractional
maximization, proving the first inequality. For 0 < ¢t < 1, the chain rule gives

Ho = hpin(t) +tH(E® | X € U) + (1 —t)H(E" | X ¢ U).

Discard the last nonnegative term to prove the second inequality; ¢t = 1 follows directly from the
deterministic map.

Let original components have masses m?, and let ¢; = po(UN Cj). Applying the same argument
within component j gives, when ¢; > 0,

t;H(Ey | Co=j) <mlH(E" | Cy = j).

Here the event has conditional probability ¢;/ m? in component 7, so the same chain rule justifies
the factor mg. In the residual, component j has probability ¢;/¢t. Summing the displayed inequality
gives tH(Ey | Cp) < hy. Boundary completion creates no edges between original components, so
Cy refines Cy and further conditioning only decreases entropy. This proves thy < hg.

At a mass attained by a residual, both expressions inside the inner minimum defining ~
are upper bounds on Hy > 0; also Hy < Hpax. Hence Hy < 7(t) < G(t). At every mass,
v(s) < min{Hmax, T (s)/s}, so taking the supremum over s > t proves the asserted upper bound
for G. Nested supremum domains make G nonincreasing, while v(1) = Hy gives its lower bound.
Integrating \/Hoy/t and \/Hmax/t proves the bounds on Hg. Finally 0 < ¢(6) < 1: ¢(1) = 1, its
limit at zero is zero, and ¢'(0) = % log(1/0) + 1(log(1/6))* > 0. O
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4.2 The end-to-end theorem

Theorem 4.2 (Entropy-sensitive complete recovery). Let n > 256, ¢ > 2, and 256 < R < n be
integers, and let 0 < Kk < 1 be rational. Given an instance with OPT > 1 — &, put

B log(2LR)

L =log(100n/k), Lgr = L/logR, aH—W, By, = Lgr + agH,.

There is an absolute Crec and a component-first algorithm producing, on success, a complete labeling
of error at most

min{1, Crec /KBy }.

For rational 0 < £ < 1, it has a bounded randomized implementation with success probability at least
1— & and time

qO(Rs/S) poly(n, g, input length, 1/k,log(1/€)).
It also has a deterministic implementation of time

w1
exp<O<R5/8 logq + Helogn

10gR>> poly(n, q, input length, 1/k),

where

KLR > 1.

24— {min{G(\/ﬂLR),ho/\/HLR}, kLR <1,
* T 0’

One may take Crec = 2%3. No decision requires evaluating G, Hg or an improper integral.
We first give the finite decision quantities used in its proof. For a rational probability vector p
put

— 7 7
H(p) = =k, + =(1—2%p.) ), k. = |logy(1/p.)].
)= X p: (554 + 50 -2) logs (1/p:)]

For the current residual, let m; = Pr[Cy = j] and let al) be the conditional law of Eyr given Cpy = j.
Set
hy = min{H (Ey), Y mjH(a")}.
J

Define the global rational numbers
Ly = [logy(100n/k)], s2 = |logy R], Lr = Lo/so,

Jo = [logo(2LR)],  J=7J2/10,  d=100/(69s5),

and the stage budgets
By = Lgr+ aghy, By :L73+%875U.

Lemma 4.3 (Exact rational budget). The quantities with overbars have polynomial bit complexity
and
hy <hy <thy, Lp<By<By<4By, Lrp<ILp<3Lg

The entropy estimates preserve exact zero.
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Proof. For x € [1/2,1], the tangent and chord bounds give 1 — 2 < —logx < 2log2(1 — ). Since
69/100 < log?2 < 7/10, put x, = 2¥=p, € (1/2,1] and write —logp, = k,log2 — log . Applying
the preceding bounds to each summand yields H(p) < H(p) < (7/5)H (p). Both terms defining hys
majorize hy, and its second term is at most (7/5)hy. Binary comparisons compute every integer
exponent; their magnitudes and all rational encodings are polynomially bounded. Moreover, the
displayed approximation is zero exactly when the original entropy is zero, which proves the final
assertion.

Put L = log,(100n/k) and 5§ = logy R. Then L > 3> 8, L < Lo < L+ 1, and sp < § < 53 + 1.
Thus Lr/Lr = (L2/L)(5/s2) lies in [1,(9/8)?]. These bounds and 69/100 < log2 < 7/10 also give
S a < &,
log R 92log R

log(2Lg) < J < 3log(2LR).

Indeed dlog R < 100(9/8)(7/10)/69 = 105/92. For the last upper bound use log(81/64) < 1/4 and
Jo < logy(2LR) + 1 to obtain J < (70/69) log(2Lg) + 1, and then log(2Lg) > 69/100. The entropy
coefficient inflates by less than (105/92)(7/5)(5/2) = 735/184 < 4; the Lp coefficient inflates by at
most 81/64. This proves the budget comparison. ]

Proof of Theorem 4.2. Table 3 collects the quantities that drive the algorithm’s decisions. All of
them are exact rationals computed from the current residual, and none requires G, Hg, or an
improper integral.

quantity definition role

t wl(U) mass of the current residual U

ttail least power of two > \/kLpg, capped at 1  tail stop when ¢ < tia;

R, m, v k/t, 1024k, k/(100n) parameters of the invocation tree

hu, By Lemma 4.3 rational stand-ins for Ay and By = Lg + aghy
budget stop  (x/t)By > 2734 stop and label the residual arbitrarily
acceptance T2 < 238k By test applied to every decoded candidate

ky [16d hy/] cap on Ny, in the deterministic search

Table 3: Decision quantities in the proof of Theorem 4.2.

Decisions and existence of accepted candidates. Let i, be the lesser of one and the least power

of two that is at least \/kLg. Thus, analytically, ¢y = min{1,2/l°82 v ”51}. Comparisons of
rational squares implement this rule without computing the square root or logarithm. Power-of-two
rounding loses less than a factor two, and 1/81/64 = 9/8, giving

ttail < 3V KLR, trail > VKELR if tan < 1.

At residual mass ¢, stop and label the residual arbitrarily if ¢ < ¢y, or if (k/t)By > 2734, Otherwise
invoke the component-first tree with

k= kK/t, n = 1024k, v =x/(100n).

The restricted witness has error at most &; this is a statement about the complete mixture, not
each component separately. Admission and By > Lg > 1,t < 1 give k < k < 273% and nBy < 2724,
in particular n < 272* < 1/4. Hence 3072nLy < 3-27'* < 1/34. Theorem 3.1 therefore applies and
gives

D <3-2'"pBy 4+ k/50 < 3/128 + 2734 /50 < 1/32.
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Here 19148875 log(2LR)hy/log R = 382976naphy < 3 -2'"nBy, and 2nv = x/50. By the good-leaf
and finite-decoder interfaces (Lemma 3.5 and Corollary A.6), a sampled path reaches a good leaf
with unconditional probability at least 1/2. On every such leaf the bounded decoder, supplied
with the invocation-root records, the leaf product ®;, and kg = 8k, enumerates a nonempty partial
labeling § whose actual invocation-root charge obeys

o B + QCout

65 2048
r=

. I?< —n+ =D < 2%kBy.
10(S) =1t ey U
Here B is violated internal directed mass and Coyt is outgoing directed mass, both in the normalized
invocation root. For the strict final inequality, substitute n = 1024 and the bound on D to obtain

65 - 1024 238 2048
< TR+ Sk 238%
S Tz Pt g RBut g5pn < 27 RB,

2
where k < k and By > 1. The decoder hypothesis 128xg < 1 holds with equality; the good-leaf
event supplies its witness-error and loss bounds. Test the exactly rational condition I'? < 238%By
on every enumerated candidate; accept one that passes, install it and remove its vertices. Decoder
failure at an inspected leaf simply continues the search. At least one candidate passes on every good
leaf. There are at most n successful invocations, and every accepted score satisfies I' < 220, /By /t,
because By < 4By.

One proof for both entropy envelopes. Apply the following argument separately to

W(t)=G(t), Hw = Hg, and W(t) = min{ Humax, ho/t}, Hw = Hmax®¥(ho/Hmax)-

In either case W is nonnegative and nonincreasing, hyy < W(t), and

AI\/W(t)/tdt:QJm.

For the second case this follows by splitting at hg/Hpax: the integral is /ho(2 + log(Hmax/ho)),
with value zero when hy = 0. Let Byy(t) = Lr + agW(t). If accepted stage i removes immutable
mass A; = t; — ti+1, then By, < Bw(t;) and /Bw(t)/t is nonincreasing in ¢. Consequently
Aij/Bw(t)/ti < fti’H VBw(t)/tdt. Summing disjoint stage intervals and using /Lr + agW <
\ER + VagW gives

1
AT; < 2% / By () /tdt < 221 /2k(Lr + ay Hw).
zi: < \/EO\/W()/ < \/Fv(R ag Hy)

The last inequality also uses VLr + vagHy < V2(Lr + agHy). This holds for every accepted
trajectory, not merely in expectation.

The terminal mass ¢y must also be charged; if all vertices were removed, put ¢ty = 0. A tail
stop gives ty < 3v/kLgr. At a budget stop, tf < 236/@BUJ,: indeed, the stopping inequality and
EUf < 4BUf give 2734 < KEUf/tf < 4HBUf/tf. Therefore

t?c < 236H(LRtf + Oththf) < 236E(LR + ag Hy).

For the component envelope use tthf < hg < Hyy; for G use tthf < tfHUf < Hyg < Hg. For the
charging identity, if stage i removes S;, then py, (S;) = A;/t; and AT = t(B; + 2Cout ;). This
pays original half-lazified internal violations at that stage and both orientations of every edge to a
later stage. Completion loops are identities and contribute no violation; edges to earlier stages have

20



already been paid. Only terminal internal records remain unpaid, with total mass at most ¢;. Thus,
undoing half-lazification,

err xoriginal < min{1, 2[2 AT 4+ tf]} < min{l, 223\//1(LR +agH W)},
i

The terminal bounds give t¢ < 218, /k(Lg + ay Hy), and 2(221/2+2'8) < 223 verifies the displayed
constant. This includes zero-entropy and trivial-bound cases. Both envelopes analyze the same
decisions and success event, so their minimum gives H,.

Bounded random search. At each invocation use Npan = [logy(2n/€)] fresh killed paths
(Lemma 3.5). Conditional on any earlier successful history, failure to find a good leaf has probability
at most 27Veath, A union bound over at most n invocations costs at most £/2. There are at most
n2Npath rational branch draws. To sample a rational categorical law, draw a uniform integer with
the required denominator by binary rejection, whose acceptance probability is at least 1/2. Cap each
draw at [logy(2n%Npatn/€)] trials. Coupling with uncapped draws bounds the additional failure
probability by £/2. A cap failure, or exhaustion of the path batch without an accepted candidate, is
reported as failure and the remaining labels are arbitrary. No exact conditional leaf law is claimed
after capping.

Deterministic search. At an invoked root let ky = [168511}. The sampler satisfies ENg,, <
4hy/log R, where Ng, counts smooth small-child choices. Markov’s inequality gives Pr(Ng, >
ky) < 1/4; when hy = 0, both ki and Ny, vanish. Since a good leaf has probability at least 1/2,
the probability of reaching a good leaf with at most ky counted choices is at least 1/2 —1/4 > 0.
Thus such a leaf exists.

The support-vertex encoding in (4) covers every such leaf with exp(O((ky + 1)logn)) path
simulations; it does not enumerate hard component and cleanup decisions independently. If no
candidate passes after this finite enumeration, report failure and label the remaining vertices
arbitrarily. This exit cannot occur under the promised witness; specifying it also bounds runs
on false guesses. The rational estimates give ky < 26hy/log R + 2. Every invoked root has
t > tiail > VKLR, so Lemma 4.1 gives hy < H,. If kL > 1, the tail test invokes no root and the
zero cap is valid.

