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Abstract
We give two deterministic polynomial-time algorithms for well-supported Nash equilibria

in win–lose bimatrix games. An elementary witness-accumulation argument achieves error
0.4817282. A capped primal–dual linear program and chronological payoff peeling improve the
guarantee to (

√
13− 1)/6 ≈ 0.434259. Both algorithms extend to rational nonnegative games

satisfying Rij + Cij ≤ 1 for every outcome. The stronger algorithm returns rational strategies
attaining the exact algebraic bound; its analysis uses a bilinear potential to control support
survival during deletion.

Keywords: bimatrix games; win–lose games; well-supported Nash equilibrium; approximation
algorithms; linear programming.

1 Introduction
For ε ≥ 0, an ε-well-supported Nash equilibrium (ε-WSNE) is a pair of mixed strategies in which
every pure action played with positive probability has expected payoff within ε of that player’s
best-response payoff against the opponent’s strategy. This bounds each player’s expected regret, the
probability-weighted average of the corresponding supported-action gaps; a small average alone can
conceal a poor supported action. We give two polynomial-time constructions below 1/2 for win–lose
bimatrix games (payoffs in {0, 1}). Both extend to a subclass of normalized games (payoffs in [0, 1]).

Related work. Kontogiannis and Spirakis [11] gave polynomial-time WSNE guarantees of 2/3
for general normalized bimatrix games and 1/2 for win–lose games. General guarantees improved
to approximately 0.6608 using probability shifting and small subgames [10], then to 0.6528 using
separate zero-sum optimizations [5]. Deligkas, Fasoulakis, and Markakis [8] obtain (1/2 + η) for
every fixed η > 0 in polynomial time. Liu’s preprint [14] claims an exact 1/2 guarantee by support
contraction; our proofs do not depend on that claim. Related results treat symmetric games [6] and
quasipolynomial near-half approximation [9].

Sampling yields logarithmic-support approximations [13]; for WSNE, sampling and support
enumeration give quasipolynomial approximation schemes [11]. Win–lose constructions rule out
universal constant support bounds below 2/3 [3], and indeed at every fixed WSNE error below
one [2]. Our algorithms allow supports to grow with the input. Computing an exact equilibrium,
equivalently a 0-WSNE, is PPAD-complete even for win–lose games [1, 4]; this does not itself locate
a constant-error hardness threshold. Expected-regret bounds in [7, 12] do not alone imply the same
WSNE bounds.
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Results. Let m,n ≥ 1 be integers, and let J = 1m1>n denote the m × n all-ones matrix. Both
constructions use the class

R,C ∈ Qm×n, R ≥ 0, C ≥ 0, R+ C ≤ J. (1.1)

All matrix inequalities are entrywise, so these hypotheses imply normalized payoffs. Complexity is
measured in the total binary input length. Define

E0 = 2408641
5000000 = 0.4817282, ε∗ =

√
13− 1

6 = 0.434258545910664 . . . . (1.2)

Theorem 1.1 (Stronger guarantee). There is a deterministic algorithm that, given any game
satisfying (1.1), returns rational mixed strategies forming an ε∗-WSNE in time polynomial in the
binary input length. It uses at most two zero-sum security computations and one capped primal–dual
LP, followed by at most m+ n whole-action deletions.

Theorem 1.2 (Elementary guarantee). There is a deterministic algorithm that, given any game
satisfying (1.1), returns rational mixed strategies forming an E0-WSNE in time polynomial in the
binary input length. It uses at most seventeen zero-sum matrix-game computations, each on at most
m rows and n columns up to transposition.

Corollary 1.3. Both guarantees hold for every win–lose bimatrix game.

Proof. If a binary input has a cell with Rij = Cij = 1, its pure profile is an exact Nash equilibrium:
each player receives its maximum possible payoff. Otherwise every cell has payoff sum at most one,
so (1.1) holds. This preprocessing is standard [11, Theorem 3].

Table 1 compares the two constructions.

Table 1: The two guarantees and their mechanisms. Optimization counts are worst-case upper
bounds; both algorithms return rational strategies.
Construction WSNE error Main mechanism Optimization and postprocessing

Elementary E0 = 0.4817282 Accumulate and average separating
witnesses; condition both supports.

At most 17 zero-sum computations,
including security; averaging and
conditioning.

Stronger ε∗ ≈ 0.434259 A capped primal–dual LP and
chronological joint charging.

At most two zero-sum
computations and one capped LP;
at most m+ n deletions.

Contributions and proof strategy. Both proofs start with two zero-sum security computations
and exploit R + C ≤ J . The elementary proof accumulates separating column witnesses. Its
key invariant allows each original row to have high payoff against at most one stored witness;
averaging and simultaneous support conditioning then give E0. The stronger proof replaces this
sequence with a capped primal–dual LP. Complementary slackness gives a direct construction in
the low-witness branch. In the high-witness branch, we delete actions sequentially and charge each
pair of deleted actions once, at its later deletion. A bilinear potential proves support survival. For
1/3 ≤ E < 1/2, the resulting uniform sufficient condition is 3E2 +E − 1 ≥ 0, whose positive root is
ε∗. Strict separation of the remaining rational security value from ε∗ permits an input-dependent
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rational tolerance below ε∗, keeping the LP coefficients and output strategies rational. Throughout,
deviations range over all original actions, including those assigned zero probability.

The elementary proof isolates an independent witness invariant and averaging mechanism.
Our results answer the question posed by Kontogiannis and Spirakis [11, Section 6]: whether
a well-supported Nash equilibrium with a fixed approximation error strictly below 1/2 can be
computed in polynomial time for every win–lose bimatrix game. Neither algorithm establishes a
universal below-half guarantee for arbitrary normalized games. The instance-dependent bound
of [11, Theorem 4],

1
2

(
max

i,j
(Rij + Cij)−min

i,j
(Rij + Cij)

)
,

can still be better on individual inputs, and constant-sum games are exactly solvable by linear
programming.

Organization. Section 2 develops security preprocessing and conditioning estimates. Section 3
gives the elementary construction. Section 4, readable directly after the preliminaries, develops
the stronger construction through the capped LP and chronological peeling. Section 5 implements
the algebraic endpoint with rational arithmetic and proves polynomial bit complexity. Section 6
compares the constructions and discusses extensions and limitations. Appendix A contains the
worked examples.

2 Preliminaries
An m × n bimatrix game consists of real payoff matrices (R,C), where m,n ≥ 1 are integers.
It is normalized if every payoff belongs to [0, 1], and win–lose if every payoff belongs to {0, 1}.
Throughout the proofs we assume (1.1), except where a lemma explicitly states weaker hypotheses.
Polynomial time means polynomial in the total binary encoding length of the rational input.

For a positive integer r, write [r] = {1, . . . , r} and

∆r = {x ∈ Rr
≥0 : 1>x = 1}.

The support of a probability vector is supp(x) = {i : xi > 0}. For a nonempty S ⊆ [m], let
∆(S) = {x ∈ ∆m : supp(x) ⊆ S}; equality of the support with S is not required. A mixed profile
is a pair (x, y) ∈ ∆m ×∆n. The row and column players’ expected payoffs are x>Ry and x>Cy,
respectively. Denote row i of R by Ri and column j of C by Cj . A profile is rational when all
coordinates of both strategies are rational; its approximation tolerance may be irrational.

The pure-action gaps, measured against all original actions, are

Di(y) = max
r∈[m]

Rry −Riy, (2.1)

Fj(x) = max
s∈[n]

x>Cs − x>Cj . (2.2)

For normalized payoffs these gaps lie in [0, 1]. For ε ≥ 0, the profile (x, y) is an ε-WSNE precisely
when

Di(y) ≤ ε (i ∈ supp(x)), Fj(x) ≤ ε (j ∈ supp(y)).

An action of probability zero imposes no supported-action condition, but remains included in the
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maxima in (2.1) and (2.2). The ordinary expected regrets are
max

r
Rry − x>Ry =

∑
i

xiDi(y),

max
s
x>Cs − x>Cy =

∑
j

yjFj(x).

Thus a small average gap need not bound every positive-probability gap, whereas every ε-WSNE has
expected regret at most ε for each player. In particular, a 0-WSNE is exactly a Nash equilibrium.

The fixed targets E0 and ε∗ are defined in (1.2). A branch’s working tolerance E is fixed at E0
in the elementary construction and is a rational parameter in Section 4. The endpoint algorithm
preprocesses at ε∗, then uses E = e < ε∗ in its capped stage (Section 5). Table 2 collects the
recurring quantities; additional parameters are defined where they enter the algorithms.