Finally every visited tree node has polynomial bit cost in n, the input length and 1/k, by finite
access in Theorem 3.1; its dyadic multiplier and bit-length bounds apply equally after zero—one
component restrictions. The decoder costs qO(RS/s) times that polynomial. Rational residual
rebuilding, entropy estimates and charge comparisons are polynomial. Multiplying by the stated
path counts and at most n invocations proves the two running times. O

4.3 The general accuracy—time tradeoff

The entropy-sensitive implementation retains numerical 1/x work and a deterministic path-search
term. The next composition is a separate worst-case guarantee; it does not remove those costs from
Theorem 4.2 with its sharper instance-specific envelope.

Theorem 4.4 (Completeness-uniform worst-case guarantee). Let n > 256, ¢ > 2, and 256 < R <n
be integers, and let 0 < k < 1 be rational. For an instance with OPT > 1 — k, put

_logn

“logR’ By, = Ar(1 + log(2AR)).

R

A deterministic algorithm produces a labeling with

err(f) < min{lv Catk lOg(QTL), Cunif v F':Bn}
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in time qO(R5/8) poly(n, g, input length), where Cqr and Cypis are absolute. The polynomial has no

numerical 1/k factor.

Proof. Always run the deterministic Gupta—Talwar fallback (Lemma B.2), whose error is at most
Cgrrlog(2n) and whose time is polynomial in the binary input length. Set [ = [logyn]. Also run
the deterministic algorithm of Theorem 4.2 precisely when R > % and nk > 1. Return the labeling
with least actual rational error. All branch tests are rational or integer comparisons.

When that invocation is made, 1/x < n and n > 256 > 100, so L < log(100n?) < 3logn, whence
Lr < 3AR. Since H, < 2logn,

B. < Lrp+Ag log(QLR) <3ARp+ Agr log(GAR) < 3AR(1 + 10g(2AR)) = 3B,.

The last inequality uses log 3 < 2log(2AR) for Ag > 1. Thus the entropy-sensitive candidate has
error at most v3Crecv/kBn. Also R5/8 > [5/2 > (log n)2, which absorbs the additional deterministic
path exponent, since H, < 2logn and log g > log 2. The numerical cost is polynomial in n because
1/k < n on this branch.

If k < 1/n, the fallback alone suffices:

log(2n) < ﬁlg(ﬁ) < VR < /wB,

Here log(2n) < \/n for n > 256, as follows at 256 and thereafter by differentiating \/n — log(2n).

It remains to handle R < [*. Write x = logn, y = log R. Since | < x/log2 + 1 < 2x for n > 256,
we have y < 4log(2x) and logy < 3y/16 + 1: the maximum of logy — 3y/16 is log(16/3) — 1 < 1.
Hence

| X

B, = 3(1 + log(2x) — logy) > —(log(2x) — 3y/16) > x/16.

y

The last step uses y < 4log(2x). Every labeling has error at most one, and min{1,z} < /z for
z > 0. The fallback therefore has error at most

\/Carklog(2n) < v/32CaTRB,.

Here log(2n) < 2x < 328,,. Taking Cypnit = max{v/3Crec, CaT, v/32Cq1} handles all branches. Its
polynomial fallback cost and the preceding large-R calculation prove the claimed uniform time. [

Corollary 4.5 (Near-perfect accuracy—time tradeoff). For integers n > 256, q¢ > 2 and rational
parameters 0 < k < 1, 0 < a < 5/8, an instance with OPT > 1 — k admits a deterministically
computed labeling with
. K 2
err({) < min {1, Cgrrlog(2n), Cyy/ — log }
! o

in time ¢@(m") poly(n, q, input length). All constants are absolute, also for parameters varying with
n.

Proof. Put 8 = 8a/5, compute | = [logyn] and k = [Bl], and choose R = min{n, max{256,2%}}.
Since 0 < f < 1 and logyn <1 < logyn + 1, we have nP < 2k < 21Bpf < 4nf. The cap at
n preserves the lower bound, and the floor at 256 gives n® < R <256n8. Thus 1 < Ap < 1/5.
Consequently

o L41log(2/8) _ 3log(2/5) < 3log(2/a)

Bn < B - B a
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The middle inequality uses log(2/5) > log2 > 1/2; the last uses that x — log(2/z)/x is decreasing
on (0,1] and 8 = 8a/5 > . Theorem 4.4 applies, and R%/® < 256°/n®. All parameter choices are
finite integer or rational operations, with their encodings included in the input length. The first two
error terms are unchanged, while the third is at most v/3Cunitv/(k/a)log(2/a). Thus one may take
Ctr = \/gcunif- ]

Corollary 4.6 (Recovery without a supplied completeness promise). Given only a rational weighted
Unique Games instance with n > 256, g > 2, and an integer 256 < R < n, a deterministic algorithm
returns a labeling satisfying

err(¢) < min{1, Cgreslog(2n), CpeveBn }, e =1—OPT,

where B, = (logn/log R)(1 + log(2logn/log R)), Car = 600, and Cyt is absolute. Its time is
qO(RS/S)poly(n,q, input length), with at most O(1 + loglogn) bounded runs of the algorithm of
Theorem 4.4. Neither an upper bound on €, nor its value is an input.

Proof. Appendix B.1 first tests satisfiability exactly and otherwise obtains, from the Gupta—Talwar
fallback, a rational error €y satisfying e, < eg < Cgreylog(2n). It runs Theorem 4.4 on the retained
guesses €/27 for 0 < j < [logy(Car[logy(2n)])]. When e, > 1/n, one retained guess lies in [e,, 2¢4);
when €, < 1/n, the fallback already gives the stated square-root bound. The appendix also specifies
a finite exhaustion exit for every false guess, proving both the claimed number of bounded runs and
the uniform running time. O

5 Actual-channel information and its limitations

The decomposition proof charges killing to a lower bound on the information of a split. We compute
the full information and show that even this quantity cannot give a uniform bound K /I = O(n/log R)
over the entire high-trace class. The same example passes the algorithm’s low-rank stopping test: this
is a limitation of an unrestricted local argument, not a lower bound on the algorithm’s performance.

For a probability law a and f > 0, write Ent,(f) = E,[f log f] — (Eo.f) log(Esf), with 0log0 = 0.
Let ayy = p(z)P(z,y) be a normalized symmetric endpoint law on a finite vertex set with positive
marginal ;. For a finite nonnegative squared partition of unity Y%, x;(x)? = 1, define

wi(z,y) = xi(@)xi(y),  wilz,y)=1- Zwi(x,y), p. = Eqw,.

Cauchy—Schwarz gives 0 < Y, w;(z,y) < 1, so these functions define a probability channel from
E = (z,y) to the child or killed outcome O € {1,...,k,t}. Set K = p; and I = I(E;0). In
the binary case we index the children by 0,1. At a node of the construction, use the actual
rounded multipliers passed to the children; the identities below do not require rationality. We write

Dk (pllg) = Xeip(e)>0 P(e) log(p(e)/q(e)) when g is positive on the support of p.

Lemma 5.1 (The exact split channel). For every positive-probability outcome put A, = {(x,y) :
agyw(z,y) > 0}, pr, = a(A,), and a®)(z,y) = azyw,(x,y)/p.. Then

K = ng(Xi)a 9)

I= ZEnt xa(w,) = Z xz 1 py > 0ps [log(l/pr % 2) + D+ KL(a®]a(- | AZ))} . (10)
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For the stereographic split xo = (1 —9?)/(1 +9?%), x1 = 29/(1 +9?), 0 < 9 < 1, writing Ny, =
(L+92)(1+92) gives

(1 =91 = 9), 4929y, 2(9z — 0y)*)
Nay

(wo, wr,wy) = . Ep(V) < K < 4Ep(V).

Proof. The two marginals of a are u, and therefore Ep(y;) = E}LX% — Eqw;. Summing over i, and
using 3", X7 = 1, proves the first identity. The conditional endpoint law given O = z is a®| so
mutual information equals Zzzp»opzDKL(a(Z)Ha) = Y Ente(w;). On A, the law a(- | A;) is
a/pr,. Hence

Dg1.(a?|a) = log(1/pr + 2) + D+ KL(a® |Ja(- | As)),

which proves the second identity. Direct substitution of the stereographic multipliers gives the
displayed probabilities. In particular,

The bounds 1 < N, < 4, together with Ep(9) = 1E, (U, —9y)?, now give Ep(¥) < K < 4Ep(¥). O

For each positive-mass outcome, its relative-entropy remainder vanishes if and only if w, = p,/pr,
a-almost surely on A,. Thus all remainders vanish precisely when each such likelihood is constant
on its support. This holds for indicator multipliers of a hard vertex partition: the child likelihoods
indicate within-part pairs and the killed likelihood indicates between-part pairs. The remainders
are therefore not uniformly positive.

Killing also carries information. Let a be a half-lazy root law and let ® be a nonzero soft
restriction. When the split channel is applied to the descendant endpoint law a®, the notation of
Section 2 gives

a@{l, — y} — Zx am:q)(x)2 > Mg > 1

Zp 27 — 2
Since wi(x,x) = 0, the support of the killed outcome contains no diagonal pair, and therefore
pry < 1/2 whenever K > 0. Hence (10), now with base law a®, gives I > pylog(1/pry) + K log 2 for
a binary split, with the first term omitted if p; = 0 and the second interpreted as zero if K = 0.
This is an aggregate diagonal-mass assertion, not pointwise half-laziness of the descendant walk.

Proposition 5.2 (A full-channel obstruction, and its rank screen). Let d > 2 be an integer, let Q
independently flip every coordinate of {0,1}¢ with probability 1/(4d), and put o =1 —1/(2d) and
P =20Q —1. This is a rational half-lazy walk with uniform stationary law. For a real number U > 2,
let

Ty = min{t S ZZO : (1 + QQt)d < Qd/U}.

FEvery nonnegative binary squared partition of unity with both child supports nonempty and proper
satisfies

< — )
0< K, 0<I<6dK, T 264> 12T, (11)

For integer U > 2 and d > 16U, put
n=2 v=1/n, s=|d/U|, R=2°, T=Ty, n=s/(32T).
Then

1 K
OgR7 > g(log 2)log U, rank 1jg ([ — P) < R%/®, (12)
n

Tr(Q*T) > VR,
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These are rational algorithm parameters, with 256 < R <n, 0 <n < 1/16, and ||logy R]|/(32n)] =
Ty, the heat time prescribed in Lemma 3.2. Moreover, with L% = log(1/v)/log R, U < L% < 16U/15
and 3072nLY% < 192/logU.

Proof. We give the entropy estimate, full-channel bound, and spectral computation separately. The
cube entropy—energy inequality is classical [20, Exercises 10.23 and 10.26]; we include its proof in
our normalization rather than use it as a black box.

Entropy and energy. For the uniform two-point law and ¢ = (a,b) > 0, Ent(¢?) < (a — b)?/2.
The case a = b = 0 is immediate. Otherwise homogeneity permits the normalization (a? 4+ b?)/2 = 1;
after interchanging a, b if necessary, write a®> = 1+t, b> = 1 —t, where 0 < t < 1. The derivative of the
right side minus the left side is t/v/1 — t2—arctanh ¢ > 0: its derivative is (1—#2)=3/2—(1—#2)~1 > 0,
and both differences vanish at zero. Continuity covers ¢ = 1. For independent finite random variables
X,Y and f > 0, entropy tensorizes because

Ent+X,Yf =Ex Y Ent «Xf + Ent Y (Ex f) < Ey Ent «Xf + E « X Ent *Y f.

The inequality uses convexity of entropy: for positive f, its second directional derivative is E(k?/f) —
(Ek)?/Ef > 0 by Cauchy-Schwarz; continuity covers zeros. Iteration and the two-point estimate
give

d
Ent (%) < 5 D Bu(ple) — pa))? = €. (9),

where 2 flips coordinate j of 2 and Pype flips one uniformly selected coordinate. Bernoulli’s
inequality gives P(z,z0)) = (2d)~'(1 — 1/(4d))%! > 3/(8d). Keeping just these nonnegative
contributions in the Dirichlet form gives Ep(p) > (3/8)Ep.,..(¢). Consequently

Ent,, (%) < (84/3)€p(p). (13)

Full information. For every finite nonnegative squared partition of unity on any normalized
symmetric endpoint law (not just the cube),

I< ZEnt sp(x?) + K(1+2log(1/K)), (14)

(2

with the final term zero at K = 0. To prove it, for 0 < ¢ < v, m, = Ev and d’ = m, — Eq, write
hpin(2) = —zlogz — (1 — 2) log(1 — z). When m,, > 0, the identity

Ent(q) + Ent(v — q) — Ent(v) = myh * bin(d’' /m,) — E[vhpi(q/v)]

(with zero summands omitted), nonnegativity of entropy, and hy,(2) < zlog(e/z) give Ent(q) <
Ent(v) +d' log(em,/d'). If m, = 0, both g and v vanish almost surely and the bound is immediate; if
d’ = 0, interpret its last term as zero. Apply this with ¢; = x;(z)x:(y) and v; = (xi(2)? + xi(v)?)/2.
The pointwise inequality ¢; < v; is the arithmetic-geometric mean inequality. Convexity of entropy
and the fact that both endpoint marginals are p give Ent,(v;) < Ent#(xzz), while M; = E,v; = Euva
di = M; —E.q =Ep(xi), > ;di = K, and >, M; = 1. For K > 0, Jensen’s inequality with weights
d;/ K gives

i eM;
S dilog(eM;/dy) < Klog | 3 %00 ) < K log(e/ K),
i i:d; >0 i

where the last inequality uses ), M; = 1. The assertion is immediate when K = 0. Finally
0 < wt < 1 implies Entq(wy) < Klog(1/K), proving (14). Terms of zero mass are interpreted by
continuity.

25



Return now to the cube, with uniform law p and endpoint law a,, = 27¢P(z,y). Walsh
characters of degree j have Q-eigenvalue ¢/, so I — P has gap 2(1 — o) = 1/d. Properness of the
support of child 1 gives a vertex xzo with x1(z¢) = 0, and properness of the support of child 0 gives
a vertex x1 with yo(z1) = 0. Thus z = (o, x1) equals eg = (1,0) and e; = (0, 1), respectively.
They are distinct because ||z(x)|, = 1 everywhere. For any vector v, |leg — v||3 + [le1 — v||3 =
1+ 2|lv— (eo+e1)/2]|3 > 1. The spectral-gap inequality, applied to each coordinate of z, therefore
gives

K> LR - Euef? > —
—d " = qad?
where the last bound keeps just zg, z1, each of mass 27¢. Combining (13) and (14) gives

I<K <8§Z+1+2dlog2+2logd) < 6dK.

For the last inequality, (1 + 2logd)/d decreases for d > 2, and 19/6 + 3log2 < 6. Because the
support of child 1 is nonempty, some diagonal pair with positive a-mass has wy > 0, so p; > 0.
Because that support is proper, another positive-mass diagonal pair lies outside A;, so pr; < 1.
Thus (10) implies I > 0.

Time, trace, and rank. Bernoulli’s inequality gives Q(z,x) = (1 — 1/(4d))? > 3/4, so P(x,z) >
1/2. Off-diagonal entries of P are positive, its row sums are one, and it is symmetric and rational.
This verifies the asserted half-lazy walk and uniform stationary law. Walsh expansion gives
T(Q) = (1 + %) and

 Tlos(1/@ 1))
Tv = { —2log o

w, glogUgTUglldlogU.

Here Ty > 1 because the defining inequality fails at t = 0. For the time bounds use (log2)/U <
21/U _ 1 <1/U and 1/d < —2log ¢ < 2/d. In particular the lower bound follows before taking the
ceiling, while the upper bound follows from Ty < dlog(U/log2) + 1 < 4dlogU for d,U > 2. The
lower time bound gives 1/(6d) > (logU)/(121y), completing (11). Moreover, log R/n = 32Ty log 2,

SO
log R K logU 8

— > 321y log2 = —(log2)logU

1 23 uloe2 o 5 (log2)log U,
which is the middle inequality in (12). Put F; = dlog(1 + 0?!). Concavity and log(1 + 0) = 0 give
Fr > 0’Fr_;. The minimality of T gives Fr_; > dlog 2/U, hence Fr > o*dlog 2/U > %slog 2,
proving the trace assertion. Here s > 16 and ¢ > 9/16. Moreover, R = 2° > 216 > 256, while
R<2¥=n,and U < d/s < 16U/15. Also

h d 1
"k = 357 = 1610g U
In particular, 0 < 7 < 1/(16U logU) < 1/16, and multiplying the displayed bound by 3072 gives
307277L}11% < 192/logU. For integer U, the test defining Ty is equivalently (1 + 0?)V < 2, an exact
rational comparison, so Ty can be found by finite search. Thus R and n are rational algorithm
parameters. Since log, R = s and 32n = s/T, the heat-time formula in Lemma 3.2 equals T" exactly.
Finally let m € {0,...,d} be the largest degree with 2(1 — ™) <n. Since n < 1/(16U logU) <
1/16, the defining inequality for m and —log(1 — z) < z/(1 — z) give

< —log(1 —n/2) < dn < 2s - s —a<d)2
—logo 1—n/2 = 3llogU  15logU
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If m = 0, the rank is one, which is already less than R%/8. Otherwise the inclusive cutoff rank r
obeys

n slog(16eU log U))

d
r= JZ_}) <j> < exp(dhpin(m/d)) < exp(mlog(ed/m)) < exp ( 5log U

last inequality uses monotonicity of xlog(ed/z) for x < d and d/s < 16U/15. The function
[log(16e) + y + logy]/(15y) decreases for y > log2, and its value at log?2 is below 2/5, since
elog2 < 2. Hence logr < 2s/5 < (5/8)slog 2, proving the rank bound. O

The first inequality follows by setting 2 = m/(d —m) < 1 in Y. (?) < 27™(1 4 2)% the

Taking integer U arbitrarily large and an integer d > 16U makes 307277L}11% arbitrarily small, while
the normalized full-channel ratio is bounded below by a positive constant times log U, uniformly over
the proper binary splits in the proposition. For example, log U > 6528 suffices for the hypothesis
3072?7L}11% < 1/34 of Theorem 3.1; the displayed spectral and channel inequalities themselves hold for
every integer U > 2, d > 16U. Thus even within the smallness regime no absolute constant C' can
guarantee the existence of a proper binary split with K < C(n/log R)I on every high-trace node.

Nevertheless, these roots are connected and their inclusive cutoff ranks satisfy the stopping test
r8 < R® of Theorem 3.1, before any split. Stationary masses equal v, so no mass lies below the
cleanup threshold either. In particular, the construction has the single leaf ® = 1 and total loss
D = 0 on these roots. The example therefore does not rule out a log-free local estimate under
rank-screen failure, or a better charge restricted to reached nodes. It gives no lower bound on
whole-tree loss, labeling error, or runtime. The Fourier and entropy—energy ingredients are classical;
the limitation is their application to this particular channel and parameter regime.

A From a low-rank restriction to a partial assignment

We use one conditional-marginal construction and select among its roundings by their actual partial-
assignment charge. Its ingredients are the singleton embedding and column-selection theorems of
Guruswami—Sinop [15, Theorems 5.2 and 6.9]. Their local-fragment approach [14] avoids constructing
an entire moment hierarchy. We record the fragment and its finite construction because a theorem
about the final labeling alone does not supply the interface needed to transport a soft restriction
back to its invocation root.

A.1 The finite conditional-marginal ensemble

The constructions below use four finite-precision facts as black boxes. We state them once, in the
form in which they are used.

Lemma A.1 (Finite-precision toolkit). Each of the following runs in time polynomial in the binary
length of its input.

(i) Rational inertia. For a rational symmetric matriz A, symmetric elimination with 1 x 1 and
2 x 2 pivots computes the numbers of positive, negative, and zero eigenvalues exactly, and
when a negative eigenvalue exists it returns a rational vector v with v' Av < 0. Bit lengths
stay polynomial because every Schur complement entry is a quotient of minors of the integer
matriz obtained by clearing demominators; the details are given in the proof of Theorem 3.1.
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(4i) Shallow-cut ellipsoid method. Let C C RY be a convex body containing a ball of radius p and
contained in a given rational ellipsoid. Suppose that for every rational center x an oracle
either certifies x € C' or returns a rational half-space containing C' whose bounding hyperplane
lies within relative depth 1/(N + 1) of x. Then the method with rounded rational updates
certifies a point of C after O(N?log(N - diam /p)) oracle calls [12, Section 3.3].

(i4i) Convex minimization with an inradius. A convex quadratic with rational data can be minimized
over a rational polytope of known inradius, to a prescribed rational additive accuracy, by the
ellipsoid method and binary search [12, Section 3.3 and Chapter 4].

(iv) Exact rational linear programming [12, Theorem 6.4.12].

Lemma A.2 (A conditional-marginal ensemble at low base rank). Let a normalized rational
weighted Unique Games instance have positive degree measure p, alphabet ¢ > 2, and symmetric
normalized Laplacian H. Suppose

r =rank 1 (H), 0 <128kp <y <1/4.

If its optimum is at least 1 — kg, a deterministic algorithm returns at most ¢*" rational simplex
fields p® with positive rational weights w, summing to one, such that

5 5 65 " 5
E,E() < gyror o op(w)(1 - IpfI") < == (15)

Its running time is q©m poly(n, q,bin), where by, is the binary input length, including n and ko.
Without the optimum promise, it returns an ensemble passing the displayed rational checks or declares
failure in the same time. Parallel records and arbitrary permutation loops are allowed.

Proof. If 2r > n, enumerate every labeling and retain a minimum-error one. This costs at most ¢*"
times polynomial work. If its error exceeds 65k0/64, declare failure; otherwise return its one-hot
field as a singleton ensemble of zero impurity. Hence assume 2r < n.

The required moment fragment. Its singleton indicator vectors X, , satisfy >, Xy, = Xg,
| X5|I> = 1, and orthogonality within every fiber. Its objective is

1
Pe g 2o X = Koo
e a

We construct a seed set S, |S| < 27, and compatible joint indicators for S U {u}, for every u. If I3
is projection onto the seeded singleton span, the construction ensures

> n(w) S| - 1) X

< Finax := 65K /64.

f < 5ko0/n. (16)

Seed selection from singleton inner products. The embedding of [15, Theorem 6.9] is

v- ¥

a: Xu,a70

Xu,a & Xu,zz

Va2 =Y [ Xual? =1
HXu,a” 9 || U” za:H Uﬂ” ’

where the norm identity uses within-fiber orthogonality. It supplies unit vectors Y, with

Y |- 1) X,
a

<o -

)

||Yu - K}HQ < 22 HXu,a - X’U,ﬂ'((l)
a
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where Hg projects onto the span of (Y, )yes. This embedding uses within-fiber orthogonality, not
entrywise positivity of cross-fiber inner products. Indeed, for A = ||z|| > 0, B = ||y|| > 0 and
¢ = (z,y), the matched-pair estimate follows from

A%+ B? —4c+2¢%/(AB) = (A — B)? + 2AB(1 — ¢/(AB))? > 0.
For the Gram matrix G of the columns \/p(u)Y,, Tr(GH) < 2F, and therefore ), )\%(g) < 2F/n.

The column-selection theorem [15, Theorem 5.2], with 27 columns, gives residual at most twice this
spectral tail.

Here is a rational implementation retaining slack. Put ¢ = k¢/(16nn) and compute a rational
positive definite G, with G < G, < G + 261. Its entries use

2
Guw = /L(u)u(v) Z <Xu,a, Xv,b>

b
b I Xual® 1002

where a zero-denominator term is zero. Terms with denominator below 7 = §/(16ng?) can be
omitted: positive semidefiniteness bounds each such term by 7. Their sum in any entry is at most
¢?>t = §/(16n). Rational square-root bisection on the remaining terms produces a symmetric rational
QN with entrywise error at most 6/(4n). Set G = 5 + 61. The operator-norm error of QN is at most
d/4,80 G+ 361/4 <G =G+ 551/4. All required precision lengths are polynomial in the rational
input length and log(1/4).