Table 2: Notation for a branch after security preprocessing and any player exchange. In a nonterminal
branch, E < a < U .
Quantity Meaning

E Working WSNE tolerance; the endpoint algorithm’s capped stage uses the
input-dependent rational value e < ε∗.

U = 1− E Complement of the working tolerance.
a = val(R) Row-security value in the current player orientation.
z = U − a Deficit budget for the elementary fallback or chronological peeling.
c Slack in the all-row cap U + c; positive in the elementary fallback and zero in the

stronger construction.

2.1 Security preprocessing

For a real r × s matrix A, with r, s ≥ 1, the zero-sum row value is
val(A) = max

x∈∆r

min
j∈[s]

(x>A)j = min
y∈∆s

max
i∈[r]

(Ay)i.

We use minimax duality and polynomial-time rational linear programming in their standard
forms [15]. For rational data, fix a deterministic exact LP procedure returning rational optima of
polynomial encoding length. The payoff arguments hold for every optimal solution.

A row-security saddle (p, q0) ∈ ∆m ×∆n for R, of value a = val(R), satisfies
(p>R)j ≥ a (j ∈ [n]), Riq0 ≤ a (i ∈ [m]), Riq0 = a (i ∈ supp(p)). (2.3)

The support equalities follow from p>Rq0 = a: all terms Riq0 are at most a, so every term with
positive weight pi must equal a.

For the column-payoff security game define
σ = max

y∈∆n

min
i∈[m]

(Cy)i = min
x∈∆m

max
j∈[n]

x>Cj = val(C>).

Let (u, v) ∈ ∆m ×∆n be its saddle, with u the row minimizer and v the column maximizer. Then
u>Cj ≤ σ (j ∈ [n]), (Cv)i ≥ σ (i ∈ [m]), u>Cj = σ (j ∈ supp(v)). (2.4)

The supported-column equalities follow similarly from u>Cv = σ. For normalized payoffs, a, σ ∈ [0, 1].
These are separate zero-sum computations for the two payoff matrices. Throughout, Ri denotes a
row and Cj a column; we write (p>R)j and (Cq)i for the opposite orientations.
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Lemma 2.1 (Preliminary branches). Assume (1.1) and the security identities (2.3)–(2.4). Let
0 < E < 1/2 and U = 1− E. Apply the following tests in order, returning at the first applicable
rule; each output is an E-WSNE:
1. If a ≥ U , return (p, q0).

2. If σ ≥ U , return (u, v).

3. If a ≤ E and σ ≤ E, return (u, q0).
If none applies, exchanging the roles of the two players when necessary gives a row-security saddle
whose value satisfies E < a < U .

Proof. In the first branch, every supported row has payoff a, the maximum against q0, by (2.3). For
every original column j,

p>Cj ≤ 1− (p>R)j ≤ 1− a ≤ E. (2.5)

Column payoffs are nonnegative, so every supported column has gap at most E, regardless of its
probability.

In the second branch, every supported column is an exact best response by (2.4). Every original
row satisfies Riv ≤ 1− (Cv)i ≤ 1− σ ≤ E, and its payoff is nonnegative. Thus every supported row
has gap at most E.

In the third branch, every original row payoff against q0 is at most a ≤ E, and every original
column payoff against u is at most σ ≤ E. Nonnegativity again bounds both supported-action gaps
by E.

If none applies, both a, σ < U and at least one is greater than E. If a ≤ E, replace (R,C) by
(C>, R>). The new row-security saddle is the already computed pair (v, u), of value σ ∈ (E,U), so
no further zero-sum computation is needed. If a > E, no exchange is needed. The transformation
preserves (1.1); a profile returned in the exchanged game is converted back by exchanging its two
strategies.

2.2 Conditioning estimates

The following conditioning estimate keeps the normalization denominators explicit. Both deletion
decisions use the original, unconditioned profile.

Lemma 2.2 (Conditioning). Let R,C ∈ [0, 1]m×n, and let (x, y) be a mixed profile. For thresholds
tR, tC ≥ 0, remove from x every positive coordinate with Di(y) > tR and from y every positive
coordinate with Fj(x) > tC . Assume the removed masses satisfy 0 ≤ α, β < 1, respectively, and let
x′, y′ be the conditioned distributions. Then every positively supported action in (x′, y′) has gap at
most

tR + β

1− β for the row player, tC + α

1− α for the column player. (2.6)

In particular, for E ≥ 0, the profile (x′, y′) is an E-WSNE if

tR + (1 + E)β ≤ E, tC + (1 + E)α ≤ E. (2.7)

Threshold equalities are retained.

Proof. Let A and B be the deleted row and column sets. Then

x′i = xi1i/∈A

1− α , y′j =
yj1j /∈B

1− β .
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The denominators are positive by hypothesis, and both vectors sum to one. Fix i ∈ supp(x′) and
any original row r ∈ [m]. Retention gives (Rr −Ri)y ≤ tR. Since Rrj −Rij ≥ −1 for every j,

(Rr −Ri)y′ =
(Rr −Ri)y −

∑
j∈B yj(Rrj −Rij)

1− β ≤ tR + β

1− β .

Maximizing over every original r proves the row assertion. For j ∈ supp(y′) and any original column
s ∈ [n], retention gives x>(Cs − Cj) ≤ tC , and Cis − Cij ≥ −1. Hence

(x′)>(Cs − Cj) = x>(Cs − Cj)−∑i∈A xi(Cis − Cij)
1− α ≤ tC + α

1− α .

Maximizing over every original s proves the column assertion, including deviations to deleted or
originally unplayed actions. Zero coordinates remain zero after conditioning. Finally, multiplying
by the positive denominators shows that (2.7) is equivalent to both bounds in (2.6) being at most
E.

Lemma 2.3 (Mass bound from a support cap). Let R ∈ Rm×n, let (x, y) ∈ ∆m ×∆n, and suppose
M ∈ R and c, A ≥ 0 satisfy

max
r∈[m]

Rry ≤M + c, (2.8)

Riy ≤M (i ∈ supp(x)), (2.9)∑
i∈supp(x)

xi(M −Riy) ≤ A. (2.10)

For any t > c, the total x-mass of actions with Di(y) > t is at most A/(t− c).

Proof. Let B = {i ∈ supp(x) : Di(y) > t} and γ = ∑
i∈B xi. For every i ∈ B,

Riy < max
r
Rry − t ≤M + c− t, M −Riy > t− c > 0.

Every deficit M −Riy on supp(x) is nonnegative by (2.9). Therefore

(t− c)γ ≤
∑
i∈B

xi(M −Riy) ≤
∑

i∈supp(x)
xi(M −Riy) ≤ A.

Division by t− c > 0 proves the claim. The same argument covers an empty set B and A = 0; in
the latter case γ = 0.

The support cap M need not bound an unplayed deviation. Using only the resulting expected-
regret estimate ∑

i

xiDi(y) ≤M + c− x>Ry ≤ A+ c

would instead give a bad-action mass bound of (A+ c)/t. The separate support cap yields the mass
bound A/(t− c) used in the elementary fallback.
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3 The elementary construction
We prove Theorem 1.2 under (1.1), with E = E0. If preprocessing does not return a profile, the
oriented row-security saddle satisfies E < a < 1−E. A separation computation on the current row
set either supplies a row strategy capping every column payoff by E, or produces a column witness.
In the first case we stop, combining that row strategy with a mixture of the security opponent and
stored witnesses. In the second, we store the witness and, before the next separation, admit rows
with high payoff against it.

The key invariant allows each original row to have high payoff against at most one witness. It
controls row gaps at an early stop and the average payoffs used in the fallback. After a bounded
number of witnesses, the fallback conditions both strategies on actions whose gaps do not exceed
fixed thresholds. Section 3.2 verifies these two outcomes, and Section 3.3 completes the proof and
complexity analysis.

3.1 Algorithm and parameters

Fix the rational constants

E = 2408641
5000000 = 0.4817282, U = 1− E = 2591359

5000000 = 0.5182718,

h = U + 1
1000000 = 647841

1250000 = 0.5182728.
(3.1)

In particular, 0 < E < U < h < 1 and h− U = 10−6.

Preprocessing and parameter choice. Apply Lemma 2.1 with the rational tolerance E = E0.
If it returns a profile, the elementary guarantee is already proved. Otherwise apply the player
exchange from that lemma if needed, write R,C,m, n for the resulting game and its dimensions,
and retain the row-security saddle (p, q0) with E < a < U . Record any exchange and reverse it
when returning either of the profiles below.

The subsequent estimates use the closed interval E ≤ a ≤ U ; the actual nonterminal branch
lies in its interior. Choose parameters according to Table 3, and put T = K − 1. In both branches
0 < d < E and w > 0.

Table 3: Exact parameters. Here K is the fallback witness count, and T is the last possible early-stop
stage.

Security-value interval K T d w

E ≤ a ≤ 121/250 15 14 6/25 3/50
121/250 < a ≤ U 13 12 1/4 71/1000

Accumulation and early stopping. Initialize

S0 = {i ∈ [m] : Riq0 ≥ a− d}, S = S0. (3.2)

By (2.3), supp(p) ⊆ S0, so S is nonempty. For any nonempty current set S, define

c(S) = min
x∈∆(S)

max
j∈[n]

x>Cj = max
q∈∆n

min
i∈S

(Cq)i. (3.3)
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The equality is zero-sum minimax duality on the restricted row set and the full original column set.
Here the row distribution minimizes column payoffs, while q maximizes their minimum over S.

For k = 0, 1, . . . ,K − 1, with q1, . . . , qk already stored, the current set is S = S0 ∪
⋃k

t=1Ht; the
indexed union is empty when k = 0. Perform the following steps:
1. Compute c(S), a minimizing distribution xS ∈ ∆(S), and a maximizing distribution for (3.3).

2. If c(S) ≤ E, return

x = xS , y = (1− kw)q0 + w
k∑

t=1
qt. (3.4)

For k = 0, the sum is empty and y = q0.

3. If c(S) > E, store a maximizer qk+1 satisfying

(Cqk+1)i ≥ c(S) > E for every i ∈ S. (3.5)

If k + 1 = K, use the fallback immediately. Otherwise form

Hk+1 = {i ∈ [m] : Riqk+1 ≥ h}, S ← S ∪Hk+1, (3.6)

and continue to the next iteration, even if Hk+1 is empty. There is no extra test after the Kth
witness and no need to form HK .

For every possible early stop, 1 − kw ≥ 1 − Tw > 0; the two lower bounds are 4/25 and 37/250.
Hence (3.4) is a probability distribution.

Fallback and conditioning. After K witnesses have been stored, set

q̄ = 1
K

K∑
t=1

qt, V = h+ 1− h
K

, c = V − U, tR = E + c

2 , tC = E

2 . (3.7)

Starting from (p, q̄), use the full-game gaps (2.1)–(2.2) to define

IR = {i ∈ supp(p) : Di(q̄) ≤ tR}, (3.8)
IC = {j ∈ supp(q̄) : Fj(p) ≤ tC}. (3.9)

Let α = ∑
i/∈IR

pi and β = ∑
j /∈IC

q̄j . Return

xi =
{
pi/(1− α), i ∈ IR,

0, i /∈ IR,
yj =

{
q̄j/(1− β), j ∈ IC ,

0, j /∈ IC .
(3.10)

We prove below that 0 ≤ α, β < 1, so this step is well defined. The deletions in (3.8)–(3.9) are
simultaneous decisions made from the unconditioned profile (p, q̄). Appendices A.1 and A.2 illustrate
an early stop after admitting a new row and a fallback with an actual deletion.

3.2 Correctness

Witness invariant.

Lemma 3.1 (At most one high-payoff witness). Whenever a witness qt is generated, every row
already in the current set S satisfies Riqt < U . Every original row has payoff at least h against at
most one of the stored witnesses. Moreover, every row of S0 has payoff below U against every stored
witness.
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Proof. For a row already in S, (1.1) and (3.5) give

Riqt ≤ 1− (Cqt)i < 1− E = U < h. (3.11)

If a row first attains payoff at least h at a witness qs with s < K, it is added to S immediately and
stays there. At every subsequent witness its payoff is below U by (3.11). Before that first witness,
its payoff is below h by definition. If the first such event occurs at qK , there is no later witness.
Thus there cannot be two such events for any original row. Rows in S0 belong to S from the start,
giving the final assertion.

Corollary 3.2. If 1 ≤ k ≤ K witnesses have been generated, then every original row satisfies
k∑

t=1
Riqt ≤ 1 + (k − 1)h. (3.12)

For i ∈ S0 the stronger bound
∑k

t=1Riqt ≤ kU holds. If a row in the current set S is outside S0, it
has a birth index s ≤ k with Riqs ≥ h.

Proof. At most one summand in (3.12) can be at least h; that summand is at most one and all
others are below h. If there is no such summand, the sum is at most kh ≤ 1 + (k − 1)h. The S0
assertion follows directly from Lemma 3.1. A row outside S0 can enter S only through (3.6), proving
the birth assertion.

Early stopping.

Lemma 3.3. Every profile returned by (3.4) is an E-WSNE for the parameters in Table 3.

Proof. All original column payoffs against xS are at most c(S) ≤ E. They are also nonnegative, so
every positively supported column of y has gap at most E.

If k = 0, all supported rows belong to S0 and have payoff at least a−d against q0. Every original
row has payoff at most a against q0. Hence the supported row gaps are at most d < E, proving this
case.

Suppose now 1 ≤ k ≤ T . All coefficients in (3.4) are nonnegative. The supported row classes
have the following lower bounds:

L0 = (1− kw)(a− d) for supported rows in S0, (3.13)
L1 = wh for supported rows in S \ S0. (3.14)

The first follows from (3.2) and nonnegativity of R. For the second, Corollary 3.2 gives a birth
witness of weight w against which the row earns at least h; the remaining terms are nonnegative.

Independently, all original deviations split into two classes with upper bounds

A0 = (1− kw)a+ kwU for original rows in S0, (3.15)
A1 = (1− kw)(a− d) + w[1 + (k − 1)h] for original rows outside S0. (3.16)

For (3.15), use Riq0 ≤ a and the stronger S0 witness bound. For (3.16), use Riq0 < a− d outside
S0 and (3.12). These are bounds on all original rows, whether or not they have entered S.

The four differences that can bound a supported gap are therefore

G1(k, a) = A0 − L0 = (1− kw)d+ kwU, (3.17)
G2(k, a) = A0 − L1 = (1− kw)a+ kwU − wh, (3.18)
G3(k, a) = A1 − L0 = w[1 + (k − 1)h], (3.19)
G4(k, a) = A1 − L1 = (1− kw)(a− d) + w[1 + (k − 2)h]. (3.20)
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For clarity, the complete pairing of classes is

deviation in S0 deviation outside S0
supported row in S0 G1 G3

supported row in S \ S0 G2 G4

so it suffices to bound all four G’s by E. Empty classes require no separate argument.
Their differences as k increases by one are respectively

w(U − d), w(U − a), wh, w(h− a+ d), (3.21)

all nonnegative on the parameter intervals. Only G2 and G4 depend on a, and their coefficient of
a is 1− kw > 0. Consequently the maximum in each parameter branch occurs at k = T and the
upper endpoint of its security-value interval. Direct rational substitution gives Table 4, where each
terminating decimal is exact.

Table 4: Exact upper bounds for all early stopping stages. Every entry is strictly below E =
0.4817282.

Parameter branch G1 G2 G3 G4

K = 15 0.473748312 0.481691944 0.464252784 0.472196416
K = 13 0.4785675736 0.4814744312 0.4757710568 0.4786779144

For example, the largest entry is 60211493/125000000 = 0.481691944; its distance below E
is 1133/31250000 > 0. Thus every positively supported row has gap below E, completing the
proof.

Fallback.

Lemma 3.4. Suppose K witnesses are generated. Set q̄, V, c as in (3.7), and put z = U − a > 0.
Then

max
r∈[m]

Rr q̄ ≤ V = U + c, (3.22)

Riq̄ < U (i ∈ supp(p)), (3.23)∑
i∈supp(p)

pi(U −Riq̄) ≤ z, (3.24)

∑
j∈[n]

q̄jFj(p) ≤ z. (3.25)

Proof. By (3.12), every original row has average payoff at most [1 + (K − 1)h]/K = V . Since
supp(p) ⊆ S0, Lemma 3.1 proves (3.23). Also (2.3) implies p>Rq̄ ≥ a. Hence∑

i∈supp(p)
pi(U −Riq̄) = U − p>Rq̄ ≤ U − a = z,

with nonnegative summands.
For every original column j, the payoff-sum condition and (2.3) give p>Cj ≤ 1− (p>R)j ≤ 1− a.