Here are the exact conditional-expectation computations for selecting 2r columns. For a positive
definite matrix D, put e;(D) = > |7)=; det DIT,T], with eg(D) = 1; these are the coefficients
of det(I + tD). Choosing k columns with weights proportional to their principal determinants
gives expected Schur residual (k + 1)eg41(D)/ex(D). Indeed each residual diagonal is a bordered
determinant divided by the selected principal determinant, so each determinant of order k + 1 is
counted k£ + 1 times. If D is the Schur complement after the already fixed choices and k& more
columns are needed, write D/i for the Schur complement of its diagonal pivot at i. The conditional
expected final residual and its averaging weights are
kek(D/z) o D“ek_l(D/z)

e 1(DJi) P'T T ken(D)

They satisfy >, p; = 1 and Y_; piE; = (k + 1)ex41(D)/ex (D) by the same determinant counting.
Choose an index minimizing E;, replace D by D/i, and decrement k until no choices remain.
Characteristic-polynomial coefficients and Schur complements have polynomial rational bit cost;
no family of n?" subsets is enumerated. For eigenvalues A\; > --- > ), > 0, each product of k + 1
eigenvalues contains at least k + 1 — r tail indices. Thus (kK 4+ 1 —7)epr1 < (X, Ai)er. At k= 2r,
the initial expected residual is less than twice the tail beyond rank r. Loewner monotonicity of
Schur residuals now gives

> ) 3 [[(7 = 1) X

E; =

2 69
< AF/n+ 4nd < 1—6@ < Bko/n.
7

Indeed, a Schur-complement diagonal is the least squared residual obtained by regressing that
column on the selected columns. Hence G < G implies that the residual trace for G is at most the
one just bounded for G;. This seed procedure reads only the singleton inner products.
Compatible local moments, without an n°") hierarchy. Use linearly independent centered
indicator functions at each vertex, 2y = ly(u)=q — 1 /q, a < g; eliminate the last indicator by the

sum-to-one identity and reduce repeated-vertex products by

2=(1-2/)za+ (- 1)/*  zam=—(2a+2)/a—1/d (a#D).
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The base moments are the monomials on at most two vertices; their nonconstant number is
dr =n(q—1) + (5)(g — 1). For a seed set of size s, index both rows and columns of the symmetric
matrix Mg by the distinct reduced monomials supported in S U {u} for some u, including the
constant monomial. Its entry at two row indices is the formal expectation of their reduced product.
Use one scalar moment variable for each distinct nonconstant monomial occurring in these products;
all occurrences of the same monomial share that variable. There are mg < (1 + n(q — 1))¢® rows
and Ng = O(n?¢*™?) nonconstant moment coordinates. Let

Ks= {yMS(y) =0, F(y) < Fax, =2 < ya 32}

The constant moment is fixed and all indicator identities have already been eliminated. Rational
inertia (Lemma A.1(i)) gives a strong separation oracle for this spectrahedron in time polynomial
in its explicit size: if Mg(y) is not positive semidefinite, a rational witness v with v' Mg (y)v < 0
yields the valid linear inequality v' Mg(y')v > 0, which is violated at y; the box and objective
constraints are linear.

The following inradii justify finite local-fragment optimization. Mix a promised witness dis-
tribution with uniform independent labels, using uniform mass onix = ko/256. Its objective is
at most kg 4+ omix < Fmax. For each base monomial, the product of the appropriate functions
Yua = ¢(Lguy=a — Lo(u)=q) 18 its dual under uniform measure and has absolute value at most 7.
Thus a base perturbation of infinity norm at most

Pp— KO
P = 1024dy 2
is realized by adding the corresponding dual linear combination to the mixture’s density relative
to uniform measure. Its absolute size is at most dbq2p* = omix/4, and its mean is zero. The
resulting distribution stays nonnegative and has objective less than Fi .. Consequently C, :=
(|s|<2r PrOjpase Kg contains a Euclidean p,-ball. This body is used only in the proof and is never
enumerated.

Each Kg also contains a local ball of explicitly known radius; its center need not be known to
the algorithm. Use the moments of the same witness—uniform mixture as its center. Under uniform
labels, different vertex supports of centered monomials are orthogonal, and the one-vertex covariance
has minimum eigenvalue ¢~2. The uniform row Gram matrix therefore has minimum eigenvalue
at least ¢ 26D so the mixture’s Gram matrix has minimum eigenvalue at least Omixg 26TD A
coordinate perturbation of Euclidean norm a changes Mg in operator norm by at most mg2°*!a,
because reduced products have coefficient one-norm at most 2°t!. The objective has coefficient
one-norm at most 10¢%. It follows that Kg contains a ball of radius

) 1 Ko Koq—2(8+1)
Ps = NN 12 409642 1024mg2s+1 [ -

Indeed the last radius bound permits a Gram perturbation of at most one quarter of this minimum
eigenvalue. The objective increases by at most 10¢2ps < 10k¢/4096, smaller than its slack at
the mixture, and the moment box has slack at least one at the center. In particular log(1/ps) =
O(slogq + logn + log(1/ko)).

Run a shallow-cut ellipsoid in the d}, base coordinates, starting with a ball containing [—2, 2]
At a base point z, first test the box, objective, and base PSD conditions, the latter using Mg (z) with
constant and centered-singleton row indices. A violated condition supplies a separating inequality;
weakening it so that its boundary passes through x gives a valid central cut. If all pass, select S(x)
by the preceding seed procedure and apply Lemma A.3 below to Kg(,), with fixed base coordinates

dy
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x and tolerance € = p,/(100dy,). An extension ends the algorithm. Otherwise the returned inequality
(c,z—x) <€, |lc|loo = 1, holds for every z € C,. Every current ellipsoid contains its p,-ball; its
directional half-width is at least p, so this is a valid shallow cut of relative depth at most 1/(100dy,).
After O(d? log(dy,/p«)) unsuccessful cuts the volume would be smaller than that ball, a contradiction.
The algorithm therefore returns a fragment with exactly the base moments that selected its seeds.
Rounded rational ellipsoid updates with fixed precision are used throughout (Lemma A.1(ii)). Keep
violated box cuts exact. For all remaining calls the center z lies in the box; round each normalized
cut direction to infinity error at most €/(16dy) and add the corresponding 4dj, times that error to
its offset; this preserves validity and changes the relative depth by less than a factor two. This
also prevents successive oracle calls from inflating the outer coefficient length. All dimensions are
q©") poly(n, q), and the logarithms of the inverse radii and precisions are polynomial in the stated
binary inputs. Fixed budgets and exact output checks give the asserted failure behavior without
the promise.

Rounding the fragment. Let Xg(o) be its mutually orthogonal seed indicators, w, = || Xs(a)|?,
and omit zero weights. They sum to Xg, so the positive weights sum to one. Set

(X5(0), Xu,a) '

o p—
pu(a) o,

The seed—singleton indicator is a local row combination; its idempotence and PSD show that its
moment is nonnegative. Exact indicator identities show that each pf is a simplex vector. The
projection Hsseed onto the seed-indicator span contains the seeded singleton span, and orthogonal
projection gives

ELGT)<F, Ee X p(w)(1—[Ipg)%) = 3 u(w) 2|7 100 % $)X s < w0/,

These are precisely (15); retain all positive-weight seeds, rather than imposing separate seedwise
energy and purity tests. The simplex, normalization, and two mean inequalities can be checked
exactly. Small positive weights affect bit length, not repetition counts. Algorithmically, every weight
and numerator above is an entry or a fixed linear combination of entries of the rational moment
matrix; no Gram factorization, and hence no irrational vector representation, is computed. A
label-changing loop contributes the nonnegative unary objective ac },.r, (a)a ||Xu7a||2; hence none
of the preceding arguments discard such constraints. O

Lemma A.3 (Fixed-coordinate extension or a shallow cut). Let K C [~2,2]" be a rational strongly
separable convex body containing a ball of known rational radius 0 < p < 1/4. Given integers
1 <dy < N, rational fized coordinates x € [—2, 2]db, and rational 0 < € < 1, one can return either a
rational y € K with Ypase = x, or rational ¢ € R% with

HcHoo =1, <C, Zbase — $> <e€ (Z S ]C)

The time is polynomial in the dimensions, oracle and input lengths, log(1/p), and log(1/e). With
these budgets imposed, failure is permitted when the inradius promise is false.

The cut alternative is allowed even if the fiber is nonempty. The lemma does not assert an exact
decision procedure for feasibility of an arbitrary lower-dimensional spectrahedral slice.

Proof. This is the inradius-aware restricted-support construction underlying [14]; the short proof
specifies its geometric margin. If N = dj,, query the strong oracle at z. It either certifies z € K
or returns a strict separating inequality; after normalizing its base normal in infinity norm, that
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inequality has the stated form with right side at most zero. Otherwise put § = ep/(128[+/dL,N|)
and 3 = (¢6/(64d),))%. Run a rational ellipsoid on the affine fiber, retaining all full-space cuts and
the enclosing box. A feasible point ends the algorithm. A violated inequality with zero free part is
already a separator in the base coordinates. Otherwise finite volume reduction returns a polytope
K c P c[-2,2]" whose fixed-coordinate fiber has volume less than a free-coordinate ball of radius
0.

Write P = {z : Cjz < b;}. Choose rational ||Ci|l, < h; < 2||Cy||, and set P’ = {z : Cjz <
bi — 20h;}. Tt contains a p/2-ball and lies inside the radius-28 erosion of P. Minimize ||zhase — ||
over P’ to additive accuracy f3, obtaining a rational feasible point 7. This requires only ordinary
bounded convex quadratic optimization with the known inradius (Lemma A.1(iii)). More explicitly,
let f(2) = ||2base —2||* and 0 < v < 1. If y, is a minimizer and B(w,p/2) C P’ the points
(1 =)y« + tz, z € B(w,p/2), with t = v/(32d}), form a ball of radius vp/(64dy). Convexity
and f(z) < 16d;, throughout P’ C [~2,2]" place this entire ball in the sublevel f < f(y.) + /2.
Ellipsoid feasibility of such sublevels and binary search therefore have bit-polynomial budgets in
log(1/p) +log(1//); no unknown center is computed.

Let v = Ypase — = and let v, be the base displacement of a minimizer. The thin-fiber certificate
and the 2§ erosion imply |[v|| > 0. Indeed § € P’ gives B(y,25) C P; if ||v|| < 4, this ball would
meet the fiber {z : zpase = 2} in a free-coordinate ball of radius at least V36 > §, contradicting
the volume certificate, which bounds the fiber of P and hence also the fiber of K C P. Optimality
gives ||[v — vi|| < V/B. If w is a p-ball center in P, then for every z € P, zg = (1 —436/p)z + (46 /p)w
lies in P’ and ||z — zo|| < 166v/N/p. First-order optimality gives (vs, (20)pase — ) > [Jv+]|* > 0.
Consequently ¢ = —v/ ||v||, satisfies

< 4dy\/B n 166+/dp, N e
o p

Certify this inequality over the rational polytope P by rational linear programming (Lemma A.1(iv))
before returning it; since K C P, validity over P implies validity over K, which is the direction
the lemma asserts. Check any proposed extension with the original strong oracle as well. A failed
budget, failed check, or zero normal to be normalized results in failure, not an unchecked output;
these exits cannot occur under the promised conditions. Thus failed inradius promises cannot install
invalid cuts. Each ellipsoid call uses bounded rational updates and its predetermined volume budget.
All stated inverse precisions occur logarithmically, proving the running-time assertion. O

<C, Zbase — .T)

A.2 Ensemble selection with separate disagreement and amplitude costs

All quantities in this subsection use one normalized symmetric directed invocation root. Its scalar
law is half-lazy. For a nonempty partial labeling on U’, write B for its directed internal violated
mass and Cyyt = ZueU’,ng' v, and define its charge

r— B +2Cqy4
n(U")
Let gy = suéq) with s, > 0; labels at zero amplitudes are arbitrary. Define the root quantities
M(g) = u(u)s, A(g) = Ep(s),
J(g) = Z aesusv]—ﬁ(v);ﬁwe(é(u))a Q(g) = Z Z aqu?u
e:u—v U vy
. 1

I(g) = Y acmin{sy, 52} Ly n, (¢(u)): V(g) =35 > auls — 2.

e:u—v u,v
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Lemma A.4 (Disagreement-sensitive ensemble coarea). For each such field,

E(9) = Alg) +J(9), 0<A(g) <Qg) < M(g)/2, I(9) <Jg), V(9)* < A(9)(2g) — A(g)).