On the other hand, every witness satisfies (Cqt)i > E on every row in supp(p) ⊆ S0. Thus
p>Cqt > E and p>Cq̄ > E. Consequently∑

j

q̄jFj(p) = max
j
p>Cj − p>Cq̄ ≤ 1− a− E = U − a = z.
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This proves (3.25).

Proposition 3.5 (Sufficient fallback inequality). Suppose K witnesses have been generated, 0 <
c < E, and

4(1 + E)(U − a) ≤ E(E − c). (3.26)
Then the fallback profile (3.10) is well defined and is an E-WSNE.

Proof. Here tR − c = (E − c)/2 > 0 and tC = E/2 > 0. Apply Lemma 2.3 to (3.22)–(3.24) with
M = U and A = z. It gives

α ≤ z

tR − c
= 2z
E − c

, β ≤ z

tC
= 2z
E
. (3.27)

For the column estimate, each deleted positive coordinate has gap greater than tC , while all gaps
are nonnegative. Thus

tCβ ≤
∑

j /∈IC

q̄jFj(p) ≤
∑

j

q̄jFj(p) ≤ z,

which gives the second bound in (3.27).
Inequality (3.26) first ensures that neither distribution is completely deleted, since

α ≤ E

2(1 + E) < 1, β ≤ E − c
2(1 + E) < 1. (3.28)

It also gives both target inequalities of Lemma 2.2. By (3.27), it suffices to verify
E + c

2 + (1 + E)2z
E
≤ E,

E

2 + (1 + E) 2z
E − c

≤ E,

and each of these inequalities is equivalent to (3.26). Lemma 2.2 therefore bounds every supported
gap after conditioning by E. All deviations in that lemma range over the original action sets.

Parameter verification. For fixed K, the number c is constant and z = U − a decreases with
a. It suffices to check (3.26) at the lower endpoint of each security-value interval, including the
excluded lower endpoint of the second interval as a conservative bound. Put

zmax =
{
U − E = 91359/2500000, K = 15,
U − 121/250 = 171359/5000000, K = 13.

Table 5 gives exact values. Its final column is the positive difference between the right and left sides
of (3.26) at z = zmax.

Proposition 3.5 applies throughout both security-value intervals. In particular, the fallback
requires neither a further separation computation nor a numerical approximation to any constant.

The tight lower-interval check also explains the choice of the target. Writing δ = h− U = 10−6,
the branch K = 15 has c = (E + 14δ)/15 and zmax = 1− 2E. Its fallback margin is

E(E − c)− 4(1 + E)zmax = 134
15 E

2 +
(

4− 14δ
15

)
E − 4. (3.29)

The positive root of this quadratic is approximately 0.4817281940863629, slightly below the rational
target E = 0.4817282. The exact positive margin in Table 5, rather than this decimal approximation
to the root, certifies the inequality. This calculation concerns the selected certificate and does not
establish optimality of the algorithm or of the WSNE bound.
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Table 5: Exact fallback certificates. In both branches 0 < c < E and the displayed margin is strictly
positive.

K c zmax E(E − c)− 4(1 + E)zmax

15 2408711/75000000 91359/2500000 436831/5859375000000
13 2408701/65000000 171359/5000000 900633200481/81250000000000

3.3 Completion and complexity

Proof of Theorem 1.2. Lemma 2.1 proves correctness of the preliminary branches. If none applies,
it supplies the orientation required by the accumulation algorithm. The set S is always nonempty,
since it contains supp(p). At every separation computation either an early stop is taken or a witness
is stored by minimax duality. There are at most K such computations. An early stop is correct by
Lemma 3.3; otherwise K witnesses are available and the fallback is correct by Proposition 3.5 and
Table 5. Thus the algorithm always returns an E-WSNE in the oriented game. If the players were
exchanged, swapping the output strategies back preserves these gap bounds in the original game.

There are two initial zero-sum computations and at most K ≤ 15 separation computations,
for a total of at most seventeen. Each uses at most m rows and n columns up to transposition;
exchanging the players exchanges these two dimensions. For completeness, a separation computation
can be implemented by the linear program and its dual

minimize λ subject to x ∈ ∆(S), x>Cj ≤ λ (j ∈ [n]), (3.30)
maximize µ subject to q ∈ ∆n, (Cq)i ≥ µ (i ∈ S). (3.31)

Here a zero-sum computation means obtaining the common optimal value and optimal strategies;
primal and dual may be solved together or separately. Equivalently, feasibility of both constraint
systems with λ = µ is one rational linear program. The count of seventeen refers to matrix-game
computations, not to an implementation-dependent count of separately executed primal and dual
LP solves. The constant number of solves places no restriction on support cardinalities.

Rational linear programs of polynomial encoding length admit optimal rational strategies
with polynomial encoding length, computable in polynomial bit time by standard exact linear
programming. The input coefficients in (3.30)–(3.31) are selected from the original rational payoff
matrices; the row restrictions only remove variables. Membership tests for S0 and Ht are exact
rational comparisons. Since the number of solves and witnesses is constant, the sums, scalar products,
and mixtures defining the output have polynomial encoding length. Conditioning in (3.10) uses
positive rational denominators and preserves this property: a ratio of polynomial-bit rationals
again has polynomial binary encoding length. All gaps used for deletion and final verification
are computable by polynomially many rational arithmetic operations. This proves the claimed
deterministic polynomial-time bound.

Boundary cases. The following conventions are part of the algorithm, and their correctness
follows from the non-strict estimates proved above:
• If a = U or σ = U , a preliminary high-value branch returns. If both values are at most E, the

low-value branch returns. The value a = 121/250 uses the first parameter branch.

• An action with Riq0 = a− d belongs to S0. An action with Riqt = h belongs to Ht whenever
that set is formed. The strict bound Riqt < U < h on accumulated rows guarantees that equality
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at h cannot recur for an already admitted row.

• Equality c(S) = E takes the early stopping branch. An empty birth set does not prevent storing
its witness or advancing the loop. At the final witness no new stopping test is needed.

• Equality Di(q̄) = tR or Fj(p) = tC retains the action. The estimates on deleted mass use strict
inequality only for the deleted actions. They remain valid as weak upper bounds when the
deleted set is empty.

• No positive lower bound on individual strategy coordinates is assumed. Every positive output
row belongs to one of the two row classes in the early proof or to the retained set IR in the
fallback. Every positive output column is covered by its corresponding column argument. Exactly
zero coordinates are excluded from support tests; their pure actions remain possible deviations.

4 The stronger construction
This section depends only on Section 2. Fix a rational tolerance E with 1/3 ≤ E < 1/2. If
preprocessing does not return a profile, it supplies an oriented row-security saddle with E < a <
U = 1 − E. We solve a primal–dual LP that caps every row payoff at U while maximizing a
column-payoff floor b on supp(p). If b ≤ E, the dual multipliers identify two row classes. Their
combined weights, paired with a mixture of the security opponent and capped strategy, give an
E-WSNE. If b > E, chronological peeling gives the guarantee provided (1 + E)(U − a) ≤ E2.

The peeling proof is independent of the LP. A neutral-cut inequality accounts for the shared
deficit budget, and a bilinear potential shows that neither support can disappear. The retained-
action inequalities then bound every supported gap. Section 4.3 derives the uniform approximation
threshold and states the guarantee using the actual security value; Section 5 implements the algebraic
endpoint with rational arithmetic.

4.1 Capped LP and dual construction

For the LP construction fix a rational E with 1/3 ≤ E < 1/2, put U = 1− E, and suppose that
preprocessing has left E < a < U . Keep the row-security strategy p and its saddle opponent q0, and
set S = supp(p).

Solve the following rational LP:

maximize b

subject to q ≥ 0, 1>q = 1,
Rkq ≤ U (k = 1, . . . ,m),
(Cq)i ≥ b (i ∈ S).

(P)

Here b is free. The pair (q0, 0) is feasible because a < U and C ≥ 0. Also b ≤ 1, since S is nonempty
and every (Cq)i ≤ 1. The optimum is attained: equivalently, maximize the continuous function
mini∈S(Cq)i over the nonempty compact capped simplex.

Its dual is
minimize ν + U

∑m
k=1 µk

subject to λi ≥ 0 (i ∈ S), ∑
i∈S λi = 1,

µk ≥ 0 (k = 1, . . . ,m), ν ∈ R,
λ>Cj − (µ>R)j ≤ ν (j = 1, . . . , n).

(D)
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Extend λ by zero outside S. To see the dual explicitly, the Lagrangian for a primal maximization
over b ∈ R and q ≥ 0 is

b+
∑
i∈S

λi((Cq)i − b) +
∑

k

µk(U −Rkq) + ν(1− 1>q).

A finite supremum forces ∑i λi = 1 and λ>Cj − (µ>R)j ≤ ν for every column, leaving the objective
in (D).

Choose rational optimal solutions (q, b) and (λ, µ, ν) of polynomial encoding length, and put
M = ∑

k µk. Strong duality and complementary slackness give
b = ν + UM, µi > 0 =⇒ Riq = U. (4.1)

For completeness, the duality gap is the sum of the following nonnegative terms:∑
i∈S

λi((Cq)i − b) +
∑

k

µk(U −Rkq) +
∑

j

qj
(
ν − λ>Cj + (µ>R)j

)
.

This sum equals ν +UM − b. At optimum it is zero, which proves (4.1) without any nondegeneracy
assumption. Obtaining an optimal primal–dual pair counts as one capped LP computation: it can
be implemented by a single rational feasibility LP containing both constraint systems and the linear
equality b = ν + U

∑
k µk. Feasibility follows from strong duality, and weak duality makes every

feasible pair optimal.

The low-witness branch.
Lemma 4.1 (Dual construction). If the optimum in (P) satisfies b ≤ E, define

x = λ+ µ

1 +M
, w = a

a+ U
, y = (1− w)q0 + wq. (4.2)

Then (x, y) is an E-WSNE.
Proof. The vectors in (4.2) are probability distributions: ∑i λi = 1, ∑i µi = M ≥ 0, and 0 < w < 1.
For every original column j, R+ C ≤ J and dual feasibility give

(λ+ µ)>Cj ≤ λ>Cj +M − (µ>R)j

≤ ν +M = b+ EM ≤ E(1 +M).

Thus x>Cj ≤ E for every original j. Since all column payoffs are nonnegative, every positive column
of y is E-optimal.

Set L = aU/(a+ U). Every original row k has
Rky ≤ (1− w)a+ wU = 2L.

The choice of w balances the two supported-row guarantees: (1− w)a = wU = L. If λi > 0, then
i ∈ supp p and Riq0 = a, so Riy ≥ (1− w)a = L. If µi > 0, (4.1) gives Riq = U , so Riy ≥ wU = L.
Every xi > 0 lies in at least one of these two classes, including their possible overlap. Hence its
pure-action gap against any original row is at most

L = aU

a+ U
≤ U

2 ≤ E.

The first inequality uses a < U ; the second is exactly the condition E ≥ 1/3. This proves both
supported-action requirements, including M = 0, b = E, and arbitrary zero coordinates of q or
q0.

Appendix A.3 gives explicit primal–dual certificates, including overlapping row classes and the
boundary cases b = E and M = 0.
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4.2 Chronological payoff peeling

The following lemma allows real parameters and strategies, with a cap slack c. The stronger
algorithm uses rational data and c = 0.

Lemma 4.2 (Peeling lemma). Suppose (1.1) holds. Let 0 < E < 1, put U = 1− E, and suppose
p ∈ ∆m, q ∈ ∆n, a ∈ [0, U ], and c ∈ [0, E) satisfy

max
k

Rkq ≤ U + c, (4.3)

(Cq)i ≥ E (i ∈ supp p), (4.4)
(p>R)j ≥ a (j = 1, . . . , n). (4.5)

Define

ri = U −Riq (i ∈ supp p), dj = 1− a− p>Cj (j ∈ supp q), (4.6)
z = U − a, A = E − c, B = E, D = 1 + E. (4.7)

If
Dz ≤ AB, (4.8)

the sequential deletion procedure below returns an E-WSNE. It terminates after at most | supp p|+
| supp q| deletions, in any sequential order of currently eligible actions. Each player’s retained
original probability mass is greater than 1/(1 + E).

All deficits in (4.6) are nonnegative. Indeed, Riq ≤ 1 − (Cq)i ≤ U on supp p, and p>Cj ≤
1 − (p>R)j ≤ 1 − a for every column. For definiteness set ri = 0 when pi = 0 and dj = 0 when
qj = 0; these auxiliary values are used only in terms multiplied by zero. The two total deficits
can sum to more than z. Lemma 4.3 accounts explicitly for their overlap through the nonnegative
matrix J −R− C.

Start with deleted sets I = J = ∅. Use the original, unconditioned probabilities throughout
the procedure. A deterministic implementation fixes a total order of the original actions and always
chooses the first eligible action. The proof permits any sequential choice. Repeatedly apply either
available strict rule:

ri +
∑
j∈J

qj(Rij + E) > A =⇒ I ← I ∪ {i}, i ∈ supp p \ I, (4.9)

dj +
∑
i∈I

pi(Cij + E) > B =⇒ J ← J ∪ {j}, j ∈ supp q \ J . (4.10)

An equality never triggers deletion. When no strict rule applies, set

α =
∑
i∈I

pi, β =
∑
j∈J

qj , xi = pi 1i/∈I
1− α , yj =

qj 1j /∈J
1− β . (4.11)

The proof shows that both denominators are positive. Appendix A.4 illustrates a strict deletion and
checks the final gaps against every original action.

Lemma 4.3 (Fractional neutral-cut inequality). Under the hypotheses of Lemma 4.2, let Z =
J − R − C. For arbitrary ui, vj ∈ [0, 1] on the positive supports, extended by zero outside the
respective supports, ∑

i

piuiri +
∑

j

qjvjdj ≤ z +
∑
i,j

piqjuivjZij . (4.12)
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Proof. On supp p put ξi = (Cq)i − E ≥ 0, and put ηj = (p>R)j − a ≥ 0 on supp q. Since
R+ C + Z = J ,

ri = ξi + (Zq)i, dj = ηj + (p>Z)j .

The displayed identities are used on the respective positive supports. Extend ξi and ηj by zero
outside those supports in weighted sums. The total available budget is exactly∑

i

piξi +
∑

j

qjηj + p>Zq = p>Cq − E + p>Rq − a+ p>Zq

= 1− E − a = z.

Using nonnegativity and ui + vj ≤ 1 + uivj gives∑
i

piuiri +
∑

j

qjvjdj =
∑

i

piuiξi +
∑

j

qjvjηj +
∑
i,j

piqj(ui + vj)Zij

≤
∑

i

piξi +
∑

j

qjηj + p>Zq +
∑
i,j

piqjuivjZij ,

which is (4.12). Equivalently, the right side of (4.12) minus its left side equals∑
i

pi(1− ui)ξi +
∑

j

qj(1− vj)ηj +
∑
i,j

piqj(1− ui)(1− vj)Zij ≥ 0.

This identity also covers fractional and zero deletion coordinates. All sums with pi = 0 or qj = 0
vanish.

Charging each deleted pair once.

Proof of Lemma 4.2. The empty deletion prefix has α = β = 0, strictly below the positive barriers
B/D and A/D. A prefix is an initial segment of the chosen sequential deletion order. Consider now
a nonempty deletion prefix. For the proof only, allow the last action in the prefix to be deleted by
a fraction θ ∈ (0, 1]. All earlier deletions remain whole; thus at most one deletion coordinate lies
strictly between zero and one. Let ui, vj be the resulting deletion fractions, and let

α =
∑

i

piui, β =
∑

j

qjvj .

Multiply each strict trigger by the original probability mass deleted at that step and sum. For a
partially deleted last action use its partial mass. Its opposite player’s deleted set is fixed during
that step, so the same strict trigger remains valid. Every multiplier used for an actual or partial
deletion is positive, so summing preserves strict inequality.