(17)
For a finite ensemble with positive weights summing to one, let bars denote weighted means and
assume M > 0. Threshold each field on U,y = {u : s2 > t} fort > 0. Its least nonempty
seed—threshold charge satisfies

I+2v 1  2JARQ-4)
I, < i §ﬁ+T§J+2\/a(l—a), (18)

where a = A/M € [0,1/2] and j = J/M. For rational data the minimum is computable exactly with
at most n thresholds per nonzero field and polynomial work in the ensemble encoding.

Proof. On every directed record, with permutation pullback understood,

2

suo(u) — Tesveow)| = (Su— $0)? + 25uS0 o) me (b(u)-

Summing proves E=A+J AlsoA=Q— Zu#v Ay SuSy < €2, and half-laziness gives Q < M /2.

The inequality min{s2, s2} < s,s, gives Z < J. After discarding scalar loops, Cauchy-Schwarz gives
2 1 2 1 2
| 2 §Zauv(su—sv) §Zauv(su+sv) = A(2Q — A).
uFv uUFU

For one field, integrating over ¢ € [0, 00), coarea gives exactly [ u(U;)dt = M, [ Bydt = Z, and
[ Cout,t dt = V: internal records survive an interval of length min{s2, s2}, and a directed boundary
record contributes (s% - s%)+. Symmetry pairs opposite boundary orientations. Loops contribute

only to the internal term. Average I',; with density w,u(Uy+)/M to prove the first bound. Another
Cauchy—Schwarz inequality gives V < /A(2Q — A). Finally, 20 — A < M — A because Q < M /2;
division by M proves the last inequality in (18). For finite selection sort the distinct positive rational
s% and test every interval midpoint, including the interval from zero to the smallest level. All

nonempty thresholds occur and all charges are rational. Zero fields are omitted. No square roots or
random draws from possibly tiny seed masses are used in selection. O

For a nonzero root multiplier x > 0, use
M, = ZM(U)X(U)Q, Zy = Zan(U)X(U) >0, Ay=My—2Zy, rv=A40/Zy.
u e

The normalized restriction has record weights aex(u)x(v)/Z, and degree law p,. Write A,(:)
and EX() for its scalar and constraint energies, respectively; the scalar A, = M, — Z, continues
to denote the root multiplier energy. Scalar half-laziness gives Zyuy(u) > pu(u)x(u)?/2 and
0<Z, <M, <2Z,s500<r, <1

Theorem A.5 (Transported ensemble and the sharper leaf selector). Suppose a finite rational
simplex ensemble on the restriction, with positive weights summing to one, has mean energy at most
F and mean impurity at most w. Let W(p)a = (pa — maxpzq py)+ and set g% = xW (p?), extending
by zero outside the support. If M = M, — 4Z,w > 0, then

2
M>M, 0<J<ZF, A§<\/2ZXF—2J+1/AX>. (19)
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Writing m = M /Z,, and z = J/Z, € [0, F], the least actual seed-threshold charge obeys

T, <=+ <2(F—z)+m). (20)

EIN

z
m
For the ensemble of Lemma A.2, in particular,

520 256

F2
ot 57T

2 )

For that constructed ensemble there are at most ng*" seed-threshold pairs, with rational polynomial-
time selection per pair. The selected seed need not obey separate energy or impurity thresholds.

Proof. The permutation-equivariant winner-gap map has at most one positive coordinate and is
V/2-Lipschitz: on each ordering region its only nonzero row is the winning coordinate minus the
runner-up. Continuity and subdivision of line segments prove the global assertion. If a > b are
the two largest coordinates of a simplex vector, then ||pH2 <a?+b(1—a)anda+b<1,giving
2Ipll* = (a — b)? < a® 4 2b — b < 1. Therefore

WEl <1 1 Wl <20-Ipl*.

Degree domination consequently yields M (xW (p)) > M, — 42, 3, pr (u)(1 — ||pu||?); average to
obtain M > M.
We also retain how the winner map allocates its energy. If h, k are the two output gaps and i, j
their winners, then
(h— k) +4hk1iz; < 2|p— gl

For a zero gap or coincident winners this follows from Lipschitzness. Otherwise h + k < (p;
¢)— (pj —q5) < V2 ||p — q||, whose square is the desired left side. Apply this recordwise, mcludmg
permutation loops. With d, = ||[W(p,)]], it gives A, (d) + 2J, (W (p)) < 2&,(p). Disagreement
transports exactly: J(XW (p)) = Z,Jy (W (p)). Thus J < Z, F and the mean leaf amplitude energy
is at most 2F — 2J/Z,.

For a > b >0 and z,y € [0, 1], write ax — by = b(z — y) + (a — b)z; reverse the roles for b > a.
The triangle inequality over weighted edge spaces gives

VEr(xd) < \Z,A4(d) + /Ay

Indeed, the squared norm of the first summand is bounded by %ZU,U auX (w)x(v)(dy, — dy)? =
ZyAy(d), while 0 < d < 1 bounds the squared norm of the second by A,. Apply the same
triangle inequality in the weighted direct sum over seeds. It proves the amplitude estimate in (19).
Lemma A.4 gives Iy < J/M + 24/ A/M; substituting the preceding bounds proves (20).

For the constructed ensemble, F' = 65k0/64, w = 5ko/n, and m = M, /Z, — 20k/n > 27/32.
Put f = F/m and x = z/m € [0, f]. Since ko < 1/512, we have f < 2, and

22z
2 —24/2(f
VA 2y R ESere
The zero case follows by continuity. Hence T'y < 2(v/2F + /7y)//m. Squaring and using (a + b)?

2a% + 2b* gives I'2 < (16F + 8r,)/m, proving (21). Exact finite selection is supplied by Lemma A.4;
no additional moment extension is required. O
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Corollary A.6 (The leaf decoder used by the outer algorithm). Suppose a visited restriction has
base cutoff rank at most R%/® at 0 < n = 1024k < 1/4, optimum at least 1 — 8k, and r, < 8D. A
deterministic algorithm returns a nonempty partial assignment satisfying

65 2048
< —pn+=—-D 22
=3t (22)
at cost qO(RS/g) times polynomial work in the binary input.

Proof. Apply Lemma A.2 and Theorem A.5 with k9 = 8k. Then 128k¢ = 1, and substitution in
(21) gives the displayed constants. O

The total tree loss D is used only for existence; selection and acceptance use the actual rational
partial-label charge.

A.3 Direct multiplier thresholds and a rank-certified menu

There is a complementary candidate: round labels throughout the support of y and threshold only
x2. Here we use the invocation root’s stronger property that its identity-loop mass at u is at least
wu(u)/2. No half-laziness of the normalized leaf is assumed. Put

me = ae min{x(u)?, x(v)?}, Vi = %ZCLWW(U)Q — x(v)?].

For a simplex field on the support, define the rational quantity

1 =3, pu(@)pu(me(a)), u#wv,

23
Za:we(a);éa pu(a), u="u. ( )

Qu(p) =D mebe(p),  be(p) = {

Every min-overlap sum below omits terms with m, = 0, and vertex sums involving marginals are
restricted to the support of x. Thus no labels or probabilities outside that support are required.

Theorem A.7 (Direct multiplier-threshold selection). For any finite rational simplex ensemble
with positive weights summing to one, mean leaf energy at most F' and mean impurity at most w,
deterministic selection produces a nonempty partial labeling with

min, Q, (p7) + 2Vy < Zy(F + cw) + 2V,

1—‘d' S @ = >~ ’ (24)
" * My My
r F +cw+2,/ry 1/2, all root loops are identities, (25)
. 5 c =
dir = 147y 1, otherwise.

There is no purity-denominator condition. If x = 1¢, replace 2,/7\ by 2ry. The cost is polynomial in
the full ensemble encoding, with at most n thresholds per seed and no additional moment construction.

Proof. For a labeling ¢ of the support put Z,(f) = >, melyy)2r.(4(u))- Independent labels at
distinct vertices give EZ, (¢) = Q,(p). A loop uses one random label, which explains the unary, not
bilinear, second line of (23). For each seed, fix vertices successively to labels of positive probability
minimizing the remaining conditional expectation. The averaged value equals the previous value, so
the final labeling satisfies 7, (¢) < Q,(p). Each step evaluates sums involving at most two remaining
probabilities, with polynomial rational bit cost; no inverse-probability sampling is used.

We prove the impurity coefficient, including label-changing loops. Let C,, = Diag(p,) — pup

T =0
,U}\—
and §, =TrC, = 1— ||pu||2 Write ¢, = Ze:u_mv#u me and A,, = %Ze Me ||pu — Tepv||2 < Z&x(p)

x(p .
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For a non-loop record, its expected violation equals its energy contribution plus (é, + 6,)/2. For a
loop, the difference is Tr((I — T,)C,). Thus symmetry gives the exact identity

Qu(p) = Am + Y _cubu+ Y meTr((I = T.)Cl).

eu—u

Only the symmetric part of T, contributes; its operator norm is at most one, so the loop trace is
between zero and 26, and vanishes on identity loops. Denote the two root loop masses by !4 and
[on Tdentity half-laziness gives [id > [non 4 > vty Quv, Whence

cu + 2x(w 1™ < x(u)* (1 + 0°) < Zyg(w).

If all loops are identities, the stronger two bounds ¢, < x ()24 and ¢, < Z puy, (u) — x(u)?11 instead
give 2¢, < Zy piy(u). Consequently, in both cases Qy(p) < ZX(EX(p) + D0, ey (1)0y,).

The coarea identities of Lemma A.4, with amplitudes s = x and labels ¢, give a multiplier
threshold of charge at most (Z,(¢) + 2Vy)/M,. Its scalar bound also gives sz <A(My—-A)) =
AyZy: here A = A, and half-laziness gives 20 — A, < M, — A, = Z,. For x = 1¢, direct
computation instead gives V, = A,. Enumerate all nonempty multiplier thresholds for every
derandomized seed, including the interval below the smallest positive squared multiplier, and retain
the least actual charge. This proves the first bound in (24). The minimum of Q, is at most its
ensemble mean, proving the second. Use M, = Z, (1 + r,) for the final envelopes. All threshold

and score comparisons are rational, and their number is polynomial. O

For the ensemble of Lemma A.2; substitute F' = 65k¢/64 and w = 5ko/n. For an integer cap mmax
at least the inclusive n-cutoff rank, one can additionally test the rational cutoffs 7, 2n,4n, ... below
1/4, together with 1/4, keeping only those ( whose inclusive leaf rank is at most ry.x. Rational
inertia of the generalized matrix L, — (D,, counting nonpositive eigenvalues, certifies that rank.
Here D, = diag(u,) and L, = D, — aX are the normalized restriction’s degree and unnormalized
Laplacian matrices. Every retained cutoff satisfies 128kg < n < ¢ < 1/4, so the same marginal
construction applies with unchanged energy bound and impurity at most 5k¢/¢. The menu has
O(1 + log(1/n)) entries, polynomial in the binary input; its total cost is ¢°™ax) poly(n, ¢, bin). No
larger cutoff is asserted to pass on an arbitrary leaf.