For a pair (i, j) whose two actions have positive deletion fractions in this prefix, only the later
deletion charges the pair. Write Pij = Rij if the row was deleted later and Pij = Cij if the column
was deleted later. For all other pairs, choose Pij arbitrarily from {Rij , Cij}; their product uivj is
zero. The sum of triggers therefore yields

Aα+Bβ <
∑

i

piuiri +
∑

j

qjvjdj +
∑
i,j

piqjuivj(Pij + E). (4.13)

This identity of charges includes a fractional last action: each such pair simply has its charge
multiplied by that action’s fraction.
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Since Zij + Rij = 1− Cij ≤ 1 and Zij + Cij = 1− Rij ≤ 1, combining (4.12) and (4.13) gives
the strict potential bound

F (α, β) := Aα+Bβ −Dαβ < z. (4.14)

There is no charge for an undeleted pair and no pair is charged twice.
Interpolate every whole deletion continuously by varying just that action’s deletion fraction.

This produces an axis-parallel continuous path from (0, 0), and (4.14) holds at every nonempty
point of the path. If this path first reached either boundary

α = B

D
or β = A

D
,

then on that boundary F (α, β) = AB/D. The boundary point is nonempty because both barriers
are positive. This contradicts (4.14) and z ≤ AB/D. Consequently every deletion prefix satisfies

α <
B

D
< 1, β <

A

D
< 1. (4.15)

Since A ≤ E and B = E, it follows in particular that 1 − α > 1/(1 + E) and 1 − β > 1/(1 + E).
Thus neither support can disappear, even when a whole action has probability larger than one of
these barriers. The partial deletion is a proof device; the algorithm deletes whole actions.

It remains to verify all original deviations after conditioning. For every original row k, nonnega-
tivity and (4.3) imply

Rky ≤
U + c

1− β .

For a retained positive row i,
Riy =

U − ri −
∑

j∈J qjRij

1− β .

Since its strict deletion rule no longer applies,

ri +
∑
j∈J

qjRij + Eβ ≤ E − c.

Subtracting the preceding payoff bounds gives, for every original k,

(Rk −Ri)y ≤
c+ ri +∑

j∈J qjRij

1− β ≤ E. (4.16)

Similarly, nonnegativity and p>C` ≤ 1− a give x>C` ≤ (1− a)/(1− α) for every original column `.
For a retained positive column j,

x>Cj = 1− a− dj −
∑

i∈I piCij

1− α , dj +
∑
i∈I

piCij + Eα ≤ E.

The inequality is precisely its nonviolated deletion rule. Hence

x>(C` − Cj) ≤ dj +∑
i∈I piCij

1− α ≤ E. (4.17)

The denominators are positive by (4.15), so (4.16)–(4.17) prove the WSNE conditions. Every
iteration deletes a new positive-support action, which proves the stated termination bound.
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4.3 Completion of the guarantee

The high-witness branch.

Lemma 4.4 (Witness followed by peeling). If b > E and

(1 + E)(1− E − a) ≤ E2, (4.18)

chronological peeling applied to (p, q) returns an E-WSNE.

Proof. Primal feasibility gives maxk Rkq ≤ U and (Cq)i ≥ b > E for every i ∈ supp p. The security
saddle gives (p>R)j ≥ a for every original j. These are exactly the hypotheses of Lemma 4.2 with
c = 0, A = B = E, and z = 1− E − a. Its budget condition is (4.18).

Origin of the approximation threshold. In a nonterminal branch, 1/3 ≤ E < 1/2 and
E < a < 1− E. The high-witness condition (4.18) has the exact slack

E2 − (1 + E)(1− E − a) = 3E2 + E − 1 + (1 + E)(a− E). (4.19)

Thus 3E2 + E − 1 ≥ 0 makes this slack strictly positive for every remaining security value a. The
polynomial 3E2 + E − 1 has positive root ε∗ = (

√
13 − 1)/6. Together with the low branch’s

restriction E ≥ 1/3, this yields the uniform sufficient bound E ≥ ε∗ for the two branches. The
corollary below takes rational E > ε∗. The instance-dependent guarantee in Proposition 4.6 also
permits smaller E when the actual-security condition holds; Section 5 uses this flexibility to attain
the endpoint with a rational working tolerance e < ε∗.

Corollary 4.5 (Fixed rational tolerances). For every fixed rational E with 1/3 ≤ E < 1/2 and
3E2 +E − 1 > 0, a rational E-WSNE of every game satisfying (1.1) is computable deterministically
in polynomial time. In particular, E = 217129273/500000000 = 0.434258546 is valid.

Proposition 4.6 (Instance-dependent guarantee). Assume (1.1), and let 1/3 ≤ E < 1/2 be rational.
Given a rational row-security saddle satisfying (2.3) with E < a < 1 − E, if (4.18) holds, the
capped-LP algorithm returns a rational E-WSNE in polynomial bit time. Here the running time
is polynomial in the combined encoding length of R,C,E and the supplied saddle (p, q0, a). This
statement uses the actual rational security value a; it does not require 3E2 + E − 1 > 0.

Proof. Solve (P) and (D). If b ≤ E, use Lemma 4.1; if b > E, use Lemma 4.4. These cases exhaust
all optimal values and cover equality at b = E. The LP coefficients have polynomial encoding length
in the supplied data, and exact rational LP returns optima of polynomial encoding length. The
low-branch formulas and at most m + n whole-action deletions use polynomially many rational
operations. Peeling uses original weights, so the test sums and final quotients have polynomial
encoding length. A fixed action order makes the procedure deterministic. Further bit-complexity
details appear in Section 5.

Proof of Corollary 4.5. First apply Lemma 2.1. If no preliminary branch returns a profile, orient
the game so E < a < U = 1− E. Then

(1 + E)(U − a) < (1 + E)(1− 2E).

The assumed inequality gives

E2 − (1 + E)(1− 2E) = 3E2 + E − 1 > 0,
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so (4.18) holds. Apply Proposition 4.6 and exchange players back if needed. For the displayed
rational example, direct integer arithmetic gives

3E2 + E − 1 = 80525587
250000000000000000 > 0.

The initial (1, 1) check proves the win–lose consequence.

5 Attaining the algebraic endpoint

5.1 Rational implementation and complete algorithm

To attain ε∗ with rational LP coefficients, we use separation of the rational security value a from
ε∗ to select a slightly smaller rational working tolerance. The preceding section already provides
the approximation guarantee whenever the actual-security inequality holds. Here we ensure that
inequality using only polynomial-bit rational computations. Preprocessing still uses the target
ε∗; only the subsequent capped stage uses the smaller tolerance. Appendix A.5 gives an exact
calculation.

Lemma 5.1 (Rational separation). Let a = P/Q ∈ [0, 1] be in lowest terms with Q ≥ 1 and a > ε∗.
Then

a− ε∗ ≥
1

7Q2 . (5.1)

Proof. Let h(t) = 3t2 + t− 1. On [0, 1] it is strictly increasing, h(ε∗) = 0, and h′(t) = 6t+ 1 ≤ 7.
The positive rational

h(a) = 3P 2 + PQ−Q2

Q2

has an integer numerator at least one. The mean value bound h(a)−h(ε∗) ≤ 7(a−ε∗) proves (5.1).

For the next lemma and the endpoint example in Appendix A, write

f(t, a) = 2t2 + at+ a− 1.

Lemma 5.2 (A rational tolerance below the endpoint). Suppose ε∗ < a < 1− ε∗, with a = P/Q in
lowest terms and Q ≥ 1. Set

k = 7 + 2dlog2Qe, T = 2k, e =
⌊
(isqrt(13T 2)− T )/6

⌋
T

, (5.2)

where isqrt(N) = b
√
Nc. Then

1
3 < e < ε∗ <

1
2 , e < a < 1− e, (5.3)

(1 + e)(1− e− a) < e2. (5.4)

Proof. For any real s and integer T , taking the integer floor before division by six does not change
the final floor: b(bsc − T )/6c = b(s− T )/6c. Indeed, write bsc − T = 6`+ r with 0 ≤ r < 6; adding
s − bsc ∈ [0, 1) does not change the quotient’s integer part. Since

√
13T 2 = T

√
13, formula (5.2)

gives e = bTε∗c/T . Also T = 128(2dlog2 Qe)2 ≥ 128Q2. Since ε∗ is irrational,

0 < ε∗ − e <
1
T
≤ 1

128Q2 <
1

64Q2 . (5.5)
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Since 3(5/12)2 + 5/12− 1 = −1/16 < 0, we have ε∗ > 5/12. Together with T ≥ 128, (5.5) therefore
gives e > 5/12− 1/128 > 1/3. Also e < ε∗ < a < 1− ε∗ < 1− e.

Because 3ε2
∗ + ε∗ − 1 = 0,

f(ε∗, a) = (1 + ε∗)(a− ε∗) ≥
1 + ε∗
7Q2 .