Retain the winner-gap candidates at the original cutoff when adjoining these direct candidates.
For use in the outer algorithm set ryax = max{r € Zxq : r® < R} and apply this cap to every
retained cutoff. Keep the original acceptance thresholds and stopping rules. The old guaranteed
candidate is still present, and taking the least actual charge preserves all stated approximation and
search guarantees. The menu makes only polynomially many additional bounded decoder calls per
inspected leaf, each taking qO(RS/S) poly(n, g, bin) time; this preserves the stated global time class,
not necessarily the running time at a particular lower-rank leaf. In particular, the direct certificate
may improve an observed charge but does not authorize skipping the terminal-mass charge or any
invocation test.

B The classical fallback and promise-free recovery

The uniform running-time statement uses the logarithmic approximation of Gupta—Talwar [13].
We give the weighted rational implementation and its deterministic selection step; neither the
approximation factor nor the metric-tree method is claimed as new. The construction below does
not use the supplied completeness parameter in its computation. The final subsection uses this
implementation to remove the supplied completeness promise from the uniform recovery theorem.
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Lemma B.1 (Finite weighted tree embedding). Given a positive rational metric d on ny > 2
terminals and rational weights wqp > 0 on unordered pairs, a deterministic polynomial-time algorithm
constructs a rational 2-hierarchically separated tree metric D such that

D(aa b) > d(aa b)v Z wabD(av b) <32 log(2nt) Z wabd(aa b)
a<b a<b

Here outgoing edges at each internal node have equal lengths, and edge lengths decrease by a factor
two down the tree. Polynomial time is measured in the full rational input length.

Proof. This is the FRT construction [10, Sections 2.1-2.3 and 2.5], with its finite conditional-
expectation implementation made explicit. Scale d by a power of two s so that the minimum positive
distance of d = sd lies in (1,2], and put miey = [log, diam(d)] > 1. Both choices use rational
comparisons; mje, is bounded by the input bit length. For 1 < ar < 2 and a permutation of all
terminals, start from one root cluster at level mje,. At levels i = mey, — 1,...,0, partition each
parent by assigning every terminal in it to the first center at distance less than r; = ap2'~! in d.
Centers range over all terminals, also those outside the parent. A child is indexed by its parent and
center. Join a level-i child to its parent by an edge of length 2¢+! /s, keeping a node even when its
cluster equals its parent. Level zero consists of singletons, so the tree has at most 1 + nymjey nodes.

If (a,b) first separates at level i < mye, — 1, its parent lies in a ball of radius 7,41 < 271, so
J(a, b) < 212 whereas its tree path contains two edges of length 2+1 /s. For separation immediately
below the root use diam(giv) < 2™ev instead. This proves domination. Summing the geometric
lengths gives D(a,b) < 8 -2%/s. Let 1; indicate that the first center whose radius-r; ball contains
either endpoint contains exactly one. At first separation ¢; = 1, whence

Miey—1

D(a,b) < (8/s) Y. 2. (26)
=0

For a fixed pair let a, = min{d(a, z),d(b,2)}, b, = max{d(a, z),d(b,2)}, A(r) = {z : a, < r},
and B(r) = {z : a, <r < b,}. For a uniform permutation the probability of t; = 1 at radius r is
|B(r)|/|A(r)|. Order centers by increasing a,, breaking ties arbitrarily. The jth center, when in

B(r), has at least j centers in A(r); also b, — a, < d(a,b). Hence

Averaging also over uniform ap € (1,2) and substituting r = ap2=! gives EY>; 211; < 2H,,,d(a, b).
Thus (26) bounds the expected weighted cost by 16H,, > wapd(a,b) < 32log(2nt) > wepd(a, b).
For derandomization use the rational estimator

\I/(OéF,p) = (8/5) ZwabZQi Pr[Li =1 | OéF,p},

a<b i

where p is a permutation prefix. If p has encountered A(r;), its first such center fixes ¢;; otherwise
the conditional probability is exactly |B(r;)|/|A(r;)|, since none of these centers has been used. All
center sets change only at rational breakpoints ap = 217%d(a, z) in (1,2). Enumerate the O(n2myey)
breakpoints, adjoin the endpoints 1,2, and sort and remove duplicates. Minimize ¥(ap, &) over
rational interval midpoints. Since it is constant on each open interval, the minimum is no larger
than its continuous average. This includes the single interval (1,2) when there are no interior
breakpoints. Then choose each next center to minimize the conditional estimator. Its average
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over remaining centers is the current value, so it cannot increase. The final permutation and (26)
prove the claim. All enumerations are polynomial; distances, interval midpoints, and dyadic lengths
have polynomial bit length. Conditional probabilities have denominators at most n¢, so a common
denominator for every estimator is a product of input weight denominators, the denominator of 1/s,
and lem(1, ..., ny), with dyadic factors of O(myey) bits. Thus comparisons also have polynomial bit
cost. O]

Lemma B.2 (Deterministic weighted logarithmic approximation). For a weighted rational Unique
Games instance on n > 1 wvertices, there is a deterministic algorithm, polynomial in n,q and the
instance bit length, returning a labeling of error at most

min{1,600xlog(2n)} whenever OPT >1— k.

Parallel constraints, nonidentity loops, disconnected graphs, and arbitrarily small positive rational
weights are allowed.

Proof. Discard zero-weight records. If none remain, any labeling suffices; otherwise normalize their
weights to sum to one. Each record e = (u,v) has an orientation and permutation 7, from u to v.
Use variables z(u, a),d(e,a) € [0, 1] with

Zx(u,a) =1, d(e,a) > |z(u,a) — z(v,me(a))l, Lip = %Zwe Zd(e,a).

a

The absolute value represents two linear constraints. In the undirected label lift, the edge from (u, a)
to (v, me(a)) has length d(e, a). For each lifted root s = (r,a) add potentials t5(z) € [0,1] satisfying

ts(s) =0, ts(r,0) > x(r,a) (b # a), ts(g) < ts(i) + dle,c)

in both orientations of every lifted edge i—j. This is a polynomial-size rational LP: it has O(n?¢?+mq)
variables and O(nmg? + n?q?) constraints for m records. Minimize Lip by exact rational linear
programming [12, Theorem 6.4.12]. Every conflict walk W from (r,a) to (r,b), b # a, obeys

z(r,a) < Z d(e,c). (27)

(e,c)eW

Every integral labeling is feasible: use one-hot marginals, their absolute differences for d, and
truncated shortest-path distances from each lifted root for ¢4, taking distance one for unreachable
states. A walk from a true label to a false label crosses a length-one edge. Its LP objective is exactly
its error, including loops. Thus the rational optimum has Lip < x and polynomial encoding length.

If Lyp = 0, every lift length is zero because all remaining weights are positive. In each non-loop
connected component choose a root label with positive marginal and propagate it along a spanning
tree. The marginal of each propagated label stays positive because the edge marginals agree
under transport. Any violated record, including a loop, would form, with the two root paths, a
conflict walk moving the positive root label. This contradicts (27). Isolated vertices use their own
positive-marginal label. This returns a satisfying labeling.

Assume henceforth Lyp > 0. Put 4. = > ,d(e,a) and, for non-loop records, ¢, = £, +
Lip/(10n). Shortest-path completion gives a positive rational metric on each non-loop component
and 37, ,on00p Wele < 2LLp + Lyp/(10n). Apply Lemma B.1 componentwise, adding weights of
parallel records for the embedding only. Eliminate the tree’s Steiner vertices as follows. Represent
each nested cluster by its least terminal in a fixed order, and contract edges with equal representa-
tives. Every representative’s fiber is connected and contains its terminal leaf, so the quotient is a
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tree on terminals. Give each surviving edge the original metric distance between its representatives.
For an old edge of length L from a parent to a child, each representative is a descendant terminal of
the parent and is at tree distance less than 2L from it, by geometric decrease. Their original metric
distance is thus less than 4L, by domination. The image of any old terminal-to-terminal path is the
unique quotient-tree path after contracted edges are removed. Summing the surviving edge bounds
gives D < 4D, while the triangle inequality for the original metric gives Dy > d. Represent each
new tree edge by an original shortest path for ¢/, with its composed permutation. Its unperturbed
path length is at most its tree length. Singleton components need no embedding.

For a tree edge with transport o, write p, = z(u,a), ¢ = 2(v,b), Mma = Min{Pa, ¢r(a)}
Ta = Pa — Ma, Sb = b — Mg-1(p), and ¢ = 3, rq = 3 sp. The rational coupling

Y(a,b) = Lp—g(a)Ma + Tasp/t

uses only its first term at ¢ = 0. It has marginals p, ¢ and mismatch probability ¢t = % >aPa— o),
at most half the represented path length by telescoping. Indeed rys,(,) = 0. Root each tree, orient
the couplings away from the root, and set Y, (a,b) = Y(a,b)/p, when p, > 0, using any rational
probability row when p, = 0. Together with the root marginal these tables define a rational Markov
law on labelings, with marginal z(v, -) at every vertex; take the product law across components.

For a non-loop original record e = (u,v), expand the tree path into its representing paths and
close it by the reverse of e. For each starting label moved by this closed walk, (27) bounds its
marginal by the lifted walk length. Summing over moved labels gives at most Dp(u, v) + £, since
every prefix transport is a permutation. If the label is not moved and all tree edges on the path
agree with their transports, the record is satisfied. The union bound on tree mismatches therefore
gives Prle violated] < ¢ + 2Dp(u,v). For a loop, (27) gives z(v,a) < d(e,a) whenever m.(a) # a,
so the violation probability is at most £.. Consequently

Elerr] < 2Lyp + 2561og(2n)(2Lrp + Lrp/(10n)) < 600LLp log(2n).

For the last inequality, divide by Lip log(2n) and use log(2n) > log2 > 1/2 and n > 1: the
coefficient is at most 4 + 512 + 128 /5 < 600.

Finally derandomize this law exactly. For a partial assignment F, let ,,(b) indicate compatibility
with its assignment at v. For a nonroot vertex v with parent u compute the upward message

Mv(a) = Z Tu’u(av b)%(b) H Mz(b)
b z child of v
For each root r, sum Z.(F) = >, z(r,0)0r(b) I1, chitd of » M=(b). Their product is Z(F) =
Pr[X extends F]. Inconsistent clamps have probability zero. For Z(F) > 0 the conditional expected
error is

Yewe [Z(F) =X, Z(F, Xy = a, Xy = me(a))]
Z(F) '
For each successive vertex, choose a positive-probability label minimizing this expression. The
average over those labels is the current value, so it cannot increase. After all choices the actual
error is at most the initial expectation, and it is trivially at most one.

Each probability evaluation uses O(ng?) rational operations, and only polynomially many
evaluations are required. A product of all root and transition-table denominators is a common
denominator of all complete-label probabilities, so exact messages and conditional comparisons have
polynomial bit length even for tiny probabilities. The optimal LLP solution, shortest paths, and
metric aspect ratio have polynomial rational encoding length; Lemma B.1 therefore also runs in
polynomial bit time. No numerical factor 1/k or 1/Lyp is used. O
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B.1 Removing the supplied completeness promise

Proof of Corollary 4.6. We retain the corollary’s hypotheses n > 256 and ¢ > 2. Discard zero-weight
records before any constraint check. First test satisfiability exactly. In every positive-weight non-loop
connected component, try each label of one root, propagate it along a spanning tree, and check every
record, including loops and parallel constraints. The component is satisfiable precisely when a root
label passes all checks. Isolated vertices use the same test on their loops; zero-degree vertices are
arbitrary. This is polynomial work. If all components pass, return the resulting satisfying labeling.
Zero total weight is also handled this way. Otherwise e, > 0.