For e ≤ t ≤ ε∗, one has ∂f/∂t = 4t + a ≤ 4ε∗ + a < 1 + 3ε∗ < 3, using a < 1 − ε∗ and ε∗ < 1/2.
The mean value bound and (5.5) yield

f(e, a) > 1 + ε∗
7Q2 −

3
64Q2 > 0.

The final positivity follows from 1/7− 3/64 = 43/448 > 0. Finally,

f(e, a) = e2 − (1 + e)(1− e− a),

so f(e, a) > 0 is precisely (5.4).

Proof of Theorem 1.1. For a win–lose input first return a pure (1, 1) cell if one exists; otherwise (1.1)
holds. For a general input satisfying (1.1), start directly with the security computations. Compute
the two rational security saddles and perform Lemma 2.1 at threshold ε∗. Exact comparisons need
no algebraic arithmetic in an LP: for a rational t ∈ [0, 1], the sign of t− ε∗ is the sign of the rational
3t2 + t− 1. Comparisons with 1− ε∗ use 1− t instead. Any preliminary output is already a rational
ε∗-WSNE.

Otherwise exchange players if needed so that the rational security value a = P/Q satisfies
ε∗ < a < 1− ε∗. Compute the rational e in Lemma 5.2. Use this e as the tolerance in the capped
LP and its two branches, keeping the already computed row security saddle. Conditions (5.3) and
(5.4) verify Proposition 4.6. It returns a rational e-WSNE, which is an ε∗-WSNE because e < ε∗.
Exchange strategies back if the players were swapped. Proposition 5.3 below proves polynomial bit
time.

Complete algorithm. The following lists all decisions in the endpoint implementation. When
multiple deletions qualify, choose the first in the fixed order row 1 through row m, followed by
column 1 through column n.
1. On a win–lose input, scan for a (1, 1) cell and return it if one exists. In the remaining case

require R,C ≥ 0, R+ C ≤ J .

2. Compute rational security saddles (p, q0), a for R and (u, v), σ for C, as in (2.3)–(2.4).

3. If a ≥ 1− ε∗, return (p, q0). Otherwise if σ ≥ 1− ε∗, return (u, v). Otherwise if both a, σ ≤ ε∗,
return (u, q0).

4. If a ≤ ε∗ < σ, make the simultaneous assignment

(R,C, p, q0, a,m, n)← (C>, R>, v, u, σ, n,m)

and record that the players were exchanged. Subsequent action indices and the deletion order
use these updated dimensions. Now ε∗ < a < 1− ε∗.

5. Reduce a = P/Q to lowest terms. Compute e by (5.2) and put U = 1− e.

6. Solve the capped primal–dual pair (P)–(D) with E = e and this U .
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7. If b ≤ e, form the strategies in (4.2). Otherwise run (4.9)–(4.10) with E = e, c = 0, and original
weights p, q, and form (4.11).

8. If Step 4 exchanged the players, exchange these two strategies back. Return the resulting pair in
the original player order.

All maximizations in the proof and every LP deviation constraint range over the original action sets.
No intermediate normalization is used during peeling.

5.2 Polynomial bit complexity

Proposition 5.3. The endpoint algorithm above is deterministic and polynomial in the binary input
length, and its output strategies have polynomial binary encoding length.

Proof. The two zero-sum games have rational LP formulations with a polynomial number of variables
and inequalities. Exact rational LP algorithms return primal and dual optima of polynomial encoding
length in polynomial time [15]. In particular, the denominator Q of the selected rational security
value has polynomially many bits.

Comparisons with ε∗ or 1−ε∗ use signs of rational quadratic expressions, as described above. All
remaining tests are rational comparisons. The integer k in (5.2) is O(1 + logQ). Thus T = 2k and
13T 2 have polynomially many bits. Integer square root, rational reduction, and the computation of
e are polynomial-time integer operations. The coefficients of the capped LP and its dual therefore
also have polynomial encoding length, so exact rational LP remains polynomial at this stage. No
LP with irrational coefficients is used. In particular, dlog2Qe is computed exactly as the least
nonnegative integer ` with 2` ≥ Q: it is the binary bit length of Q− 1, with the bit length of zero
defined as zero.

For the low branch, all mixtures and normalizations in (4.2) involve polynomially many rational
numbers of polynomial bit length. Their denominators 1 +M and a+ U are positive. For the high
branch, at most m+ n actions are deleted. Each trigger is a sum of original rational weights times
input payoffs or e. Maintaining these sums or recomputing them directly both require polynomially
many rational arithmetic operations. A common denominator can be obtained from products of the
denominators of the input payoffs, selected LP strategies, and e. There are polynomially many such
factors, each of polynomial bit length, so their product has polynomial bit length. The procedure
keeps the original weights until final conditioning.

At the final normalization, Lemma 4.2 gives 1− α > 1/(1 + e) and 1− β > 1/(1 + e). Taking
ratios of polynomial-bit rationals with nonzero denominators again yields polynomial-bit rationals.
No loop length depends on inverse slack, a smallest positive probability, or a floating-point tolerance.
Every exact comparison, construction, and output therefore has polynomial bit complexity.

Boundary cases.
• The preliminary rules use weak inequalities at the threshold and its complement. For rational

input, the rational security values cannot equal the irrational numbers ε∗ or 1 − ε∗; their
comparisons are decided by exact quadratic signs.

• In the capped stage E = e. Equality b = e takes the low-witness branch. Complementary
slackness is valid for every optimal primal–dual pair.

• A coordinate with original probability zero is never a deletion candidate. It remains an admissible
original deviation.
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• Strict deletion triggers retain ties. The peeling proof permits equality in its budget condition
Dz ≤ AB.

• Fractional deletions are used only to prove that a whole-action deletion cannot cross a mass
barrier. The algorithm never splits an action or performs infinitesimal steps.

• Arbitrary overlap between suppλ and suppµ is permitted. The case µ = 0 uses the same
low-branch formula.

• A one-row or one-column game and degenerate LP optimal faces require no separate support-
size assumption. The arguments use only nonempty probability supports and the displayed
inequalities.

6 Comparison and scope

6.1 Comparison of the constructions

With U = 1− E and z = U − a, the elementary fallback uses E = E0 and a positive cap slack c.
Proposition 3.5 gives the sufficient condition

4(1 + E)z ≤ E(E − c).

The witness average supplies c, while separate removed-mass estimates produce the factor four. The
stronger high-witness branch combines the exact cap c = 0 from primal feasibility with chronological
joint charging. Lemma 4.4 gives the sufficient condition

(1 + E)z ≤ E2.

The resulting uniform bound is derived in (4.19). Section 5 attains its algebraic endpoint using
an input-dependent rational tolerance satisfying the actual-security condition. These sufficient
conditions establish no optimality or lower-bound claim for either construction or for arbitrary
algorithms.

6.2 Extensions and limitations

Corollary 6.1 (A controlled excess above total payoff one). Let R,C ∈ Qm×n be normalized and
suppose R + C ≤ MJ for a supplied rational M ≥ 1. For either κ ∈ {E0, ε∗}, a deterministic
algorithm returns rational mixed strategies forming an (Mκ)-WSNE in time polynomial in the
encoding length of R,C,M .

Proof. Set R̃ = R/M and C̃ = C/M . These rational nonnegative matrices satisfy R̃ + C̃ ≤ J .
Apply Theorem 1.2 or Theorem 1.1 to obtain a rational κ-WSNE (x, y) of the scaled game. For
every pair of original rows r, i and columns s, j,

(Rr −Ri)y = M(R̃r − R̃i)y, x>(Cs − Cj) = Mx>(C̃s − C̃j).

Since M > 0, taking maxima over all original deviations multiplies each supported-action gap by
M . The strategies and their supports are unchanged. Forming the scaled matrices has polynomial
bit cost and yields polynomial encoding length in R,C,M , so the stated running time follows from
the cited algorithms.
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In particular, M < 1/(2κ) gives a below-1/2 guarantee for this class. The payoff-sum assumption
is used both to transfer security and witness bounds between players and to control chronological
pair charges. Normalization alone yields R + C ≤ 2J ; taking M = 2 in the corollary gives 2κ > 1/2
for both stated constants.

For the rounding reduction of Daskalakis, Mehta, and Papadimitriou [7, Lemma 5], define

R̂ij = 1{Rij≥1/2}, Ĉij = 1{Cij≥1/2}.