Run the algorithm of Lemma B.2. It needs no completeness parameter: its perturbation is
determined by the rational LP optimum. The proof of that lemma gives an output ¢y with

e« < €o :=err(fp) < min{l, Cgrexlog(2n)}, Cat = 600.
In particular ¢y > 0, and it is computed exactly from rational record weights. Set
l= ’—IOgQ(QTl)-I, Jmax = HOgQ(CGTl)—‘v Kj = 60/2j (0 <J< Jmax)'

Retain only guesses satisfying 1/n < x; < 1. Run the deterministic algorithm of Theorem 4.4 with
each retained guess, with the exhaustion convention specified below. Return the labeling of least
actual rational error among these outputs and ¢y. No decision compares unknown optimum values
or expressions involving real logarithms.

Bounded runs under false guesses. In a deterministic localization invocation, enumerate its
prescribed finite set of paths and bounded decoder calls. If none supplies a candidate passing the
actual rational charge test, assign the remaining vertices arbitrarily and terminate that guessed
run. Successful invocations each remove a nonempty set, so there are at most n of them before
completion or this exhaustion exit. The graph construction, rank tests, support reduction, rational
entropy estimates, path count, and bounded decoder failure behavior do not require a completeness
witness. Only the proof that some candidate passes uses the promise. Thus an incorrect guess
cannot force an unbounded search, and it is never assumed to give a good labeling.

These bounded runs have the claimed uniform time even without a witness. Theorem 4.4 invokes
localization only when R > [log, n]?%; on this branch the unconditional cap hy < 2logn absorbs the
deterministic path exponent into O(R5/ 8logq). Every retained guess has 1/ kj < n, so numerical
inverse-completeness work is polynomial in . On the other branch only the polynomial-time fallback
is run. When a guess is valid, the original good-leaf proof guarantees a passing candidate before
exhaustion, so the convention does not change Theorem 4.4’s guarantee.

A sufficiently accurate valid guess, or the fallback. If 1/n < e, < 1/2, then

1 < 60/6* < CGT log(2n) < CGTZ.
The integer j = |logy(€0/ex)], used only in this existence proof, lies in [0, Jmax] and satisfies
Ex S Rj < 2e4 < 1.

It is retained and valid. Writing C\pi¢ for the constant in Theorem 4.4, its output has error at most
V20 it VeErBn. IF0 < e, < 1 /n, the fallback instead satisfies

log(2
Carexlog(2n) < Carv/ex ogéﬁn) < CarVe:Bn,

using log(2n) < y/n and B, > 1. For e, > 1/2, the bound follows from error at most one
and 2v/e.B, > 1. The case e, = 0 was already handled by the exact test. Thus Cpr =
max{v/2Cunit, Cqr, 2} suffices; retaining 4y gives the linear branch simultaneously.
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Finally Jpmax = O(1 + loglogn). All guesses have encoding length polynomial in the original
input length, since ¢ is an exactly evaluated rational error and division by 27 adds only j bits. The
bounded run costs, number of calls, and exact final comparisons prove the stated running time
without an input completeness bound. O

C Whole-tree loss, guarded policies, and certified flat partitions

This optional refinement measures the loss of a complete invocation, not the ratio of one split. Here
a policy specifies every node decision and tie rule before its validation samples are drawn. It defines
a finite binary tree of nonnegative rational local multipliers with X% + X% = 1 and nonempty proper
child supports. Each child law is the normalized soft restriction of its parent, and each branch
draw uses the child-or-death probabilities of Theorem 3.1. Thus every path has depth at most
n — 1. Admissibility additionally requires the stated leaf-rank, loss-cap, and uniform polynomial
path-access guarantees; these are hypotheses to be verified for each policy, not consequences of its
pilot estimates. For a fixed policy, the telescoping calculation of Theorem 3.1 gives

D= Z ZyKy=1-— Z Zp = Pr{an exact path is killed}. (28)

v internal b leaf

Pilot paths stop only at death or a terminal leaf; cleanup deaths count. Conditioning on survival or
counting decoder failures would estimate a different quantity. These pilots never run a leaf decoder.

C.1 Estimating and comparing complete policies

Lemma C.1 (Bounded rational loss estimation). Fiz a deterministic binary policy with the access
guarantees of Theorem 3.1 and a rational cap 0 < D < d < 1/2. For rational 0 < €,0 < 1, put

bs = Mlogy(4/0)], N = [16(d +€/2)bs/*] .

There is a bounded procedure using at most N paths which, with probability at least 1 — §, returns
rational endpoints satisfying

0<Lp<D<Up<d, Up—Lp<e

It can instead declare failure, included in the exceptional probability. FEvery nonfailure out-
put, even an exceptional one, has 0 < Lp < Up < d and width at most e. The bit cost is
N poly(n, bin, 1/n,10g(N/§)). For d =0 return [0, 0] without sampling.

Proof. On independent ideal exact paths, death indicators y; are Bernoulli with mean D. For
Al <1,

log Eeri=P) < D(e* —1— \) < D2
Here the first inequality is log(1 4+ x) < x and the second follows from the exponential series. Thus
either tail of D = N1 >, Yj at distance s is at most exp(—NAs + NDM?) for 0 < A < 1. Take
s=¢/2and A = s/(2(d+s)). The exponent is at most —Ns2/(4(d + s)) < —bs, so |D — D| < €/2
except with probability 2e7% < §/2. Output

Up = min{d, D + ¢/2}, Lp = min{Up, max{0, D — ¢/2}}.

These intervals have the asserted unconditional formatting properties and contain D on the stated
deviation event.
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For bounded rational sampling, clear the three branch-probability denominators to an integer
B. Draw [log, B] fair bits, reject the represented integer when it is at least B, and otherwise use
the three integer intervals of lengths Bpg, Bp1, BK. Each trial accepts with probability greater
than 1/2 (and probability one when B is a power of two). Cap each draw at k = [logy(2Nn/0)]
trials, accepting a valid final trial, and declare pilot failure if any draw exhausts its cap. At
most N(n — 1) draws occur. Coupling to ideal draws using the same bits bounds the probability
of any discrepancy by Nn2~% < §/2. We do not condition on avoiding failure. Combining the
two exceptional probabilities proves the confidence claim. The path access bound, polynomial
denominator lengths, and rational power comparisons prove the bit bound. ]

Proposition C.2 (Guarded comparison of complete policies). At one fized root, let m > 1
admissible deterministic policies with losses D1, ..., Dy, be fized, with policy 1 the baseline. Each
must independently have the same certified analytic loss cap, rank, partition-of-unity, and polynomial
path-access gquarantees. Apply Lemma C.1 with scale € and allowance §/m to each policy. Ezxactly
known losses may instead use singleton intervals. If any pilot declares failure, keep the baseline and
its analytic upper cap. Otherwise let j minimize Uj, and choose j only when U; < Ly ; if this fails,
retain policy 1. With probability at least 1 — 8,

Dy < Dy, Dge) < Usel < min{Dge + €, mkin Dy, + 2¢}. (29)

The cost is the sum of the pilot costs, not an enumeration of all policies.

Proof. With probability at least 1 — §, no pilot declares failure and all intervals contain their
losses. Om this event U; < miny Dy, + €. If the guard accepts, D; < U; < L1 < D;. Otherwise
Ui < Li +e<Uj+ e <ming Dy, + 2¢. In both cases the selected interval contains its loss and has
width at most €, so U] < Dgel + €. The union bound requires only the validity of each pilot, not
independence between different policies. O

C.2 Exactly certified flat partitions

At an admitted residual root of Theorem 4.2, retain its parameters and the rational budget of
Lemma 4.3, and define

R=r/t, n=1024R, dy =min{1/2,3-2""nB*U +r/50}, Ay =2%&BU.  (30)

The component-first construction has D < dyy. Admission gives nBy < 272* and x < 2734, so
dy < 1/32. An explicit partition P = {C1,...,Cs} into nonempty sets proposes leaf laws and a
complete-tree loss

ijzx,yeCja*xy, Clgjy:axy/zj (l‘,yECj), DP:l_sz'
J

Accept this proposal only if exact rational inertia verifies rank 1jg, (I — P;) < R®/8 for every
part and the rational test Dp < dy passes. Explicitly, for each part form A; = (axy)x,yecj and
D; = diag(zyecj azy)zec;- The diagonal is positive by the root loops. Count the nonpositive
eigenvalues of (1 —7)D; — A; by rational inertia and test r? < R®. Division by zj does not change
this count.

Proposition C.3 (Certified flat candidates). Every passing partition is admissible at this invocation.
Its loss is known exactly, and its at most n leaves can all be decoded within an(RQ/S)

bit cost. At least one resulting candidate has actual root charge

times polynomial

I'? < min{Ay, awqn + braDp}, arq = 65/432, brg = 2048/27. (31)
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Proof. Successive hard cuts isolating the parts give a binary squared partition of unity with leaves
1¢; and leaf probabilities z; > 0; positivity follows from the root loops. Its loss is the crossing
ordered mass Dp, independently of isolation order. The identities in Theorem 3.1 and the proof of
Lemma 3.5 apply directly: they require these global identities and the loss cap, not the heat-selection
rule. Hence some leaf is good. The checked rank and Corollary A.6 give I'? < a,qn + bqDp. This
also passes the baseline because, using k < 1/1024 and By > 1,

aran + brady < (228/9 +65/432 + 1 /675) nBy < 22nBy = Ay.

All leaf decoders are bounded, including on nongood leaves; enumerate them and minimize actual
charge. All admission tests are rational. O

Such a flat candidate has a certified invocation-level loss bound; it need not obey the sharper
standalone entropy coefficient. It may be included in Proposition C.2 with its exact singleton
interval. No claim is made that every proposed partition passes the tests.

C.3 The end-to-end actual-loss guarantee

Theorem C.4 (An actual-loss-sensitive complete-labeling guarantee). Under Theorem 4.2, at each
admitted root fix a finite portfolio containing the component-first baseline. FEvery other implicit
policy must independently satisfy that theorem’s conditional-entropy loss cap and the access and
rank guarantees above; include only flat proposals passing Proposition C.3. Suppose the portfolio
size is polynomially bounded, its proposals are constructed in polynomial time (or supplied as part
of the input), and node access has a uniform polynomial bound. There is a bounded randomized
implementation with the same running-time class as Theorem 4.2 which, with probability at least
1 —¢&, retains its H, error guarantee and additionally satisfies

} ) (32)

Here i ranges over accepted invocations on the realized residual trajectory, t; = pu°(Us), Ay = t; —tiq1,
n; = 1024k /t;, A; is (30), and

err(¢) < min {1, 2 lz Ai\/min{Ai, aran; + braVi} +ty

Vi = min {Dz}sel + i, mkin Dy, + 2m;, Hgn Dm?} .

The last minimum is over that root’s passing flat proposals and is +oo if there are none. Moreover
D; o1 < D; 1 simultaneously. Loss comparisons are at the same realized root, not between different
adaptive trajectories. The original tail and budget stops, and terminal mass ty, are retained.

Proof. At each root freeze its policies and use Proposition C.2 with ¢ = n and total allowance
d =¢/(2n). On declared pilot failure use the baseline and U = dy7; otherwise use its selected upper
endpoint U. Decode all passing flat-partition leaves and retain their least-charge baseline-passing
candidate. Write Dg,; for the least exact flat loss; if there is no flat candidate, omit its threshold
from the following minimum. On fresh randomness try at most Jpatn = [logy(4n/€)] paths of the
selected policy. At each leaf run the bounded decoder and retain the least actual charge among
candidates passing I'> < Ay. Accept early when

F2 < min{AUa aydn + brdUa ardn + brdDﬂat}- (33)

The same test is made on retained flat candidates. If no tightened acceptance occurs, use the best
retained baseline candidate; if none exists, declare production-search failure and complete arbitrarily
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as in the original bounded implementation. Killed paths and leaf-decoder failures only end their
attempts.

Every accepted candidate passes Ay, regardless of pilot accuracy. Therefore the deterministic
charge, residual-envelope, and terminal-stop arguments of Theorem 4.2 remain valid on every run
without production-search failure, giving the same H, bound. This uses the immutable residual
inequalities, not equality of the old and new trajectories. For implicit candidates the required cap is
the component-conditional cap; an arbitrary total-entropy policy is not silently assigned this smaller
cap. Flat candidates instead have the separate exact certificate above.

Condition on the entire history before each validation. The root and its portfolio are then
fixed, so the conditional union bound over at most n roots makes all pilots nonfailing, all intervals
covering, and (29) valid except with probability £/2. For any fixed current pilot history with valid
intervals, every good leaf of the selected policy gives a candidate with I'? < min{ Ay, aran + brd Dsel },
by Lemma 3.5 and Corollary A.6. If the flat threshold in (33) is smallest, its enumerated candidates
already pass. Otherwise every good sampled leaf passes the tightened test, since Dg; < U. Thus Jpatn
ideal attempts fail to give tightened acceptance with probability at most 2~ /rath < ¢/(4n). Without
any pilot accuracy assumption the same argument with only Ay guarantees a baseline-passing
candidate.

Cap each production branch draw at [logy(4n? Jpatn/€)] rejection trials, treating cap failure as a
failed attempt. There are at most nQJpath draws. Coupling to fresh ideal paths bounds any cap
discrepancy by £/4, and the ideal search failures over all roots cost at most another £/4. Together
with validation this gives total exceptional probability at most £&. This argument conditions on
history before the current samples, not on successful rejection draws or an optional stopping event.

On its complement every acceptance is tightened. The two upper bounds on U in (29), and the
exact flat threshold, give the expression in (32). Charge accounting yields err < min{1,2(>"; A;T; +
tr)}; the factor two undoes half-lazification. This proves the claimed bound.

At one root, every implicit policy needs O((dy + 1n)n~2log(nm/€)) = O(Byn~'log(nm/£))
pilot paths. Here x < 7/1024, By > 1, and 1/n < 1/(1024x). Their costs are polynomial in the
parameters already allowed in Theorem 4.2; they require no leaf decoders. The at most polynomially
many flat leaves and nJpaen production leaves contribute only polynomially many bounded qO(Rs/s)
calls. All counts, means, tests and probability tables have polynomial bit length. This proves the
same bounded running-time class. O

For a single implicit policy without flat proposals, the new bound uses (ayq + brq)n; + braD;- In
particular it implies

err(¢) < min{ 1,128/ (arq + bya)r + 2, [bra Z A;D; + 2ty

Indeed >, A; /vt < fol t=1/2dt = 2, and Cauchy-Schwarz gives 3, Ajv/D; < />; A;D;. This
bound is trajectory-sensitive; the displayed losses need not be uniformly small. The exactly recorded
actual charges always certify 2(3°; A;I'; 4+ t5) on successful runs; confidence is needed to relate pilot
bounds to true losses and to obtain efficient tightened acceptance. Guarding complete policies does
not assert that greedily decreasing a local K /I decreases whole-tree loss. Policies modified after
viewing validation data require fresh validation. These pilot-enhanced guarantees are randomized;
deterministic exhaustive path search alone does not make their confidence statements deterministic.
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Use of AI: The author prepared a two-page draft (without using AI) on treating spectral
decomposition as an information-budgeted process. The author fed this draft to multiple Al tools
(Claude, ChatGPT and two open-weight models with open-source harnesses) and prompted them to
apply it to improve the best known algorithms for Unique Games, work out the details of the proofs
and identify missing gaps. The author fixed those missing gaps and iteratively verified and expanded
the proofs using Al tools. The author is solely responsible for the correctness of the proofs.

References

[1] V. L. Alev and L. C. Lau. Approzimating Unique Games Using Low Diameter Graph Decom-
position. APPROX/RANDOM 2017, LIPIcs 81, Article 18, pp. 18:1-18:15. Publisher version.
https://arxiv.org/abs/1702.06969.

[2] S. Arora, B. Barak, and D. Steurer. Subexponential Algorithms for Unique Games and Related
Problems. FOCS 2010, pp. 563-572; journal version, Journal of the ACM 62(5), Article 42
(2015). doi:10.1145/2775105. Author preprint, 8 April 2010.

[3] S. Arora, R. Impagliazzo, W. Matthews, and D. Steurer. Improved Algorithms for Unique
Games via Divide and Conguer. ECCC Report TR10-041, 2010. https://eccc.weizmann.ac.
il/report/2010/041/.

[4] S. Arora, S. Khot, A. Kolla, D. Steurer, M. Tulsiani, and N. K. Vishnoi. Unique Games on
Ezpanding Constraint Graphs Are Easy. STOC 2008, pp. 21-28. doi:10.1145/1374376.1374380.
Author version.

[5] M. Bafna, B. Barak, P. K. Kothari, T. Schramm, and D. Steurer. Playing Unique Games on
Certified Small-Set Expanders. STOC 2021, pp. 1629-1642; arXiv:2006.09969. Theorem 1.1 in
the full version. https://arxiv.org/abs/2006.09969.

[6]) M. Bafna and D. Minzer. Solving Unique Games over Globally Hypercontractive Graphs.
CCC 2024, LIPIcs 300, Article 3, pp. 3:1-3:15. do0i:10.4230/LIPIcs.CCC.2024.3. Full version:
https://arxiv.org/abs/2304.07284.

[7] B. Barak, P. Raghavendra, and D. Steurer. Rounding Semidefinite Programming Hierarchies
via Global Correlation. FOCS 2011; arXiv:1104.4680. https://arxiv.org/abs/1104.4680.

[8] M. Charikar, K. Makarychev, and Y. Makarychev. Near-Optimal Algorithms for Unique
Games. STOC 2006, pp. 205-214. Theorem 4.5 in the author version. https://konstantin.
makarychev.net/pdf/unique.pdf.

[9] T. M. Cover and J. A. Thomas. Elements of Information Theory. Second edition, Wiley, 2006.
Chapter 2. doi:10.1002/047174882X.

[10] J. Fakcharoenphol, S. Rao, and K. Talwar. A Tight Bound on Approximating Arbitrary Metrics
by Tree Metrics. STOC 2003, especially Section 2.5. https://www.cs.cmu.edu/~guyb/paralg/
papers/FakcharoenpholRaoTalwar03. pdf.

[11] S. Goel, R. Montenegro, and P. Tetali. Mizing Time Bounds via the Spectral Profile. Electronic
Journal of Probability 11(1), 2006, pp. 1-26. doi:10.1214/EJP.v11-300.

45


https://doi.org/10.4230/LIPIcs.APPROX-RANDOM.2017.18
https://arxiv.org/abs/1702.06969
https://doi.org/10.1145/2775105
https://www.boazbarak.org/Papers/ssesubexp.pdf
https://eccc.weizmann.ac.il/report/2010/041/
https://eccc.weizmann.ac.il/report/2010/041/
https://doi.org/10.1145/1374376.1374380
https://home.cs.colorado.edu/~alko5368/uge.pdf
https://arxiv.org/abs/2006.09969
https://doi.org/10.4230/LIPIcs.CCC.2024.3
https://arxiv.org/abs/2304.07284
https://arxiv.org/abs/1104.4680
https://konstantin.makarychev.net/pdf/unique.pdf
https://konstantin.makarychev.net/pdf/unique.pdf
https://doi.org/10.1002/047174882X
https://www.cs.cmu.edu/~guyb/paralg/papers/FakcharoenpholRaoTalwar03.pdf
https://www.cs.cmu.edu/~guyb/paralg/papers/FakcharoenpholRaoTalwar03.pdf
https://doi.org/10.1214/EJP.v11-300

[12]

[13]

[14]

[15]

M. Grotschel, L. Lovédsz, and A. Schrijver. Geometric Algorithms and Combinatorial Opti-
mization. Algorithms and Combinatorics 2, Springer, 1988. Sections 3.2-3.3; Theorem 6.4.12.
Author-hosted first-edition PDF.

A. Gupta and K. Talwar. Approzimating Unique Games. SODA 2006, Sections 2-3. https://
www.microsoft.com/en-us/research/wp-content/uploads/2016/02/19-p99-gupta.pdf.

V. Guruswami and A. K. Sinop. Faster SDP Hierarchy Solvers for Local Rounding Algorithms.
Expanded version of FOCS 2012, arXiv:1207.4372v2, 2012. Sections 2-5. https://arxiv.org/
abs/1207.4372.

V. Guruswami and A. K. Sinop. Rounding Lasserre SDPs using Column Selection and Spectrum-
Based Approzimation Schemes for Graph Partitioning and Quadratic IPs. Merged full version,
arXiv:1312.3024, 2013. Theorems 5.2, 6.7, and 6.9; Remark 6.8. https://arxiv.org/abs/
1312.3024.

S. B. Hopkins, T. Schramm, and L. Trevisan. Subexponential LPs Approximate Max-Cut. FOCS
2020; arXiv:1911.10304. Theorem 4.5 in the full version. https://arxiv.org/abs/1911.10304.

S. Khot. On the Power of Unique 2-Prover 1-Round Games. STOC 2002, pp. 767-775.
doi:10.1145/509907.510017.

A. Kolla. Spectral Algorithms for Unique Games. Computational Complexity 20 (2011), pp.
177-206. https://arxiv.org/abs/1102.2300.

K. Makarychev and Y. Makarychev. How to Play Unique Games on Expanders. arXiv:0903.0367,
2009. https://arxiv.org/abs/0903.0367.

R. O’Donnell. Analysis of Boolean Functions. Cambridge University Press, 2014; author-
posted edition updated 2021. Section 10.6. https://www.cs.cmu.edu/~odonnell/papers/
Analysis-of-Boolean-Functions-by-Ryan-0Donnell.pdf.

D. Steurer. On the Complexity of Unique Games and Graph Exzpansion. PhD thesis, Princeton
University, 2010. Chapter 5, especially Theorem 5.2, pp. 65 and 77-78. https://www.dsteurer.
org/paper/thesis.pdf.

L. Trevisan. Approzimation Algorithms for Unique Games. Theory of Computing 4(5), 2008,
pp. 111-128. doi:10.4086/toc.2008.v004a005.

46


https://www.zib.de/userpage/groetschel/pubnew/paper/groetschellovaszschrijver1988.pdf
https://www.microsoft.com/en-us/research/wp-content/uploads/2016/02/19-p99-gupta.pdf
https://www.microsoft.com/en-us/research/wp-content/uploads/2016/02/19-p99-gupta.pdf
https://arxiv.org/abs/1207.4372
https://arxiv.org/abs/1207.4372
https://arxiv.org/abs/1312.3024
https://arxiv.org/abs/1312.3024
https://arxiv.org/abs/1911.10304
https://doi.org/10.1145/509907.510017
https://arxiv.org/abs/1102.2300
https://arxiv.org/abs/0903.0367
https://www.cs.cmu.edu/~odonnell/papers/Analysis-of-Boolean-Functions-by-Ryan-ODonnell.pdf
https://www.cs.cmu.edu/~odonnell/papers/Analysis-of-Boolean-Functions-by-Ryan-ODonnell.pdf
https://www.dsteurer.org/paper/thesis.pdf
https://www.dsteurer.org/paper/thesis.pdf
https://doi.org/10.4086/toc.2008.v004a005

	Introduction
	Overview and motivation
	Principal results and their interpretation
	Contributions
	Related work and quantitative comparison
	Overview of our proof strategy
	Organization of the paper

	Notation and normalization
	Entropy-charged spectral decomposition
	A rational choice of heat time
	A squared partition with quadratic loss
	Construction, entropy accounting, and finite access

	Entropy-sensitive recovery of a complete labeling
	The immutable information envelope
	The end-to-end theorem
	The general accuracy–time tradeoff

	Actual-channel information and its limitations
	From a low-rank restriction to a partial assignment
	The finite conditional-marginal ensemble
	Ensemble selection with separate disagreement and amplitude costs
	Direct multiplier thresholds and a rank-certified menu

	The classical fallback and promise-free recovery
	Removing the supplied completeness promise

	Whole-tree loss, guarded policies, and certified flat partitions
	Estimating and comparing complete policies
	Exactly certified flat partitions
	The end-to-end actual-loss guarantee