An e-WSNE of (R̂, Ĉ) is a (1 + e)/2-WSNE of (R,C), using the same strategies. This transfer
bound is at least 1/2 for every e ≥ 0. Applying it with either present win–lose guarantee therefore
does not establish a universal below-1/2 guarantee for arbitrary normalized games.

A Worked examples
The first two examples illustrate the elementary algorithm at its fixed tolerance E = E0. The next
two use the stronger algorithm with E = 7/16 and U = 9/16; indeed 3E2 + E − 1 = 3/256 > 0.
The first four games have rational payoffs satisfying (1.1); the last is a win–lose game illustrating
the algebraic endpoint. Where an LP optimum is not unique, we specify valid optimal solutions to
describe an admissible execution. The reported gap pair is(

max
i∈supp(x)

Di(y), max
j∈supp(y)

Fj(x)
)
,

with deviations ranging over all original actions. All calculations are exact. These examples illustrate
the algorithms; the universal guarantees follow from the preceding proofs.

A.1 An elementary early stop after admitting a new row

Consider

R =

1/2 1 0
1/2 0 1
1 0 0

 , C =

1/2 0 0
1/2 0 0
0 0 0

 .
These matrices satisfy (1.1). Use the row-security saddle

p = (1/2, 1/2, 0)>, q0 = (0, 1/2, 1/2)>, a = 1/2.

Direct multiplication gives p>R = (1/2, 1/2, 1/2) and Rq0 = (1/2, 1/2, 0)>, verifying the certificate.
The column-security value is σ = 0, since row 3 of C is zero. No preliminary branch applies. Table 3
selects K = 13, d = 1/4, and w = 71/1000, and S0 = {1, 2}.

The first separation value is c(S0) = 1/2, with unique witness q1 = (1, 0, 0)>. Its row-payoff
vector is (1/2, 1/2, 1)>, so exactly row 3 meets the birth threshold h. After adding that row,
c(S) = 0, and the unique minimizing row distribution is x = (0, 0, 1)>. The early output is therefore

y = (71/1000, 929/2000, 929/2000)>.

The original payoff vectors are

Ry = (1/2, 1/2, 71/1000)>, x>C = (0, 0, 0).

Thus the gap pair is exactly (429/1000, 0), both entries below E0. The supported row is newly
admitted, while its best deviations are in the original set S0.
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A.2 An elementary fallback with repeated witnesses and a deletion

Consider
R =

(
0 1

51/100 49/100

)
, C =

(
1 0

49/100 0

)
.

The row-security certificate is

p = (1/51, 50/51)>, q0 = (1/2, 1/2)>, a = 1/2,

since p>R = (1/2, 1/2) and Rq0 = (1/2, 1/2)>. The column-security value is σ = 49/100, certified
by u = (0, 1)> and v = (1, 0)>. No preliminary branch applies, and again the parameters are
K = 13, d = 1/4, and w = 71/1000.

Here S0 = {1, 2}. At every separation computation the value is 49/100 > E0, and the unique
witness is (1, 0)>. Both entries of R(1, 0)> = (0, 51/100)> are below h, so the birth set stays empty.
The algorithm correctly stores thirteen copies of the same witness and then uses q̄ = (1, 0)>. The row
gaps are (51/100, 0)>; the only supported column has gap zero. Since tR = 16860517/65000000 <
51/100, the fallback removes exactly row 1, of original mass 1/51, and removes no column. It returns
x = (0, 1)>, y = (1, 0)>. The original payoff vectors are (0, 51/100)> and (49/100, 0), respectively.
Both supported gaps are zero. This also illustrates why an empty birth set does not terminate
witness accumulation early.

A.3 A low witness with two distinct supported-row classes

Consider
R =

(
0 9/10

1/2 2/5

)
, C =

(
1 1/10
0 3/5

)
.

The payoff-sum matrix has rows (1, 1) and (1/2, 1), so (1.1) holds. Direct multiplication verifies the
security certificates

p = (1/10, 9/10)>, q0 = (1/2, 1/2)>, a = 9/20,

and u = (2/5, 3/5)>, v = (1/3, 2/3)>, σ = 2/5 for C. Both security equalities hold coordinatewise.
Hence no preliminary branch applies: E < a < U , while σ < E.

An optimal capped primal solution and an optimal dual solution are

q = (3/8, 5/8)>, b = 3/8, λ = (0, 1)>, µ = (2/3, 0)>, ν = 0.

Indeed, Rq = (9/16, 7/16)> and Cq = (7/16, 3/8)>, proving primal feasibility. Both dual column
inequalities hold with equality, and the dual objective is (9/16)(2/3) = 3/8 = b, proving optimality.
Since b < E, the low branch applies. Here the two supported-row classes are disjoint.

Formula (4.2) gives

M = 2/3, w = 4/9, x = (2/5, 3/5)>, y = (4/9, 5/9)>.

The original payoff vectors are

Ry = (1/2, 4/9)>, x>C = (2/5, 2/5).

Thus the gap pair is (1/18, 0), with both entries below E.
For a boundary variant, replace C21 by 1/6. Its column-security saddle is

u′ = (13/40, 27/40)>, v′ = (3/8, 5/8)>, σ = E.
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Indeed, (u′)>C = (E,E) and Cv′ = (E,E)>. The same capped strategy q = (3/8, 5/8)> attains
b = E. An optimal dual certificate is

λ = (1/10, 9/10)>, µ = (1/3, 0)>, ν = 1/4.

Both dual column constraints are equalities and ν + U
∑

i µi = E. Row 1 belongs to both positively
supported classes. The low branch gives x = (13/40, 27/40)>, with the same y = (4/9, 5/9)> and
gap pair (1/18, 0), since x>C = (E,E) and Ry is unchanged. The same primal optimum also admits
the dual certificate λ = x, µ = 0, ν = E, which gives exactly the same output (x, y). Thus the
formulas explicitly cover b = E, overlapping classes, and M = 0.

A.4 A high witness followed by an actual deletion

Keep R from the preceding example and replace C by

C =
(

1 0
1/2 2/5

)
.

Again R+C ≤ J . The same (p, q0), a is an R-security saddle; for C, the pair u = (0, 1)>, v = (1, 0)>
has value σ = 1/2. Neither value reaches U , and a > E, so preprocessing again leaves the capped
stage.

The capped optimum is q = (1, 0)>, b = 1/2: it is feasible and achieves this floor on supp p,
while the second row of C has maximum entry 1/2, ruling out a larger floor. Thus b > E. The
peeling budget holds because

z = U − a = 9/80, (1 + E)z = 207/1280 < 245/1280 = E2.

The row deficits are r1 = 9/16 and r2 = 1/16. Initially the only positive column has deficit d1 = 0.
Rule (4.9) therefore deletes row 1, of original probability 1/10. The other row is retained, and the
column’s updated trigger is

1
10(C11 + E) = 23

160 < E.

No further deletion applies. Conditioning gives x = (0, 1)>, y = (1, 0)>. The original row payoff
vector is (0, 1/2)>, and the original column payoff vector is (1/2, 2/5). The output is an exact Nash
equilibrium. In particular, the deleted row and the zero-probability second column remain among
the original deviations: the full gap vectors are

(D1(y), D2(y)) = (1/2, 0), (F1(x), F2(x)) = (0, 1/10).

Their positive entries belong only to unplayed actions.

A.5 The dyadic endpoint tolerance on a win–lose game

Let
R =

(
1 0
0 1

)
, C =

(
0 1
1 0

)
.

The security values are a = σ = 1/2, and all four security strategies are uniform. Preprocessing at
ε∗ reaches the capped stage. For a = P/Q = 1/2, Lemma 5.2 gives

k = 9, T = 512, e = 111/256.
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Exact arithmetic verifies

3e2 + e− 1 = −157/65536 < 0, f(e, 1/2) = 3041/32768 > 0.

Thus this tolerance lies below the universal endpoint, while the actual-security sufficient condition
still holds. The capped optimum is uniform, with b = 1/2 > e. Here U = 1 − e = 145/256,
r1 = r2 = 1/2− e = 17/256 < e, and both column deficits are zero, so no deletion is needed. The
output is the uniform exact equilibrium. This illustrates why the endpoint proof uses the actual
value a rather than requiring 3e2 + e− 1 > 0.

Use of AI: The author prompted Claude and ChatGPT interactively. The author verified and
expanded all the proofs manually.
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